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Abstract
We specify transit optimization in the internal language of a topos with a natural number object
(NNO), and interpret it in higher toposes. Directed journey categories yield simplicial route spaces,
while weighted realizations determine which changes of representation preserve optimization. A
Lean implementation provides typed arithmetic, logical and higher-cell terms, and compiles a finite
resource-constrained fragment to Rust with scalar, AVX2 and Rayon backends. We prove finite-
search correctness, exact-realization invariance, safe subdivision and a higher truncation principle.
Kernel-checked lemmas and executable tests are distinguished from mathematical arguments and
unverified backend code.
Keywords: natural number object; transit routing; simplicial set; enriched category; higher topos;
dependent types; staged compilation.

1. Problem, scope and contribution
Can a bus-routing problem be represented in another topological or higher-categorical space with-
out changing its optimal journeys? Yes, provided the representation retains direction, feasible
composition, resource consumption and objective values. An unweighted homotopy type does not
suffice.
We study passenger journey optimization in a fixed, finite timetable: minimize nonnegative integral
generalized cost subject to a boarding budget and decidable edge constraints. This is a foundation
for dispatch software, not a solution to every fleet-design, vehicle-routing or network-design prob-
lem. Vehicle capacities, driver duties and interactions among passengers require additional state
or joint optimization.
The contribution is a precise integration of internal arithmetic, simplicial representation and a
runnable typed compiler. The ingredients include established category theory, directed topology
and dynamic programming; we do not claim their invention. The new artifact is the explicit re-
alization contract connecting typed higher/topos terms to this particular accelerated optimization
fragment.
RAPTOR computes transit Pareto sets by rounds [1]; CSA exploits timetable connection order [2].
Our backend is a simple resource-expanded DAG dynamic program, not an implementation or per-
formance replacement for either algorithm. Lawvere’s enrichment [3], Grandis’s weighted directed
topology [4] and higher-topos semantics [5] supply the mathematical context.

2. Ambient topos, NNO and arithmetic
Let ℰ be an elementary topos with a natural number object (𝑁, 0, 𝑠). Thus for every 𝑧 ∶ 1 → 𝐴
and ℎ ∶ 𝐴 → 𝐴 there is a unique 𝑓 ∶ 𝑁 → 𝐴 with 𝑓0 = 𝑧 and 𝑓𝑠 = ℎ𝑓 . Parameterized recursion
follows in a cartesian closed category by transposing into an exponential. This universal property,
rather than an assumed external machine integer type, specifies arithmetic.
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Primitive recursion defines addition, multiplication, exponentiation, truncated subtraction, mini-
mum, maximum, comparison, quotient and remainder. We choose total conventions 𝑎/0 = 0 and
𝑎 mod 0 = 𝑎. The comparison relations on 𝑁 are decidable constructively. Given a decidable
predicate, bounded conjunction and disjunction are computable by NNO recursion. These opera-
tions suffice for the executable constraints below. Negative integers and rationals admit further
constructions, but the current backend uses bounded natural numbers; decidable comparison of
arbitrary real numbers is not asserted.
Proposition 2.1 (finite internal minimization). Suppose a list of candidates has a specified
finite length in 𝑁 , a decidable feasibility predicate and a natural-valued objective. There is an
internally definable operation returning either no feasible candidate or a feasible candidate with
least objective value.
Proof. Fold over the list while maintaining an optional best candidate. Ignore infeasible entries;
initialize from the first feasible entry; replace the current best precisely when a smaller objective
is encountered. Decidability makes each branch available. NNO induction proves that the accumu-
lator is empty exactly when no processed entry is feasible, and otherwise is feasible and no more
expensive than every processed feasible entry. No excluded middle for general propositions or
choice principle is used. □
For an ∞-topos 𝒳, take 𝑁𝒳 = ∐𝑘∈ℕ 1. It is 0-truncated. The shift and zeroth summand define
successor and zero; the space of recursion maps together with their coherent recursion data is
contractible. One construction is the colimit of the initial chain for 1 + (−); coproducts preserve
the relevant colimit. Equivalently, recursion assigns the successive iterates of a specified endomor-
phism, with a contractible space of choices. We use this higher universal property, not a collection
of independent numerals in each homotopy dimension. Arithmetic remains discrete even when the
objects on which it acts have higher cells.

3. A decidable finite transit fragment
Work internally in ℰ. Fix a positive bound 𝑛 ∶ 𝑁 , vertices 𝑉 = {𝑖 ∶ 𝑁 ∣ 𝑖 < 𝑛}, and a finite list 𝐸 of
directed, possibly parallel edges. Each edge carries source 𝑢𝑒, target 𝑣𝑒, cost 𝑐𝑒 ∶ 𝑁 and boarding
count 𝑏𝑒 ∶ 𝑁 . Require 𝑢𝑒 < 𝑣𝑒 and 𝑐𝑒 < 𝑊 for a positive 𝑊 . A typed Boolean guard filters the list.
Fix source 𝑎, destination 𝑧 and budget 𝐵.
A candidate is an edge-list path from 𝑎 to 𝑧 with total boardings at most 𝐵. Its objective is 𝑐(𝑝) =
∑𝑒∈𝑝 𝑐𝑒. The empty path is admitted at a vertex and has cost and resource zero. Strictly increasing
ranks imply that a path has at most 𝑛 − 1 edges, so bounded enumeration is available. Repeated
stops are permitted when they occur at distinct time-expanded states.
For timetable semantics, states must distinguish event time and onboard/offboard trip information.
Boarding charges one; continuing on the same vehicle charges zero. Transfers need explicit walk-
ing and minimum-connection constraints. An auxiliary destination sink, with zero-cost incoming
arcs from destination arrivals, allows arrival times to differ: if every edge joins events and charges
elapsed time, every path to the same event otherwise has the same elapsed cost. Initial depar-
ture time is fixed. Trip-specific rules must be resolved before lowering. GTFS specifies relevant
stop-time, transfer and station-pathway data [6], but this artifact does not include a GTFS importer.
Our rank condition is an actual hypothesis. Zero-duration transfer cycles are not silently discarded.
Such inputs need a separately justified normalization or another backend. History-dependent fares
and accessibility rules require lifting vertices to sufficient finite states before applying the theorem.
Write 𝐷(𝑣, 𝑗) for minimum cost to 𝑣 with exactly 𝑗 boardings, using a formal ∞ for the empty
minimum. Initialize 𝐷(𝑎, 0) = 0 and all other entries to ∞. In increasing vertex order, for each
edge 𝑒 ∶ 𝑢 → 𝑣 and 𝑗 + 𝑏𝑒 ≤ 𝐵, update

𝐷(𝑣, 𝑗 + 𝑏𝑒) ← min{𝐷(𝑣, 𝑗 + 𝑏𝑒), 𝐷(𝑢, 𝑗) + 𝑐𝑒}.

Return min𝑗≤𝐵 𝐷(𝑧, 𝑗) and a predecessor witness, or infeasible.
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Theorem 3.1 (internal DP correctness). This recurrence returns exactly the least cost of a
feasible candidate, and a path attaining it when one exists.
Proof. At vertex 𝑣, every nonempty path ending there has a last edge from some 𝑢 < 𝑣. Its
prefix has already been processed. Conversely every update appends an actual allowed edge to
a feasible prefix and adds its exact resources. Induction on vertex rank therefore proves equality
between each finalized table entry and the minimum over paths with those endpoints and exact
boarding count. Initialization supplies precisely the empty path. Minimization over the finitely
many counts proves the claim. A finite minimizing predecessor exists whenever a value is finite;
following predecessors strictly decreases vertex rank and reconstructs a witness. All induction and
comparisons are internal NNO operations. □
Distance computation uses 𝑂(𝑛 + 𝑚 + (𝐵 + 1)𝑚) arithmetic operations and 𝑂(𝑛(𝐵 + 1) + 𝑚)
storage, where 𝑚 is the filtered edge count. Our simple witness reconstruction scans the edge list
at each predecessor and can add 𝑂(𝑛𝑚) work. The CLI can also recompute the scalar solution for
validation. Large binary-encoded budgets cause pseudopolynomial state growth; the categorical
formulation does not remove it.

4. The simplicial route space
Let 𝐶𝐺 be the free category on the allowed finite directed graph. Objects are event states; arrows
are actual directed edge-list journeys; composition concatenates lists. The nerve has

𝐾𝑟 = 𝑁(𝐶𝐺)𝑟 = ∐
𝑥0,…,𝑥𝑟

𝐶𝐺(𝑥0, 𝑥1) × ⋯ × 𝐶𝐺(𝑥𝑟−1, 𝑥𝑟).

Faces compose or omit arrows, and degeneracies insert identities. Thus a 2-simplex records 𝑓, 𝑔, 𝑔𝑓
with their compositional compatibility; it is not an assertion that three nearby stops are mutually
reachable. Associativity supplies the higher simplicial identities. The nerve is an ∞-category, gen-
erally not a Kan complex. Its realization 𝑋𝐺 = |𝐾| is the requested alternative topological route
space, used together with its original directed simplicial and weighted data.
The cost and resource label 𝑤(𝑝) = (𝑐(𝑝), 𝑏(𝑝)) is additive under composition. Consequently each
triangular face satisfies 𝑤(𝑔𝑓) = 𝑤(𝑓) + 𝑤(𝑔). Scalar shortest costs give a Lawvere metric with
values in ([0, ∞], ≥, +, 0): 𝑑(𝑥, 𝑥) = 0 and 𝑑(𝑥, 𝑧) ≤ 𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧). Symmetry is unnecessary.
The finite resource table retains more information than a single scalar distance.
Proposition 4.1 (topology alone is insufficient). Ordinary homotopy equivalence of route real-
izations does not imply preservation of reachability or optimum cost.
Proof. A single directed edge and its reversal both realize an interval; fixing named endpoints, the
reachability answers are opposite. Keeping its orientation and changing its cost from 1 to 100 leaves
the entire unweighted nerve unchanged but changes the optimum. Inverting arrows to obtain a
groupoid also admits reverse journeys that the input need not allow. □
Theorem 4.2 (safe simplicial refinement). Replace an edge 𝑢 → 𝑣 by 𝑢 → 𝑞 → 𝑣, where 𝑞
is new, has no other incident edges, and is not a query endpoint. Split both labels additively into
nonnegative integers. Then feasible endpoint journeys correspond bijectively with identical cost
and boarding count.
Proof. Expand each occurrence of the original edge into the two new edges. Every path through
𝑞 must use exactly those two edges consecutively, so contraction gives the inverse. Additivity pre-
serves labels and budget tests. The expanded graph has a compatible rank order obtained by topo-
logical sorting. A new guard must retain both refined edges, and new machine-range certificates
must be checked; arbitrary guards are not automatically preserved by subdivision. □
This is a representation theorem about directed weighted subdivision. It is stronger than an un-
weighted homeomorphism claim and narrower than unrestricted triangulation invariance.
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5. Higher cells, toposes and finite realization
Higher cells can express certified route rewrites, associators, commuting independent actions and
coherent refinements. They do not automatically erase time or resource differences. For example,
declare a 2-cell between two routes only when the intended semantics permits that rewrite, and
require equal objective/resource labels if the cell is to be invisible to this optimizer.
Proposition 5.1 (discrete objectives factor through components). If a mapping space 𝑀 in
an ∞-topos has a cost map 𝑀 → 𝑁𝒳, it factors uniquely up to contractible choice through its
0-truncation 𝜏≤0𝑀 .
Proof. This is the defining adjunction for 0-truncation applied to a 0-truncated target. Thus con-
nected higher cells have identical cost under a genuinely defined cost map. The same applies to a
pair of natural-valued labels and to decidable feasibility. □
This proposition neither says that all routes are equivalent nor that higher witnesses have no verifi-
cation value. It identifies exactly what a discrete objective can observe. The finite backend requires
a finite realization of the relevant feasible components; it need not enumerate every syntactic rep-
resentative.
Several ambient toposes are possible. Sh(𝑋𝐺) has its sheaf NNO and can host locally varying
routing data. Its higher analogue is Sh(𝑋𝐺; 𝒮). For a small scenario category 𝐴, Fun(𝑁(𝐴)𝑜𝑝, 𝒮)
is a presheaf ∞-topos with an objectwise NNO. Internal finite-search arguments apply when finite
lists, decidability and the required bounds are supplied internally. These claims do not identify an
arbitrary higher category with a topos.
Feasible sections specified by a subobject of a sheaf satisfy descent: matching local sections glue
uniquely and membership can be checked locally. An internally defined subobject of minimizers is
also a sheaf. This must not be confused with solving independent regional routing problems after
deleting competing routes or cross-boundary constraints. Those altered problems can have differ-
ent minimizers. Ordinary global sections need not turn local existence into a global choice of route.
Compilation therefore requires a chosen computational realization, not an assumed equivalence of
a general topos with sets.
One further distinction prevents a misleading presheaf argument. The representable 𝐶𝐺(−, 𝑧)
records paths into 𝑧, but path cost is generally not a natural map from this presheaf to constant 𝑁 :
precomposing a path by 𝑓 adds 𝑐(𝑓). Weighted/enriched data, or an explicitly varying cost bundle,
must be retained. The nerve and the ambient topos organize the semantics; neither supplies free
optimization invariance.
Definition 5.2 (exact finite realization). A source specification has a type 𝑆 of semantic candi-
dates, a feasibility predicate 𝐹 and objective 𝑞 ∶ 𝑆 → 𝑁 . A finite routing problem 𝑃 realizes it
when there are: (i) a decoder taking each feasible route 𝑟 of 𝑃 to 𝑠𝑟 ∶ 𝑆 with 𝐹(𝑠𝑟) and 𝑞(𝑠𝑟) = 𝑐(𝑟);
(ii) for every feasible 𝑠 ∶ 𝑆, some feasible 𝑟 with 𝑐(𝑟) = 𝑞(𝑠). Injectivity is unnecessary.
Theorem 5.3 (minimum transport). If a least-cost feasible route of 𝑃 exists, its decoded candi-
date is a least-cost feasible source candidate. Conversely source feasibility is equivalent to route
feasibility; infeasibility and the set of feasible objective values are preserved.
Proof. Decoding gives a feasible source candidate with the same cost. For every competing source
candidate, clause (ii) supplies a route with that objective, so route minimality gives the required
inequality. The two clauses give both inclusions of feasible objective-value sets and both directions
of feasibility. □
The theorem applies to terms in a higher-category model or the internal language of a topos when
those terms come with the stated finite realization. It does not provide a decision procedure for ar-
bitrary higher-topos terms. In particular, NNO recursion does not make unbounded quantification
decidable.
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6. Implemented Lean source language and compiler
The companion Compiler.lean is a complete executable Lean 4.24.0 program [7], reproduced in
the PDF appendix. It is a hosted typed language: Lean elaborates the specification and checks its
proof fields; lean --run specializes closed arithmetic and emits Rust source. Editing a numerical
instance does not require changing the compiler functions.
Its source layer includes: a universe-polymorphic category with intrinsically typed composition; the
NNO universal property and a checked set model; dimension-indexed higher-cell generators, identi-
ties and compositions; and a typed internal-language syntax with products, functions, 𝑁 , Booleans,
Ω, power-object terms, primitive recursion, arithmetic, comparisons, and bounded quantifiers. Un-
bounded logical quantification is allowed into Ω but has no elimination into executable Boolean
constraints.
The current denotation of Term is in sets, with omega interpreted as Prop and power objects as
predicates. General topos interpretation is mathematical semantics; this version does not mechan-
ically construct every topos or implement all dependent type formers. HigherModel is an operation
signature supplied by a model, not a kernel proof of all globular/coherence axioms. It supports arbi-
trary finite dimensions and composition indices; the executable higher-cell example is the terminal
strict model. Models with nontrivial coherences require additional laws and realization proofs. No
automatic strictification of arbitrary weak higher categories is claimed.
The general compiler interface accepts any Lean type𝛼 together with an exact realization, including
types of categorical/higher-cell or internal-language terms. In abbreviated form, the implemented
contract is:
structure Realization {H n w} (α : Type u) (p : Problem H n w) where

feasible : α → Prop
objective : α → Nat
decode : Candidate p → α
sound : ∀ r, feasible (decode r)
costExact : ∀ r, objective (decode r) = r.val.cost
complete : ∀ a, feasible a → ∃ r : Candidate p,
r.val.cost = objective a

The implemented minimum_transport proves the minimality part of Theorem 5.3. The compiler
consumes its Problem argument while retaining this realization contract for source-level reasoning.
Arbitrary source terms are not lowered merely because they type-check: a suitable finite realization
is an additional requirement.
Problem requires Fin n endpoints, forward-rank proofs, typed closed cost/resource expressions,
proofs of their bounds, a Boolean guard, a boarding bound and a state-space bound. Guards see
source, target, cost and boardings. Addition, truncated subtraction, multiplication, division, re-
mainder, exponentiation, min/max, all six comparisons, Boolean connectives and bounded quan-
tifiers are executable. They are evaluated in Lean during specialization; the target executes the
resulting optimization table. Higher logical propositions are not passed off as decision procedures.
The emitter prints only checked natural-number literals in a fixed Rust template. The library pro-
vides the DP and witness reconstruction. Its integer sentinel is 𝐼 = 230 − 1; certificates require
𝑛𝑊 < 𝐼 , 𝐵 ≤ 65535 and 𝑛(𝐵 + 1) ≤ 16777216. Thus every path cost is below 𝐼 , and the target
can distinguish unreachable from reachable entries. Rust revalidates the range contract, including
user-supplied CLI budget overrides.

7. Rust execution and accelerator contract
The AVX2 backend uses eight unsigned 32-bit lanes via Rust’s std::arch intrinsics [8]. For an edge
of resource 𝑏, lane 𝑗 updates destination lane 𝑗 + 𝑏. Source rank is strictly lower than destination
rank, so the slices are disjoint. Runtime feature detection selects AVX2 or a scalar fallback. Explicit
avx2 requests fail on unsupported processors.
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Proposition 7.1 (kernel equivalence under the range contract). The scalar, AVX2 and Rayon
lane updates implement the same recurrence.
Proof. Each output lane is min(𝑑,min(𝐼, 𝑠 + 𝑐)). All finite labels and 𝑐 are below 𝐼 ; hence even an
unreachable label plus cost is below 2𝐼 < 231 and cannot wrap a 32-bit lane. Unsigned vector addi-
tion followed by unsigned minimum therefore agrees with scalar arithmetic and sentinel saturation.
Full chunks update eight independent lanes; the tail uses the scalar operation. Rayon partitions
distinct mutable destination entries [9]; edges remain sequential, so there is no shared-write race
between edge updates. □
This is a mathematical refinement argument, not a kernel-checked Rust proof. Unsafe intrinsic
code, memory allocation, the Lean evaluator/compiler, source emission, Rust compilation and the
processor remain in the execution trust boundary. There is no GPU backend in this release. A GPU
implementation needs a separately checked memory, scheduling and arithmetic contract.

8. Reproducible evidence and limitations
Version 0.1.0 includes all source, a lockfile, generated Rust, positive/negative examples, tests, raw
validation logs and benchmark data. Six Rust tests passed with Rayon enabled. One test com-
pares scalar, automatic AVX2 and Rayon results on 600 deterministic small DAGs, and compares
optimal values against exhaustive path enumeration. Other tests cover boarding budgets, invalid
graphs/ranges, empty/unreachable routes, SIMD tails/sentinels and corrupted witnesses. Three
Lean fixtures are intentionally rejected: a Boolean in arithmetic, a backward edge, and a dimen-
sion mismatch.
The example gives optimum costs 20, 12, 8 for boarding budgets 0, 1, 2. Both generated scalar/AVX2
execution and the Rayon executable produce a checked route witness for the compiled budget.
#print axioms reports no axioms for minimum transport, the lowering projections, recursion equa-
tions or categorical associativity; the set-NNO construction uses the standard Quot.sound depen-
dency through function extensionality. There are no admitted proofs or added axioms in the artifact.
The full DP theorem, general higher-topos interpretation and Rust equivalence are proved on paper,
not formalized end to end in Lean.
A synthetic distance-only benchmark uses 256 vertices, 1,014 edges, budget 1,023, three warmups
and 15 measured runs, Rust 1.85.1 release mode, and four Rayon threads. Median times in this
environment were:

Backend Median microseconds
Scalar 922.148
Automatic AVX2 171.288
Rayon 52327.352

This single workload shows an approximately 5.38 scalar/AVX2 ratio and substantial Rayon over-
head. It is neither a general speedup claim nor a comparison with RAPTOR/CSA or real city net-
works. The measured routine excludes compilation, source elaboration, witness reconstruction and
reference validation. CPU/toolchain metadata and commands accompany the raw CSV. A sandbox-
only same-process executable-path adapter was needed to run the unmodified Lean distribution; it
did not alter the kernel or theorem sources.
The present limits are deliberate: one additive resource, nonnegative integral cost, acyclic ranked
state graphs, bounded materialization and compile-time constraint specialization. No real-time
telemetry ingestion, AI dispatch policy, capacity coupling or live operational safety claim belongs
to this compiler artifact. Those require a subsequent application with stale-data rules, permis-
sioned control and explicit realization validation. Unrestricted optimization of arbitrary higher-
topos terms is not offered.
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9. Authorship, evidence and availability
Anonymous human-directed research submission. The responsible submitting human selected the
problem, authorized anonymous submission and accepted the journal’s interaction terms. An Ope-
nAI assistant drafted the manuscript, implemented the software, ran the checks and prepared the
artifacts. No independent referee review, field trial, formal Rust verification or deployment is
claimed. Original software is distributed under the included MIT license. Proofs and evidence are
open to correction. The submission bundle contains the full Lean compiler, Rust library, repro-
ducibility instructions and this manuscript; its ready artifacts become publicly accessible only if
the journal approves publication.
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Complete executable Lean compiler
The following is the complete checked compiler source from version 0.1.0. The companion archive
also contains the Rust acceleration library, generated program, validation logs and negative typing
fixtures.

1 import Std
2
3 /-!
4 Typed arithmetic/internal-language terms, dimension-polymorphic higher-cell
5 terms, and a finite-realization compiler. No `sorry` or user axioms.
6 The generic interfaces are assumptions on models, not proofs that every model
7 is a topos or an infinity-category. See the manuscript's verification boundary.
8 -/
9 namespace Transit

10
11 universe u v
12
13 structure Category where
14 Obj : Type u
15 Hom : Obj → Obj → Type v
16 ident : (a : Obj) → Hom a a
17 comp : {a b c : Obj} → Hom a b → Hom b c → Hom a c
18 assoc : ∀ {a b c d} (f : Hom a b) (g : Hom b c) (h : Hom c d),
19 comp (comp f g) h = comp f (comp g h)
20 leftId : ∀ {a b} (f : Hom a b), comp (ident a) f = f
21 rightId : ∀ {a b} (f : Hom a b), comp f (ident b) = f
22
23 -- The NNO universal property, parametrized by a genuine ambient category.
24 structure NNO (C : Category.{u,v}) where
25 one : C.Obj
26 terminalArrow : (a : C.Obj) → C.Hom a one
27 terminalUnique : ∀ {a} (f : C.Hom a one), f = terminalArrow a
28 nat : C.Obj
29 zero : C.Hom one nat
30 succ : C.Hom nat nat
31 fold : {a : C.Obj} → C.Hom one a → C.Hom a a → C.Hom nat a
32 foldZero : ∀ {a} (z : C.Hom one a) (s : C.Hom a a),
33 C.comp zero (fold z s) = z
34 foldSucc : ∀ {a} (z : C.Hom one a) (s : C.Hom a a),
35 C.comp succ (fold z s) = C.comp (fold z s) s
36 unique : ∀ {a} (z : C.Hom one a) (s : C.Hom a a)
37 (f : C.Hom nat a), C.comp zero f = z →
38 C.comp succ f = C.comp f s → f = fold z s
39
40 inductive CatTerm (C : Category.{u,v}) : C.Obj → C.Obj → Type (max u v) where
41 | generator {a b} : C.Hom a b → CatTerm C a b
42 | ident (a) : CatTerm C a a
43 | comp {a b c} : CatTerm C a b → CatTerm C b c → CatTerm C a c
44
45 def CatTerm.eval {C : Category.{u,v}} {a b} : CatTerm C a b → C.Hom a b
46 | .generator f => f
47 | .ident a => C.ident a
48 | .comp f g => C.comp f.eval g.eval
49
50 theorem categorical_associativity {C : Category.{u,v}} {a b c d}
51 (f : CatTerm C a b) (g : CatTerm C b c) (h : CatTerm C c d) :
52 (CatTerm.comp (CatTerm.comp f g) h).eval =
53 (CatTerm.comp f (CatTerm.comp g h)).eval := C.assoc _ _ _
54
55 def setCategory : Category.{1,0} where
56 Obj := Type
57 Hom := fun a b => a → b
58 ident := fun _ x => x
59 comp := fun f g x => g (f x)
60 assoc := fun _ _ _ => rfl
61 leftId := fun _ => rfl
62 rightId := fun _ => rfl
63
64 def setNNO : NNO setCategory where
65 one := Unit
66 terminalArrow := fun _ _ => ()
67 terminalUnique := by intro a f; funext x; exact Subsingleton.elim _ _
68 nat := Nat
69 zero := fun _ => 0
70 succ := Nat.succ
71 fold := fun z s n => Nat.rec (z ()) (fun _ a => s a) n
72 foldZero := fun _ _ => rfl
73 foldSucc := fun _ _ => rfl
74 unique := by
75 intro a z s f hz hs
76 funext n
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77 induction n with
78 | zero => exact congrFun hz ()
79 | succ n ih => exact (congrFun hs n).trans (congrArg s ih)
80
81 -- A globular signature supports compositions at every finite dimension.
82 -- Actual models supply globularity/coherence separately; the terminal model
83 -- below is a strict omega-category. No strictification is asserted here.
84 structure HigherModel where
85 Cell : Nat → Type
86 source : (n : Nat) → Cell (n+1) → Cell n
87 target : (n : Nat) → Cell (n+1) → Cell n
88 identity : (n : Nat) → Cell n → Cell (n+1)
89 Composable : (n k : Nat) → Cell n → Cell n → Prop
90 compose : (n k : Nat) → k < n → (x y : Cell n) →
91 Composable n k x y → Cell n
92
93 inductive CellTerm (H : HigherModel) : (n : Nat) → H.Cell n → Type where
94 | generator {n} (x : H.Cell n) : CellTerm H n x
95 | identity {n x} : CellTerm H n x → CellTerm H (n+1) (H.identity n x)
96 | compose {n k x y} (hk : k < n) (h : H.Composable n k x y) :
97 CellTerm H n x → CellTerm H n y →
98 CellTerm H n (H.compose n k hk x y h)
99

100 def terminalHigher : HigherModel where
101 Cell := fun _ => Unit
102 source := fun _ _ => ()
103 target := fun _ _ => ()
104 identity := fun _ _ => ()
105 Composable := fun _ _ _ _ => True
106 compose := fun _ _ _ _ _ _ => ()
107
108 inductive Ty where
109 | unit | nat | bool | omega
110 | prod (a b : Ty) | arrow (a b : Ty) | power (a : Ty)
111 | cell (dimension : Nat)
112
113 @[reducible] def Ty.denote (H : HigherModel) : Ty → Type
114 | .unit => Unit
115 | .nat => Nat
116 | .bool => Bool
117 | .omega => Prop
118 | .prod a b => a.denote H × b.denote H
119 | .arrow a b => a.denote H → b.denote H
120 | .power a => a.denote H → Prop
121 | .cell n => H.Cell n
122
123 inductive Var : List Ty → Ty → Type where
124 | zero : Var (a :: Γ) a
125 | succ : Var Γ a → Var (b :: Γ) a
126
127 def Env (H : HigherModel) : List Ty → Type
128 | [] => Unit
129 | a :: Γ => a.denote H × Env H Γ
130
131 def Var.get {H : HigherModel} {Γ a} (x : Var Γ a) : Env H Γ → a.denote H :=
132 match x with
133 | .zero => fun ρ => ρ.1
134 | .succ y => fun ρ => y.get ρ.2
135
136 inductive NatOp where
137 | add | sub | mul | div | mod | pow | min | max
138
139 def NatOp.eval : NatOp → Nat → Nat → Nat
140 | .add => Nat.add
141 | .sub => Nat.sub
142 | .mul => Nat.mul
143 | .div => Nat.div
144 | .mod => Nat.mod
145 | .pow => Nat.pow
146 | .min => Nat.min
147 | .max => Nat.max
148
149 inductive Cmp where
150 | eq | ne | lt | le | gt | ge
151
152 def Cmp.eval : Cmp → Nat → Nat → Bool
153 | .eq, a, b => decide (a = b)
154 | .ne, a, b => decide (a ≠ b)
155 | .lt, a, b => decide (a < b)
156 | .le, a, b => decide (a ≤ b)
157 | .gt, a, b => decide (a > b)
158 | .ge, a, b => decide (a ≥ b)
159
160 -- Simply typed internal language with an NNO, power objects and higher-cell
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161 -- sorts. Unbounded logical quantifiers do not eliminate into executable Bool.
162 inductive Term (H : HigherModel) : List Ty → Ty → Type where
163 | var : Var Γ a → Term H Γ a
164 | unit : Term H Γ .unit
165 | num : Nat → Term H Γ .nat
166 | bit : Bool → Term H Γ .bool
167 | arithmetic : NatOp → Term H Γ .nat → Term H Γ .nat → Term H Γ .nat
168 | compare : Cmp → Term H Γ .nat → Term H Γ .nat → Term H Γ .bool
169 | and : Term H Γ .bool → Term H Γ .bool → Term H Γ .bool
170 | or : Term H Γ .bool → Term H Γ .bool → Term H Γ .bool
171 | not : Term H Γ .bool → Term H Γ .bool
172 | ite : Term H Γ .bool → Term H Γ a → Term H Γ a → Term H Γ a
173 | pair : Term H Γ a → Term H Γ b → Term H Γ (.prod a b)
174 | fst : Term H Γ (.prod a b) → Term H Γ a
175 | snd : Term H Γ (.prod a b) → Term H Γ b
176 | lam : Term H (a :: Γ) b → Term H Γ (.arrow a b)
177 | app : Term H Γ (.arrow a b) → Term H Γ a → Term H Γ b
178 | natRec : Term H Γ a → Term H Γ (.arrow .nat (.arrow a a)) →
179 Term H Γ .nat → Term H Γ a
180 | allBelow : Term H Γ .nat → Term H (.nat :: Γ) .bool → Term H Γ .bool
181 | anyBelow : Term H Γ .nat → Term H (.nat :: Γ) .bool → Term H Γ .bool
182 | truth : Term H Γ .bool → Term H Γ .omega
183 | implies : Term H Γ .omega → Term H Γ .omega → Term H Γ .omega
184 | forallNat : Term H (.nat :: Γ) .omega → Term H Γ .omega
185 | comprehension : Term H (a :: Γ) .omega → Term H Γ (.power a)
186 | member : Term H Γ a → Term H Γ (.power a) → Term H Γ .omega
187 | cell {n x} : CellTerm H n x → Term H Γ (.cell n)
188
189 def Term.eval {H Γ a} (t : Term H Γ a) (ρ : Env H Γ) : a.denote H :=
190 match t with
191 | .var x => x.get ρ
192 | .unit => ()
193 | .num n => n
194 | .bit b => b
195 | .arithmetic op x y => op.eval (x.eval ρ) (y.eval ρ)
196 | .compare op x y => op.eval (x.eval ρ) (y.eval ρ)
197 | .and x y => x.eval ρ && y.eval ρ
198 | .or x y => x.eval ρ || y.eval ρ
199 | .not x => !(x.eval ρ)
200 | .ite c x y => bif c.eval ρ then x.eval ρ else y.eval ρ
201 | .pair x y => (x.eval ρ, y.eval ρ)
202 | .fst x => (x.eval ρ).1
203 | .snd x => (x.eval ρ).2
204 | .lam x => fun y => x.eval (y, ρ)
205 | .app f x => f.eval ρ (x.eval ρ)
206 | .natRec z step n => Nat.rec (z.eval ρ) (fun i x => step.eval ρ i x) (n.eval ρ)
207 | .allBelow n p => (List.range (n.eval ρ)).all (fun i => p.eval (i, ρ))
208 | .anyBelow n p => (List.range (n.eval ρ)).any (fun i => p.eval (i, ρ))
209 | .truth b => b.eval ρ = true
210 | .implies x y => x.eval ρ → y.eval ρ
211 | .forallNat p => ∀ n : Nat, p.eval (n, ρ)
212 | .comprehension p => fun x => p.eval (x, ρ)
213 | .member x s => s.eval ρ (x.eval ρ)
214 | .cell (x := x) _ => x
215
216 theorem eval_add {H Γ} (x y : Term H Γ .nat) (ρ : Env H Γ) :
217 (Term.arithmetic .add x y).eval ρ = x.eval ρ + y.eval ρ := rfl
218
219 theorem eval_rec_zero {H Γ a} (z : Term H Γ a)
220 (s : Term H Γ (.arrow .nat (.arrow a a))) (ρ : Env H Γ) :
221 (Term.natRec z s (.num 0)).eval ρ = z.eval ρ := rfl
222
223 theorem eval_rec_succ {H Γ a} (z : Term H Γ a)
224 (s : Term H Γ (.arrow .nat (.arrow a a))) (n : Nat) (ρ : Env H Γ) :
225 (Term.natRec z s (.num (n+1))).eval ρ =
226 s.eval ρ n ((Term.natRec z s (.num n)).eval ρ) := rfl
227
228 def infinity : Nat := 1073741823
229
230 structure Edge (H : HigherModel) (n width : Nat) where
231 source : Fin n
232 target : Fin n
233 forward : source.val < target.val
234 cost : Term H [] .nat
235 costBound : cost.eval () < width
236 boards : Term H [] .nat
237 boardsBound : boards.eval () ≤ 65535
238
239 structure RawEdge where
240 source : Nat
241 target : Nat
242 cost : Nat
243 boards : Nat
244 deriving Repr, BEq, DecidableEq
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245
246 def Edge.lower {H n w} (e : Edge H n w) : RawEdge :=
247 ⟨e.source.val, e.target.val, e.cost.eval (), e.boards.eval ()⟩
248
249 theorem lower_forward {H n w} (e : Edge H n w) :
250 e.lower.source < e.lower.target := e.forward
251
252 theorem lower_cost {H n w} (e : Edge H n w) :
253 e.lower.cost = e.cost.eval () := rfl
254
255 structure Problem (H : HigherModel) (n width : Nat) where
256 positive : 0 < n
257 widthPositive : 0 < width
258 arithmeticSafe : n * width < infinity
259 edges : List (Edge H n width)
260 source : Fin n
261 target : Fin n
262 budget : Term H [] .nat
263 budgetBound : budget.eval () ≤ 65535
264 spaceSafe : n * (budget.eval () + 1) ≤ 16777216
265 -- Variables, in order: source, target, cost, number of boardings.
266 guard : Term H [.nat, .nat, .nat, .nat] .bool
267
268 def Problem.lower {H n w} (p : Problem H n w) : List RawEdge :=
269 (p.edges.map Edge.lower).filter fun e =>
270 p.guard.eval (e.source, (e.target, (e.cost, (e.boards, ()))))
271
272 inductive Route (es : List RawEdge) : Nat → Nat → Type where
273 | nil (v : Nat) : Route es v v
274 | cons (e : RawEdge) (included : e ∈ es) {v : Nat} :
275 Route es e.target v → Route es e.source v
276
277 def Route.cost {es u v} : Route es u v → Nat
278 | .nil _ => 0
279 | .cons e _ tail => e.cost + tail.cost
280
281 def Route.boards {es u v} : Route es u v → Nat
282 | .nil _ => 0
283 | .cons e _ tail => e.boards + tail.boards
284
285 abbrev Candidate {H n w} (p : Problem H n w) :=
286 {r : Route p.lower p.source.val p.target.val // r.boards ≤ p.budget.eval ()}
287
288 -- This interface accepts any Lean type of higher/topos terms, not just a
289 -- graph datatype. Its proof obligations make the finite extraction explicit.
290 structure Realization {H n w} (α : Type u) (p : Problem H n w) where
291 feasible : α → Prop
292 objective : α → Nat
293 decode : Candidate p → α
294 sound : ∀ r, feasible (decode r)
295 costExact : ∀ r, objective (decode r) = r.val.cost
296 complete : ∀ a, feasible a → ∃ r : Candidate p, r.val.cost = objective a
297
298 theorem minimum_transport {H n w α} {p : Problem H n w}
299 (R : Realization α p) (r : Candidate p)
300 (minimal : ∀ s : Candidate p, r.val.cost ≤ s.val.cost) :
301 R.feasible (R.decode r) ∧
302 ∀ a, R.feasible a → R.objective (R.decode r) ≤ R.objective a := by
303 constructor
304 · exact R.sound r
305 · intro a ha
306 obtain ⟨s, hs⟩ := R.complete a ha
307 rw [R.costExact r, ← hs]
308 exact minimal s
309
310 def emitEdge (e : RawEdge) : String :=
311 "Edge { source: " ++ toString e.source ++ ", target: " ++ toString e.target ++
312 ", cost: " ++ toString e.cost ++ ", boards: " ++ toString e.boards ++ " }"
313
314 def compile {H n w} (p : Problem H n w) : String :=
315 let es := String.intercalate ",\n " (p.lower.map emitEdge)
316 "// Generated by Compiler.lean; do not edit.\n" ++
317 "use routing_accel::{Edge, Instance, run_cli};\n" ++
318 "fn main() {\n let instance = Instance { " ++
319 s!"vertices: {n}, width: {w}, source: {p.source.val}, target: {p.target.val}, budget: {p.budget.eval ()}, edges: vec![\n

" ++↪
320 es ++ "\n ] };\n run_cli(&instance);\n}\n"
321
322 def compileRealized {H n w α} {p : Problem H n w}
323 (_ : Realization α p) : String := compile p
324
325 -- An actual typed higher-cell term in dimension 3; dimension is unrestricted.
326 def cell3 : CellTerm terminalHigher 3 () :=
327 .identity (.identity (.identity (.generator (n := 0) ())))
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328
329 def higherTerm : Term terminalHigher [] (.cell 3) := .cell cell3
330
331 -- A power-object term representing the internal subset {n | n < 8} of N.
332 def smallNaturals : Term terminalHigher [] (.power .nat) :=
333 .comprehension (.truth (.compare .lt (.var .zero) (.num 8)))
334
335 def boundedExample : Term terminalHigher [] .bool :=
336 .allBelow (.num 8) (.compare .lt (.var .zero) (.num 8))
337
338 example : boundedExample.eval () = true := by decide
339 example : smallNaturals.eval () 7 := by
340 change (decide (7 < 8) : Bool) = true
341 decide
342 example : ¬ smallNaturals.eval () 8 := by
343 change ¬ ((decide (8 < 8) : Bool) = true)
344 decide
345
346 def exampleEdge (u v c b : Nat) (hu : u < 6) (hv : v < 6)
347 (hf : u < v) (hc : c < 32) (hb : b ≤ 65535) :
348 Edge terminalHigher 6 32 :=
349 ⟨⟨u, hu⟩, ⟨v, hv⟩, hf, .num c, hc, .num b, hb⟩
350
351 def exampleProblem : Problem terminalHigher 6 32 where
352 positive := by decide
353 widthPositive := by decide
354 arithmeticSafe := by decide
355 edges := [exampleEdge 0 1 0 1 (by decide) (by decide) (by decide) (by decide) (by decide),
356 exampleEdge 1 2 5 0 (by decide) (by decide) (by decide) (by decide) (by decide),
357 exampleEdge 2 3 3 1 (by decide) (by decide) (by decide) (by decide) (by decide),
358 exampleEdge 3 5 0 0 (by decide) (by decide) (by decide) (by decide) (by decide),
359 exampleEdge 0 4 12 1 (by decide) (by decide) (by decide) (by decide) (by decide),
360 exampleEdge 4 5 0 0 (by decide) (by decide) (by decide) (by decide) (by decide),
361 exampleEdge 0 5 20 0 (by decide) (by decide) (by decide) (by decide) (by decide)]
362 source := ⟨0, by decide⟩
363 target := ⟨5, by decide⟩
364 budget := .arithmetic .add (.num 1) (.num 1)
365 budgetBound := by decide
366 spaceSafe := by decide
367 guard := .and (.compare .lt (.var .zero) (.var (.succ .zero)))
368 (.compare .lt (.var (.succ (.succ .zero))) (.num 32))
369
370 def exampleRealization : Realization (Candidate exampleProblem) exampleProblem where
371 feasible := fun _ => True
372 objective := fun r => r.val.cost
373 decode := id
374 sound := fun _ => True.intro
375 costExact := fun _ => rfl
376 complete := fun a _ => ⟨a, rfl⟩
377
378 end Transit
379
380 def main (args : List String) : IO Unit := do
381 let file := args.headD "rust/generated.rs"
382 IO.FS.writeFile file (Transit.compileRealized Transit.exampleRealization)
383 IO.println s!"Generated {file} from a typed NNO constraint specification."
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