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Abstract

We formulate a higher-categorical model of Al organizations in which productive activity generates machine-readable traces,
traces represent operational capabilities, organizational silos are local contexts in an co-topos, and integration is expressed

through localization, descent, colimits, and Kan extension.

The central distinction is between

operational observation,
informational integration,
organizational consolidation.

We prove that operationally complete local trace systems glue to globally complete observation systems under effective
descent. We show that compatible operations on heterogeneous data silos factor uniquely through their colimit. We also prove
that informational consolidation does not imply consolidation of the indexing category of firms. A separate economic
hypothesis — strict superadditivity, or a monotonic decrease of total cost under organizational coarsening — is required to
derive complete corporate consolidation. That hypothesis is then restated in symmetric-monoidal form: value is lax monoidal,

cost is oplax monoidal, and complete consolidation is optimal only when every admissible merger strictly raises net surplus.

The resulting formal picture is

execution — trace — operational homotopy type
— global descent object — updated executor.

1 Ambient setting

Throughout, let X be an co-topos. We interpret X as the ambient informational universe of an industrial or computational

system.

Objects A € X may represent data, identities, permissions, physical resources, organizational states, telemetry, models,

software artifacts, or context-dependent collections thereof.
For an object U € X, the slice X ;; represents information relative to the context U.
Definition 1.1 Organizational context

An organizational context is an object U € X. Its local informational universe is the slice co-topos
X U= X U -

If U; represents organization i, then X;, contains the information observable or meaningful relative to that organization.
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This choice is preferable to assigning completely unrelated topoi to different firms, since two organizations U; and U ;

possess a canonical overlap
Ui j D= Ui xU je
Similarly one obtains higher intersections

U: x - xU,

Iy I *

These higher intersections encode coherent interoperability data.
Definition 1.2 Organizational cover

A family
{Ui - 1X}ieI

is an effective organizational cover if

u : U, —1
iléll ! X

is an effective epimorphism. Intuitively, the family collectively covers every context relevant to the ambient system.
2 Internal operational categories

An co-category internal to X may be represented by a complete Segal object

WA :AOP — X

Write W, for the object of operational states and W for the object of operations. The Segal conditions give coherent

composition.
Definition 2.1 Operational co-category

An operational co-category

W € Cat, (X)

is an internal co-category whose objects represent system states and whose morphisms represent executable operations. An

operation is schematically

x £ y.

Examples include human actions, source-code modifications, model calls, financial transactions, robotic actions, logistics

operations, API calls, database queries, and compositions thereof.
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Definition 2.2 Arrow category

The internal arrow category of W is
Arr(W) : = Fun(A', W).

Its objects are operations x -f y. Hence the natural object on which a trace system acts is not merely the state object W, but

the operational category Arr(W).
3 Operational equivalence and skills

Two concrete executions may differ syntactically while implementing the same economically relevant transformation. We

model this by localization. Let
S < Mor(Arr(W))

be a class of morphisms regarded as operationally irrelevant distinctions.

Definition 3.1 Skill category

The skill co-category associated to (W, S) is
K : = Am(W)[S'],

with localization functor

q : Am(W) — K.

Thus the skill represented by an execution f is [f]: = q(f). Two executions represent equivalent skills precisely when

[f]1=I[glinK.
Definition 3.2 n-operational equivalence

Suppose only homotopy information through dimension n is operationally relevant. Let

denote n-truncation. Applying it levelwise gives the n-truncated operational theory

K™ :=1_,K.

The operational identity type between f and g is then
Map ;) ([f11gD.

Thus equality of skills is not identity of presentations. It is equivalence in the chosen localized homotopy n-type.
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4 Trace systems

Let D € Cat,, (X) be an internal co-category of machine-readable traces.
Definition 4.1 Trace functor

A trace system is an internal functor
T : Arr(W) — D.

It assigns to each execution f its trace T'(f).
Definition 4.2 Operational invariance

A trace functor T is S-invariant if every element of S is sent to an equivalence in D. That is,
se€eS = T(s)&€EqD).

Lemma 4.3 Trace factorization through skills

If T is S-invariant, then there exists an essentially unique functor T : K — D suchthat T = T o q.

Proof. By definition, q : Art(W) — Arr(W)[S™']is the localization at S. The universal property of localization states that
composition with q identifies Fun(K, D) with the full subcategory of Fun(Arr(W), D) consisting of functors which invert S.

Since T inverts S, it lies in this essential image. Hence T" = T q. Uniqueness follows from full faithfulness in the universal

property of localization.

5 Operationally complete trace systems

Definition 5.1 Trace conservativity

A trace representation T' : K — D is operationally conservative if it reflects equivalences. Thus if T'(a) is an equivalence,

then a is an equivalence.
Definition 5.2 Strong trace completeness

A trace representation is strongly operationally complete if T : K - D is fully faithful. Equivalently,
Map . (k,¢) = Map (Tk,T¢?)
for every k, 2 € K.

Proposition 5.3 Reconstruction of operational identity types

Suppose T is fully faithful. Then

k=t < Tk)=T(Q.
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More generally,

Map (k,0) = Map , (T'(k), T(0)).

Consequently, the trace system represents the complete operational identity type of the skill category.

Proof. Full faithfulness gives the stated equivalence of mapping spaces. An equivalence Kk = £ is an invertible point of
Map (k, ®). Under an equivalence of mapping spaces, invertible points correspond to invertible points. Hence k = ¢ if and
only if T'(k) = T'(%).

Thus, under strong trace completeness,

operational identity = identity represented in trace space.

This makes precise the statement that a sufficiently informative trace is not merely a log of an operation; it is a representation

of its operational equivalence class.

6 Observational modalities

Information access can also be modeled by modalities.
Definition 6.1 Observational modality

An observational modality on X is an accessible left-exact reflective localization
L:X- X;

with fully faithful right adjointi : X < X. Write

n, : A—iL(A)

for the unit. The object L(A) represents the portion of A visible to the observer.

Definition 6.2 Panoptical completeness

Let R € X be the full subcategory of operationally relevant objects. The modality L is panoptically complete on R if
n, : A SiL(A)

for every A € R. Hence no information contained in an operationally relevant object is lost by observation. A weaker
condition is that L | R Is conservative.

7 Effective epimorphisms and local detection

The crucial topos-theoretic fact is that equivalence is local with respect to effective epimorphisms.
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Lemma 7.1 Local detection of equivalences

Letu : U - X be an effective epimorphism in X. Suppose f : A — B is an arrow over X, and its pullback
u*f ZUxxA—>UxxB

is an equivalence. Then f is an equivalence.

Proof. Consider the pullback square

Uxx A — A

utrt Ly
Uxx B — B.

The bottom horizontal map is the pullback of u, hence an effective epimorphism. By hypothesis, the left vertical map is an
equivalence.

Equivalences descend along effective epimorphisms in an co-topos. Equivalently, one may form the Cech nerves associated to
the two horizontal effective epimorphisms. Every degree of the induced simplicial morphism is an equivalence because it is
obtained by pullback from u* f. Geometric realization reconstructs A and B, and a colimit of a levelwise equivalence is an

equivalence. Therefore f : A = B.
Corollary 7.2 Detection by an organizational cover

Let {U; - 1}, <, be an effective organizational cover. A morphism f : A - Bisan equivalence whenever f | y. isan

equivalence for every 1.

Proof. Let U: = IJI. U;. Then U - 1is an effective epimorphism. The pullback f' | y Is an equivalence because its

restriction to each coproduct component U; is an equivalence. Apply Lemma 7.1.
8 Local-to-global trace completeness
We now apply descent directly to internal operational categories. For an internal functor F : C - D, full faithfulness is

characterized by the pullback condition

C, £ D
(s,t) | 1 (s, t)
CoxCy, LBy xD,.

Theorem 8.1 Local-to-global full faithfulness

Let {U; — 1} be an effective organizational cover in X.Let F : C — D be a functor between internal co-categories. If

every restriction

F;:Cl, — DI,

U;

is fully faithful, then F is fully faithful.
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Proof. Define
P — (CO X CO)XDOXDO Dl'

There is a canonical morphism a : C; — P. The functor F is fully faithful precisely when « is an equivalence.

Pullback preserves finite limits, so after restriction to U;, the morphism « | g - C,|,, - P| . 1s the corresponding full-

Ui i
faithfulness morphism for F;. By hypothesis, every F; is fully faithful, hence every « | y. isan equivalence. By Corollary
7.2, a is an equivalence globally. Therefore F is fully faithful.

Corollary 8.2 Local-to-global panoptical trace theorem

Suppose the global trace representation T : K — D restricts over an effective organizational cover to functors

T, : K|, — DI, .

U;
If every T; is fully faithful, then T is fully faithful. Consequently

Map (k, &) = Map (T(k), T(t))

globally. Thus

local operational observability + effective descent = global operational observability.

9 Descent and organizational silos

Letu : U - 1be an effective epimorphism and let U be its Cech nerve,

U, = Ux - xU.

n+1
An co-topos satisfies descent, giving an equivalence
X = Tot(X ).

Thus a global object consists equivalently of an object A, € X ;;, an equivalence between the two restrictions over U x U,

a coherent equivalence among those equivalences over U x U x U, and all higher coherences.

Hence integration is not merely pairwise interoperability. It has the hierarchy

data
+ pairwise compatibility
+ compatibility between compatibilities
+ e

This is precisely the type of structure naturally represented by an co-topos.
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Definition 9.1 Informational silo

Relative to a chosen cover {U; }, an informational silo is a local object or system for which some of the descent data
required to construct a global object have not been supplied or implemented. Thus silo elimination amounts to supplying

sufficiently coherent transition data to produce an effective descent object.

10 Colimit formulation of informational integration

There is a second, complementary formulation. Let I be a small co-category indexing information systems and let
D : I - X be adiagram.

Definition 10.1 Integrated information object

The integrated information object is

D.. : = colimD;.
int IE I 1

Theorem 10.2 Universal integration theorem

Forevery Y € X,

Map, (Diy, Y) = i}:irgpMapX(Di, Y).

Proof. This is exactly the universal property of the colimit. Since D;,, = colim; D, the contravariant representable functor

Map, (-, Y') sends this colimit to a limit:
Map (colIirnD, Y)= l}glpMapX (D;,Y).

Corollary 10.3 Elimination of compatible duplication

Suppose every silo possesses a transformation F; : D; — Y and the family { F; } is homotopy-coherently compatible with

the diagram D. Then there exists an essentially unique F : D;,, — Y such that

where 1; : D; - Dy, is the canonical colimit map. Hence

{compatible local operations} = {one operation on the integrated object}
Remark. This theorem is categorical, not economic. It says that compatible duplicated transformations can be represented by

a single global transformation. It does not, by itself, say that implementing that global transformation is cheaper. The latter

requires an additional cost hypothesis.
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11 Horizontal and vertical consolidation as Kan extension

Let q : I — B represent a coarsening of organizational boundaries. The objects of I may represent fine-grained firms,
business units, services, capabilities, or infrastructure components. The objects of B represent consolidated organizational

units.

Given D : I - X, define its consolidated form by left Kan extension:

q!D : = Lan, D.

Theorem 11.1 Pointwise consolidation formula

For b € B,

(q, D)(b) = colim D).
’ (i, q(i) ~ b) € Ixg By

Proof. This is the pointwise formula for left Kan extension in a cocomplete co-category. Every oo-topos is presentable and

therefore admits the required small colimits.

If I and B are discrete organizational index sets and q simply groups firms into conglomerates, this reduces to

(q,D)(b) = colim D;.
’ i€q'(b)

Thus organizational consolidation induces informational colimits over the newly unified blocks.
12 Complete corporate consolidation

Definition 12.1 Corporate terminalization

Complete organizational consolidation occurs when the organizational indexing category is replaced by the terminal category,

q : I - *.Then

(q!D)(*) = CioélrInDi.

This describes the extreme case in which all components belong to one organizational unit.

Theorem 12.2 Informational integration does not imply corporate monopoly

The existence of an integrated information object colim; D does not imply I = * .

Proof. Every co-topos admits all small colimits. Therefore for every small indexing co-category I and every diagram

D : I 5 X, the colimit colim; D exists.

Choose, for example, I = {0, 1} as the discrete category with two objects. Then I = 3, yet D, LI D, exists. More generally,
I may contain arbitrarily many non-equivalent organizational objects while admitting a single integrated receiving object.

Therefore
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D, exists =4 I = %.
This gives the formal distinction
informational integration =% organizational identity.

Consequently, a system may consist of many legal corporations while possessing one effectively integrated computational

substrate.

13 Employee and customer traces

Let Wy, @ Wand W, = W denote operational subcategories generated respectively by employee and customer activity.

Their trace functors are
Temp : Arr(Wernp) - D’ Tcust : Arr(Wcust) - D.
There is no categorical reason to privilege one class over the other. Both feed the same downstream representation:

ATT(W o) — D — Am(W o).

After localization,

K — D—K

emp cust *

Thus both employee and customer activity may contribute information about executable operational types. This does not

imply equal economic value. It establishes only structural symmetry at the level of the trace architecture.

14 Recursive organizational learning

Let S be an co-category of system states. Suppose we have an execution functor E : S - K, a trace representation
T : K - D, and an update functorU : SxD - S.

Definition 14.1 Trace-induced update endofunctor

Define® : S -~ S by
®:= Uo(idg, ToE).

Thus @(s) = U(s, T(E(S))).
Proposition 14.2 Recursive iteration

For every n € N, there is an iterate ®" : S — S defined recursively by @’ = idg and ®"* ! = ® o ®". Hence the sequence

s, O(s), D*(s),

models repeated trace-mediated organizational modification.
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Proof. Composition exists associatively up to coherent homotopy in every co-category. Consequently an endofunctor may be

composed with itself finitely many times.
Proposition 14.3 Invariance under operational equivalence

Suppose k = k' in K. Then for every system state S,
U(s, T(k)) = U(s, T(k)).

Proof. Functors preserve equivalences. Thus k = k implies T'(k) = T'(k ). Applying the functor U(s, —) : D - S gives

the stated equivalence.

Hence system updates depend only on operational equivalence classes whenever their inputs factor through K.
15 Self-representation theorem

The preceding structure becomes especially strong when traces are fully faithful.

Theorem 15.1 Operational self-representation

Suppose T' : K - D is fully faithful. Then K is equivalent to the full internal subcategory im(T") S D. Consequently the
trace system contains an internal representation of the operational skill category, including its mapping spaces and higher

coherence.

Proof. Every fully faithful functor identifies its source with the full subcategory of the codomain spanned by its essential

image. Thus K = im(T'). For every K, £,

Map  (k, £) = Map (T(k), T(2).
Hence not only objects but all operational transformations, homotopies between transformations, higher homotopies, and
coherence relations are represented inside D.

This is the precise mathematical version of the statement that sufficiently complete telemetry gives an organization a

representation of its own operational category.
16 A formal panopticon theorem
We can combine the preceding results.

Theorem 16.1 Panoptical reconstruction theorem

Let X be an co-topos equipped with an effective organizational cover {U; — 1}, ;. Let W be an internal operational co-

category, q : Arr(W) — K an operational localization, and T' : Arr(W) — D an S-invariant trace system. Suppose:
e T factorsas T =T q;

o for every i, the restriction T | g K | o D|U is fully faithful.

i i

Then T : K - D is globally fully faithful. Therefore
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Map, (k, &) = Map  (T(k), T(£))

for all k, €.

Proof. Existence of T follows from Lemma 4.3. The local restrictions are fully faithful by assumption. By Theorem 8.1, full
faithfulness is local for an effective epimorphic cover. Therefore T is fully faithful globally. The mapping-space equivalence

then follows by definition.
Interpretation

Under the hypotheses of Theorem 16.1, the organization does not merely possess records of its operations. It possesses,
internally in its informational environment, a full representation of the operational homotopy theory relevant to the chosen

localization. Symbolically,
K - D.
If K = K™ is n-truncated, this becomes

traces determine operations up to the relevant homotopy n-type.

This is a precise definition of the strong informational sense in which an Al organization may become “panoptical.”
17 Supply-chain integration

Let C be an co-category of industrial capabilities. Objects may include
e energy

e mineral extraction

¢ semiconductor fabrication

¢ networking

¢ data centers

¢ cloud services

¢ foundation models

e agents

e applications

e payments

logistics

Morphisms express technical dependency. An ownership assignment is a functor 0 : C — F into an organizational co-

category F.
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Definition 17.1 Vertical integration

Vertical integration increases when a larger chain

C0—>C1—> "'—>Cn

is mapped into a single organizational fiber.
Definition 17.2 Horizontal integration

Horizontal integration increases when distinct objects ¢, ..., C,, representing substitutable capabilities are mapped into a

common organizational component.
Definition 17.3 Complete integration

Complete organizational integration corresponds to the constant ownership functor 0 : C — 3 . Nothing in co-category

theory alone implies that 0 must become constant. For that conclusion, an economic functional must be added.
18 Economic value as a superadditive functional

Let E be a finite set of capabilities. Let V' : 2F LR assign economic value to integrated subsets of capabilities.
Definition 18.1 Strict integration complementarity

We say V has strict integration complementarity if, for every pair of disjoint nonempty subsets A, B € E,
V(Au B) > V(A)+V(B).

This expresses positive returns from integration.

Let P be a partition of E. Define its gross organizational value by

V(P):= 3 V(B

Theorem 18.2 Gross-value consolidation theorem
If V has strict integration complementarity, then the one-block partition { E' } uniquely maximizes V (P).

Proof. Suppose P contains at least two blocks A and B. Merge them to form
P = (P\{A,B)U{AuU B}.

Then

V(P)-V(P) = V(Au B)-V(A)-V(B).

By strict integration complementarity, V(P')- V(P) > 0. Therefore every nontrivial merger strictly raises gross value.

Repeated merging terminates at the unique one-block partition { E }. Therefore { E } uniquely maximizes gross value.
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This is the exact assumption required for the naive argument
integration efficiency = one organization

to become a theorem.
19 Organizational costs prevent the conclusion from being automatic

Let K(P) represent organizational cost. Define net value by N(P): = V(P) - K(P). Costs may include

K K K K

coord » reg » security » concentration » K bureaucracy » K failure *

Then
K(P) = Kcoord(P)+ Kreg(P)+Ksecurity(P)+

Proposition 19.1 Integration criterion

Merging disjoint organizational blocks A and B increases net value precisely when

V(Au B)-V(A)-V(B) > K(P)-K(P).

Proof. The merger is beneficial exactly when N(P') > N(P). Substituting N = V - K gives
V(P)-V(P) > K(P)-K(P).

Since all unchanged partition blocks cancel,

V(P)-V(P) = V(Au B)-V(A)-V(B).

Hence the result.

Thus complete consolidation is not a consequence of integration complementarities unless they dominate the marginal costs

of concentration at every step.
20 Partition-poset formulation

Let Part(E) be the finite poset of partitions of E. Order it by refinement: P < Q when Q is obtained from P by
consolidation. The maximal element is T = { E}. Let C : Part(E) — R be total system cost.

Theorem 20.1 Criterion for inevitable complete consolidation

Suppose
P<Q = CQ)<CP

for every proper organizational coarsening. Then T = { E'} is the unique global cost minimizer.
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Proof. For every P # T, there exists a finite chain

P=P,<P,< - <P, =T.

By hypothesis, C(P,) > C(P;) > --- > C(P,). Hence C(P) > C(T). Therefore T is the unique minimum.
Corollary 20.2

The prediction that all firms eventually consolidate into one firm requires an empirical assumption approximately equivalent
to saying that total cost remains strictly decreasing throughout the entire partition lattice. Category theory alone supplies no

such assumption.

21 Continuous complementarity and mixed derivatives

A continuous approximation recovers the second-derivative formulation. Let

F:R7, - R
represent output as a function of capabilities X, ..., X,,,. Examples include
K = compute, D = data, M = models, U = distribution.

Definition 21.1 Local complementarity

Capabilities x; and X ; are locally complementary where

_F .
axiaxj'

For example,

means that increasing compute raises the marginal value of data, equivalently that increasing data raises the marginal value of

compute. Similarly

Such inequalities provide a local differential analogue of supermodularity. They generate positive feedback of the schematic

form

K—M—U-—D—M.

But positive cross-partials establish pressure toward integration, not the identity of the eventual organizational equilibrium.
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22 Main structural theorem

We can now assemble the construction.

Theorem 22.1 Trace—descent—consolidation theorem

Let:

e X be an oo-topos;

e {U; - 1} be an effective organizational cover;

e W be an internal operational co-category;

e S be a class of operationally irrelevant morphisms;

o K: = Arr(W)[S™"] be the operational localization;

e T : Arr(W) - D be an S-invariant trace system;

 every local induced representation T; : K | v " D] U, be fully faithful;
e D : I - X beadiagram of organizational data systems;

e downstream operations on the D; form homotopy-coherent cocones.
Then:

a Trace factorization

There exists T : K - DwithT =T q.

b Global operational observability

T is fully faithful. Hence

Map (k,®) = Map (T'(k), T(0)).

¢ Integrated information object

There exists D;,,: = colim; D.

d Universal elimination of compatible duplicated operations

Every coherent family F; : D; — Y corresponds uniquely up to contractible choice to F' : D;,, — Y.
e No corporate-monopoly conclusion

None of (a)—(d) implies I = * .

Proof. Part (a) follows from Lemma 4.3. Part (b) follows from Theorem 8.1. Part (c) follows because an co-topos is
cocomplete. Part (d) follows from Theorem 10.2. For part (e), the existence of the preceding constructions is compatible with

arbitrary small nonterminal indexing categories I. Theorem 12.2 therefore applies.
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23 Interpretation of the theorem

The theorem produces the implication

instrumented operations
1

traces
i

localized skill types
!
effective descent
!
global operational representation.

Separately,

local data silos
l

colim
!
integrated information object
!
single compatible global operation.

The two mechanisms combine when traces from previously distinct organizational components enter a common operational

representation. One obtains

Arr(W,-) i Ki — Di — Dint'

The industrial system is then increasingly represented inside its own computational substrate.

24 The limiting informational object

Consider a sequence of systems

(XO’KO’DO) - (XliKllDl) -

in which more operational contexts are instrumented, more trace systems become fully faithful, more information diagrams

satisfy effective descent, and more downstream operations factor through integrated information objects.

The relevant limiting tendency is therefore not necessarily #{firms} — 1. It is instead a tendency toward

increasingly global operational descent.

That is, an increasing fraction of the industrial system becomes represented inside a common observational-computational

environment. One may consequently have

many organizational objects + one highly integrated informational co-topos.

This is categorically distinct from monopoly.
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25 Final formulation

The strongest version of the thesis may be stated as follows.
Thesis Panoptical integration

An Al-mediated industrial system consists of an operational co-category W internal to an informational co-topos X.
Instrumentation determines a trace functor T : Arr(W) — D. Operational equivalence determines a localization
q : Arr(W) - K.

When T inverts the operational equivalences, it factors through T : K — D. When T is locally fully faithful over an
effective cover, descent implies that it is globally fully faithful:

K - D.

Hence the system's telemetry contains a representation of the homotopy theory of its own economically relevant operations.

Meanwhile heterogeneous information systems D; admit an integrated object colim; D;, with

Map(D,,, Y) = limMap(D;, Y).
1

Therefore every homotopy-coherently compatible collection of duplicated local operations admits a single universal global

representative.

The resulting dynamical architecture is

w £ Amr(W) & K
ID 1D, YW,

int
Iterating gives W, — W, - W, — ---.Thus an Al organization may be modeled as a system whose productive

morphisms continuously generate an internal representation of the operational category from which those same morphisms

arise.

In the strong trace-complete regime,
Map . (f. g) = Map ,(T(f), T(g)).

The system therefore represents, up to the selected localization and truncation, not merely what its components did but the

identity types of what they know how to do. This is the precise higher-categorical content of the panoptical claim.

The consolidation claim is logically separate:
operational observability + descent + colimit integration =% one corporation.

Complete corporate consolidation follows only after imposing an additional economic condition such as

P<Q = CQ)<CP
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for every proper organizational coarsening, or equivalently a sufficiently strong integration complementarity dominating all

coordination, regulatory, security, and concentration costs.

Accordingly, the categorical prediction is weaker but more invariant than the claim of a future single corporation:

the natural limiting tendency is toward a unified observational-computational co-topos,

even when its legal and organizational presentations remain nonunique. Sections 26—48 replace the set-function V' by a

symmetric-monoidal resource theory.
26 Symmetric-monoidal resource theory

The preceding formulation treated economic complementarity by means of a set-function

v :2F L R,

as in Definition 18.1. This can be replaced by a genuinely categorical resource theory. Let X be the ambient co-topos.

Definition 26.1 Internal resource theory

An internal symmetric-monoidal resource theory in X is a commutative algebra object
R® € CAlg(Cat, (X)).

Equivalently, R is an internal co-category equipped with a coherently associative, unital, and symmetric tensor product
® :RxR—R

and tensor unit 1g.

Objects of R represent productive resources or capabilities. Examples include:
e energy

e compute

e data

¢ models

e labor

e distribution

e logistics

e capital

The tensor x ® y represents the availability of X and y as jointly composable resources. The higher coherences of the

symmetric-monoidal structure imply, for example,
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xX®yY)®z=x®(y®2), X®y=y®X,

with all coherence diagrams commuting up to coherent higher homotopy.
Definition 26.2 Resource portfolio

Let E be a finite set of elementary capabilities. A resource portfolio is an assignment

r : E— Ob(R), er—r,.

For every finite subset A € E, define

By symmetric-monoidal coherence, this object is canonically defined up to a contractible space of choices. For disjoint
A,BCE,

rAuB = I"A®I"B.

Thus organizational integration may be studied as the regrouping of tensor factors.
27 Ordered monoidal targets

We require numerical value and cost functionals. Let R_ denote the posetal symmetric-monoidal category (R, +,0, <).
There is a unique morphism a — b precisely when a < b. Similarly let R, denote (R, +,0, >). These may be regarded as

0-truncated symmetric-monoidal co-categories.

For the purely objectwise economic analysis, it is enough to restrict R to its maximal subgroupoid R~ . This avoids imposing

any particular monotonicity convention on arbitrary resource-conversion morphisms.
28 Value as a lax symmetric-monoidal functor

Definition 28.1 Monoidal value functional

A value functional is a lax symmetric-monoidal functor

V :R® —R..

Its lax monoidal structure supplies comparison morphisms

V) +V(y) — V(x®y).

Because the target is posetal, such a morphism exists precisely when V' (x) + V(y) < V(x ® y). Hence lax monoidality says

Vixey) = V(x)+V(y).

This is the categorical expression of positive integration complementarity.
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Definition 28.2 Value synergy

Define the integration synergy
oy(xy): = V(xX®y)-V(x) - V().

Lax monoidality implies oy (X, y) > 0. We call V strictly complementary on (X, y) when oy, (X, y) > 0.

Proposition 28.3 Multi-resource superadditivity

If V is lax symmetric monoidal, then for every finite family x;, ..., X,, one has
n

i; V(x;) < V( i®1 Xj).

Proof. Proceed by induction. For n = 1, the result is trivial. Assume

v < V& x).

i=1 i=1

Lax monoidality gives

V(® X))+ Vxn1) < V(& X)®Xner).

Combining the two inequalities yields

[

"'V < VIR X))

i=1 i=

—_

Coherence identifies all parenthesizations.

29 Cost as an oplax symmetric-monoidal functor

For costs the inequality is naturally reversed.

Definition 29.1 Monoidal cost functional

A cost functional is an oplax symmetric-monoidal functor

C:R= —>R..

The oplax structure gives

Cx®y)— C(x)+C(y),

and therefore
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Cx®y) < C(x)+C(y).

Equivalently, C may be regarded as a lax symmetric-monoidal functor C : R~ - R,.
Definition 29.2 Economies of scope

Define
Oc(xy):= C)+CY)-C(x®Y).

Then 0 ¢ (X, y) = 0. The quantity 0 - (X, y) measures the cost saved by integrating X and y. Strict economies of scope occur

when 0 (X, y) > 0.
Proposition 29.3 Multi-resource cost subadditivity

For any finite family x,, ..., X,,,

C( 1@1 x) < Cox).

Proof. The proof is the oplax analogue of Proposition 28.3.
30 Net integration gain

Define the net surplus of a resource object x by N(x): = V(x) - C(x).
Definition 30.1 Integration gain

For resources X, y, define

P, y): = N(x®y)- N() - N(y).

Expanding the definition gives

Fx, Y =Vx®y)-VXx) - V() +(Cx)+C(y)-Cx®y) =0y (X, y) + 0 (X, V).

Lemma 30.2 Nonnegative monoidal integration gain
If V is lax symmetric monoidal and C is oplax symmetric monoidal, then T'(X, y) > 0.

Proof. By lax monoidality, 0y (X, y) = 0. By oplax monoidality, 0 - (X, y) = 0. Hence
FGy)=ovxy)+oc(xy) 2 0.

Corollary 30.3

If at least one of the two inequalities
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Vixey)>V()+V(y)
or
Cx®y)<Cx)+CWy)

is strict, then I'(X, y) > 0. Thus either value complementarity or economies of scope alone may make integration strictly

preferable.

31 Organizational partitions as tensor decompositions

Let E be the finite set of elementary capabilities, and let Part(E) denote its partition lattice. For
P={B,, ..., By},
each block B; represents the capabilities jointly controlled by one organizational unit. Define

rg. := Q@ r1,.
J eEBje

Definition 31.1 Partition surplus

Define

W(P):= 5 N(rp).

Explicitly,

W(P) = Bép(V(’"B)— C(rp)).

Definition 31.2 Consolidation category

Regard Part(E) as a category by declaring that there is a unique morphism P — Q when Q is a coarsening of P. Thus a
morphism represents a sequence of organizational mergers. The terminal object is T = { E'}. It represents complete

consolidation.
32 Single-merger theorem

Suppose P contains distinct blocks A and B. Let
P := (P\{A B)U{AuBj}.

Theorem 32.1 Monoidal merger formula

The change in partition surplus under the merger is
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W(P')-W(P) = [(r5,Tp).

Proof. Every block other than A and B contributes equally to both W(P) and W(P"). Thus
W(P)-W(P) = N(rayp)- N(ra)-N(p).

Since An B=Q,

FTaup = TI'p ®rp.

Therefore

W(P)-W(P)= N(rs ®rp)~ N(rs)- N(rp)=T(r4.75).

Corollary 32.2 Monotonicity under consolidation

If V is lax symmetric monoidal and C is oplax symmetric monoidal, then every binary merger satisfies W(P') = W(P). If

every merger has strictly positive integration gain, then W(P') > W(P).
33 Global consolidation theorem

Theorem 33.1 Symmetric-monoidal consolidation theorem

Assume that for every pair of disjoint nonempty subsets A, B € E one hasT'(r4,7g) > 0. Then T = { E'} is the unique
maximizer of W : Part(E) - R.

Proof. Let P # T. Then P contains at least two blocks. Choose two blocks A, B € P and merge them to form P. By
Theorem 32.1,

W(P)-W(P) = I(ra,rg) > O.

Thus every proper merger strictly increases W. Since E is finite, repeated mergers terminate after finitely many steps at
T ={E}. Hence W(P) < W(T) for every P # T. Therefore T is the unique maximizer.

This theorem is the symmetric-monoidal replacement for the set-theoretic superadditivity theorem Theorem 18.2. The

assumption V(A U B) > V(A) + V(B) has been replaced by a structural comparison map
V) +V(y) — V(x®y).

Likewise cost economies are represented by

Cx®y)— C(x)+C(y).

The direction toward consolidation now arises from the monoidal structure itself.
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34 Functorial formulation on the partition category

Under nonnegative integration gain,

P<Q = W(P)<W(Q).

Hence W defines an order-preserving functor

W . Part(E) — R..

Proposition 34.1
IfT'(r 4,rpg) = 0 for every admissible merger, then W is functorial with respect to organizational coarsening.

Proof. Any coarsening P — Q is a finite composite of binary block mergers. Every such merger weakly increases W. Hence
W(P) < W(Q). This is exactly the existence of a morphism W(P) - W(Q)in R..

Thus the economic tendency toward consolidation can be represented by the functor

Part(E) -YR..

Strict integration complementarity makes this functor strictly increasing on nonidentity arrows.

35 Admissible mergers and institutional constraints

Real economic systems do not permit arbitrary organizational coarsening. Privacy law, antitrust law, national boundaries,

security constraints, contractual incompatibilities, technical standards, and governance rules may prohibit particular mergers.
Definition 35.1 Admissible consolidation category

An admissible consolidation category is a subcategory

Part,g, (E) S Part(E)

containing precisely the legally, technically, or institutionally admissible organizational configurations and mergers.
Theorem 35.2 Constrained consolidation theorem

Suppose:

e every nonidentity morphism P — Q in Part,y, (E) satisfies W(Q) > W(P);

e Part,,, (E) possesses a terminal object P 4, .

Then P4, is the unique surplus-maximizing admissible organizational configuration.

Proof. For every admissible P, terminality gives P — P,4y. If P # P4, this morphism is nonidentity. Therefore

W(P) < W(P  4m)- Hence P4, uniquely maximizes W.
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This gives a stronger formulation of the distinction between economic pressure and realized market structure. The economic
structure may favor T = { E'}, while the admissible organizational category may terminate at some finer partition P,q, # T.

Consequently,

economic integration pressure # realized legal consolidation.

36 Internalization in the co-topos

The entire resource-theoretic construction may itself be internalized. Let 11 : X — S be the canonical geometric morphism
to the co-category of spaces. The constant-object functor m* S - X allows numerical ordered monoids to be regarded as

objects of X. Write
R:= o*(R).

One may therefore define internal value and cost functors

with respectively lax and oplax symmetric-monoidal structure. The inequalities
VX)) +V(y) < V(x®y) and Cx®y)<Cx)+C(y)

are then internal propositions of X.
Lemma 36.1 Locality of integration advantage

Let {U; - 1} be an effective epimorphic cover. Suppose the internal proposition I'(x, y) > 0 holds after restriction to every
U;. Then it holds globally.

Proof. The assertion I'(x, y) > 0 is a proposition, hence corresponds to a ( — 1)-truncated object of X . Truth of propositions
satisfies effective descent in an co-topos. Since the proposition is true over every member of an effective epimorphic cover, it

is true globally.

Therefore integration complementarity itself may be verified locally and glued by descent. This yields

local positive integration gain + effective descent = global positive integration gain.

37 Symmetric-monoidal operational categories

The operational theory can also carry a tensor product. Suppose
W® € CAlg(Cat, (X))

is a symmetric-monoidal internal operational category. Then morphisms f : X - X and g : y — y determine a parallel

composite

26/ 34



f®g: x®@y—Xx ®y.

This models simultaneously executable or jointly available operations. Assume that the class S of operational equivalences is

tensor-compatible:

sesS = s®id, €8.

Then the localization inherits a symmetric-monoidal structure W[S™11%.

Definition 37.1 Monoidal trace system

A trace system is monoidal when

T® : Ar(W)® — D®

is a symmetric-monoidal functor. If T is S-invariant, then the universal property of monoidal localization gives
T® : K® — D°®.

Theorem 37.2 Monoidal self-representation

Suppose T® :K® - D%is fully faithful. Then the trace system represents both the mapping spaces of operational skills

and the symmetric-monoidal composition law between skills. In particular,
Tkoet) = T(k)®T®)
and

Map (k, ) = Map , (T'(k), T(2)).

Proof. Full faithfulness reconstructs all mapping spaces. Symmetric monoidality supplies coherent equivalences
T(k)® T(2) = T(k ® ¢), compatible with associativity, units, and braiding. Hence the essential image of T contains not

only the objects and morphisms of K, but also its monoidal composition law.

This is stronger than simple observational completeness. The organization now possesses a representation not merely of what

individual skills are, but of how skills compose in parallel.
38 Data, compute, models, and distribution as tensor factors

Let K, D, M,U € R represent respectively compute, data, models, and distribution. The integrated capability is
KeDeM®eU.

Lax monoidality gives
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V(K)+V(D) < V(K ® D), V(K®D)+V(M) < V(K®D® M),
and ultimately

VK)Y+V(D)+V(M)+V{U) < V(K®De®M ®U).
Thus the previously informal expression

compute + data + models + distribution

is replaced by the monoidal object

KeDeMeU.

The integration premium is
VIKeDe®MeU)-V(K)-V(D)-V(M)-VU),
and the cost saving is
C(KY+C(D)+C(M)+CU)-C(K®eDeoM®U,).

39 Relation to mixed derivatives

The differential formulation of Section 21 is recovered as a local approximation. Take (R, +,0), viewed as a symmetric-

monoidal category, with tensor given by vector addition X ® y: = x+ y.Let F : R™, — R be of class C*. For

coordinates i # j and increments S, t > 0, the joint displacement is X + se; + t . Its infinitesimal cross effect is

*F

0X; 0Xj’

If

’F .
8X,-6Xj

5

then

oF

Thus increasing capability X ; raises the marginal value of capability X;. This is the infinitesimal form of complementarity.

The monoidal inequality F(x + y) > F(x) + F(y) is a global condition. The cross-partial inequality is a local condition. The

two formulations therefore occupy different levels:
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az—F >0 islocal complementarity,
0X; 0X;
while

F(x+y)=F(x)+ F(y) is global integration complementarity.

The former does not by itself imply the latter without additional regularity and boundary hypotheses.
40 Trace acquisition as resource accumulation

The trace category itself may enter the resource theory. Suppose there is a symmetric-monoidal functor
J : D® — R®.

Then a trace d € D determines an informational resource J(d) € R. For an operation f,
f=T)— JTUS).

Thus execution generates a new resource. The composite

JeoT : Arf(W)— R

models the economic conversion

activity — trace — reusable informational resource.

Definition 40.1 Trace-capital accumulation

Given operations f, ..., f,, define accumulated trace capital by
Ry = & J(T(f).

A lax monoidal value functional yields

L VUTF) < VR,).

Hence aggregation of traces may have value exceeding the sum of their separately realized values.

This gives a formal mechanism for the economic importance of aggregating employee, customer, infrastructure, and supply-

chain traces.

41 Employee and customer telemetry as a common resource object

Let
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T : Arr(W

emp

) - D’ TCHSt : Arr(WCHSt) - D‘

emp

Write R, and R for the resource objects determined by J o T, and J ° T . The combined informational resource

emp

is

R Remy ® Rews-

obs * T emp
Lax monoidality gives

V(Robs) 2 V(Remp)+ V(Rcust)'

Thus employee and customer traces need not merely have separate value. Their combination can possess an additional

integration premium

UV(Remp s Rcust) =z 0.
This formally captures the fact that customer behavior and internal expert behavior can jointly identify mappings that neither
dataset reveals independently.

42 Vertical integration as elimination of interfaces

Let C be an co-category of production dependencies, as in Section 17. Suppose

Co—»Cl—> _’CTI
is a supply chain. Associate resource objects r';: = r(c;) € R. Under fragmented ownership, the chain is represented by a
partition { B, ..., By }. Under vertical integration, adjacent blocks are merged. For a merger of B; and B,

'BuB;, = TI'p, ®Tp;.

The integration gain is therefore I'(r g , T B, ). If this is positive along every internalizable interface, then every eliminated
organizational boundary increases net surplus. Thus the slogan that vertical integration removes duplicated interfaces

becomes
coarsening of the ownership partition + T > 0.

43 A resource-theoretic panopticon theorem

We may now combine the observational and economic layers.
Theorem 43.1 Monoidal panoptical integration theorem

Let:
e X be an co-topos;

o W® be a symmetric-monoidal internal operational co-category;
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e S be a tensor-compatible class of operational equivalences;
e K®: =Arr(W)®[S '] be the monoidal skill localization;
« T® : K® - D® bea fully faithful symmetric-monoidal trace representation;
e J® : D® - R® map traces to reusable resources;
V : R® - R_ be lax symmetric monoidal;
e C : R™ - R._ beoplax symmetric monoidal.
Then:
a Operational reconstruction

For all skills k, €,

Map . (k,®) = Map (T'(k), T(0)).

b Monoidal reconstruction
Tk®t) = Tk)®T(®).

¢ Trace-resource accumulation
Operations produce composable informational resources J(T'(k)) € R.
d Nonnegative integration gain

For every pair k, ¢,

T(J(T(k), J(T(®)) = O.

e Consolidation

If the inequality is strict for every merger of organizational blocks, complete consolidation uniquely maximizes partition

surplus.

Proof. Part (a) follows from full faithfulness. Part (b) follows from symmetric monoidality. Part (c) follows by composition

with J. Part (d) follows from Lemma 30.2. Part (e) follows from Theorem 33.1.

44 Recursive accumulation and endogenous integration

Suppose now that the organization evolves through an update endofunctor @ : S — S on the co-category of system states, as
in Section 14. Assume each state s determines W, D, R, and a partition P . Execution produces traces W — Dg.
Traces produce resources D, — R . Resource complementarity changes the economically preferred partition

R, - Part(E). The selected organizational structure then changes the next operational state P, — s . Thus one obtains a

composite feedback process
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s—W,—>D, >R, — P, —5s.
Iteration gives
So 3’514@529

This is stronger than an ordinary static theory of economies of scale, because the resource-complementarity structure itself

may change as the trace corpus grows.
45 Endogenous increase in integration gain

Let R; be accumulated informational capital at time t. Suppose the integration gain depends on R, written I'(x, y; R;). If

the passage R; — R;,; increases the complementarity of previously separate capabilities, then

1 (6Y) 2 (X, ).
A particularly strong regime satisfies

ar(x,y; R)

> 0.
oR

Then data accumulation makes integration itself increasingly valuable. This creates a second-order feedback loop:

integration — more traces — better shared models — greater complementarity — stronger pressure toward integration.

This mechanism is categorically represented by the fact that the value functor V'; is no longer fixed, but varies over system

state. One may therefore regard
V : S —Fm® "R, R.)

as assigning a different lax monoidal valuation to each organizational state.

46 Consolidation as a dynamical system on partitions

For finite E, define a transition relation on Part(E) by P ~ Q when Q is an admissible proper coarsening of P and

W(Q) > W(P). Because the partition lattice is finite, every strictly surplus-increasing sequence

Py = Py~ o

terminates.
Proposition 46.1 Termination of consolidation dynamics

There are no infinite strictly improving consolidation chains.

Proof. Each transition is a strict coarsening of a finite partition. Every strict coarsening decreases the number of blocks by at

least one. Hence a chain contains at most | E | — 1 strict merger stages.

32 /34



Corollary 46.2

Every consolidation trajectory reaches an admissibly merger-stable partition P, for which no admissible proper coarsening
Q satisfies W(Q) > W(P,,). If every admissible merger has positive integration gain and an admissible terminal object

exists, then P, = Py, -

Thus the endpoint can be characterized as a terminal or locally terminal point of a finite directed economic dynamics.
47 Separation of three mathematical claims

The resulting formalism separates three propositions that are often conflated.

I Panoptical observability

T : K < D is fully faithful. This means the trace system represents the relevant operational homotopy theory.

IT Informational integration

colim; D; exists, and downstream operations factor through it. This means distinct information silos admit coherent global

realization.
I1I Organizational consolidation
The partition dynamics moves toward a coarser partition because I'(x, y) > 0.

Only Claim III is intrinsically economic. Claims I and IT do not logically imply Claim III. Rather, they may modify the value

and cost functors so that the inequalities producing Claim III become stronger. Hence the causal picture is
better observation = larger reusable trace resource = greater potential complementarity = possible consolidation pressure.

The final implication remains conditional.
48 Final resource-theoretic formulation

The complete architecture may now be written as

we — k° I'p® J° R® (R
1
Part(E)

The first part, w® ., K® . D®, describes operational observation. The second, D® _ R® , describes conversion of

traces into reusable informational capital. The third,

R® \VR)

describes the economics of combining those resources. Finally, Part(E) describes possible organizational decompositions.

The key comparison inequalities are

V) +V(y) < V(x®y)
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and

Cx®y) < CO)+CWY).

Their sum yields

F(X’A/) = UV(X’ .y)+O_C(X’ y) > 0.

When this inequality is strict for all organizationally admissible mergers, surplus is strictly monotone under coarsening. If
every merger is admissible, the terminal partition { E'} is uniquely optimal. If only a subcategory of mergers is admissible, the

economically selected endpoint is instead the terminal or merger-stable object of Part,,, (E).

Therefore the strongest justified result is not

Al categorically implies one corporation.

It is the conditional theorem

trace completeness

+ monoidal informational accumulation
+ lax-monoidal value complementarity

+ oplax-monoidal economies of scope
+ unrestricted admissible mergers
= complete consolidation maximizes net surplus.

The categorical contribution is to identify exactly which arrows in that implication are structural and which require empirical

assumptions. The most invariant description of the resulting limiting process is therefore

operational categories — trace categories — resource categories — progressively coarser organizational decompositions.

In this formulation, an Al-mediated industrial system is simultaneously an observer of its own morphisms, an accumulator of
the traces of those morphisms, a symmetric-monoidal combiner of the resulting resources, and a dynamical system on the

space of its own organizational decompositions.
That is the symmetric-monoidal refinement of the panoptical integration thesis.

End of the note
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