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Abstract

The passage from classical category theory to oo-categories
changes the data carried by a universal construction. A repre-
sentative controls a space of maps, a short exact sequence has a
space of realizations, and a sheaf glues along all coherences of
a cover. This manuscript develops these changes through Jan
R. Strooker’s progression from representability and exactness
to homological algebra and sheaf cohomology. It compares
stable extension spaces with Yoneda extensions, identifies the
classical right satellites of a left exact functor by an enriched
Kan extension, and recovers derived global sections from localiza-
tion of module-valued presheaves. A finite-window comparison
theorem determines maps in complete stable categories from
bounded Postnikov pieces. An amplitude theorem identifies
the input window sufficient for computing a prescribed output
window of a derived right adjoint. Explicit calculations for finite
sites, cyclic actions, and a projective line exhibit the hypotheses
and demonstrate where extension and descent data change the
answer.
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Introduction and
conventions

Strooker’s Introduction to Categories, Homological Algebra and
Sheaf Cohomology [38] links four subjects by a common method.
First recognize a construction by its effect on morphisms. Then
use its universal property to organize exact sequences, extensions,
and the change of base for sheaves. The method survives the
passage to higher categories once a morphism set is replaced by a
mapping space and universal properties are required to be coher-
ent in the test object. This manuscript follows that mathematical
progression. The definitions, proofs, and calculations below are
developed independently, with references to the classical text and
to sources for the higher-categorical inputs.

Four levels of comparison. In an ordinary category, a cone
is specified by maps and strict compatibility. In an oo-category,
a cone includes coherent compatibility, and two cones with the
same individual maps can differ as coherent cones. In a stable
oo-category, the same principle gives an equivalence between
the space of cofiber sequences with fixed outer terms A, B and
Map(B,YA). In a sheaf co-topos, Cech gluing uses the entire
cosimplicial diagram of intersections. With these distinctions in
place, taking degree zero, taking homotopy groups, and passing
to a heart each recovers a specific classical construction.

Main comparisons. Theorem 13.2 gives a mapping-space
formula for an exact t-exact functor by combining an increasing
connective filtration of the source with a decreasing coconnective
tower of the target. The formula also gives a criterion for full
faithfulness from extension maps on the heart. Theorem 14.1
specifies which layers of the source can affect a chosen range of
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the output of an exact functor of finite one-sided cohomological
amplitude. Theorem 11.1 compares the graded Kan extension
with right derived functors by means of the tensor product of
an extension functor and an additive functor. Theorem 17.1
constructs the comparison with classical derived sheaves for a
fixed ring by applying exact sheafification before passing to the
stable localization. The applications show how these results
interact in concrete section calculations.

Foundational inputs. We use the model of co-categories by
quasicategories, or any equivalent model in which the cited uni-
versal properties hold. The straightening theorem, accessible
adjoint functor theorem, higher Giraud theorem, theory of exact
oo-categories, and the existence of suitable derived resolutions are
established results. They are cited where used. The comparison
arguments and their consequences are proved in the text. Ex-
amples involving topological local systems state the topological
hypotheses under which the classification by the fundamental
oo-groupoid applies.

The bounded Postnikov inductions in Theorems 13.2 and 14.1
use the classical truncation and dévissage arguments for t-
structures, developed in [41, §1.3] and carried into the stable
setting in [19, §1.2.1]. Their role here is to organize coherent
finite windows and to separate these finite arguments from the
reconstruction hypotheses needed for unbounded objects. Fail-
ures of reconstruction and the distinction between hyperdescent
and Postnikov completeness are addressed separately in [22, 7]
and Chapter 27.

Size. Fix universes U € V. The words small and locally small
refer to U unless an explicit universe shift is made. A site is small.
A category of all U-small spaces, spectra, or modules is a V-small
object when a functor category requires it. For coends on a large
abelian category, one can form the coend in the larger universe
and then use the comparison theorem to recover a U-small value
under the stated hypotheses.
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Grading. In a stable category, suspension is written . Under
the cochain convention it corresponds to [1], so mX = H*(X).
The subcategory Cs,, consists of n-connective objects and C<,, of
n-coconnective objects. The maps of truncations are 75, X — X
and X — 7<,X. The symbol 7, denotes the composite 7<;7>q,
canonically equivalent to 7>,7<; when a < b. The category and
whether a homotopy group or object is meant will be clear from
the domain of the notation.
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Part |

Representability and
adjunctions

This part develops the mapping-space tests used throughout the
manuscript. The Yoneda embedding identifies natural
transformations with elements of a presheaf, and the category of
elements gives the weighted colimit formula. The comparison of
pointwise Kan extensions reduces many changes of base to tests
on comma categories. A limit over a circle and the two adjoints
to a constant action give the first examples in which the index
contributes cohomology.



Chapter 1

Categories with mapping
spaces

1.1 The nerve and its inner horns

An ordinary category C is encoded by its nerve NC. An n-simplex
is a chain of n composable arrows. Its face maps compose adjacent
arrows or omit a first or last object. Degeneracies insert identity
arrows. This encoding identifies the usual category of small
categories with the full subcategory of simplicial sets whose inner
horns have unique fillers. An inner horn A? C A", with 0 < i < n,
is the union of all faces except the face opposite i. For n = 2
it consists of the two edges 0 — 1 — 2. Its filler supplies the
composite edge 0 — 2 and the triangle relating it to those two
edges.

Definition 1.1. A quasicategory is a simplicial set in which
every inner horn admits a filler. A space is modeled by a Kan
complex, in which horns of all indices admit fillers. Write S for
the oo-category of spaces. A functor between quasicategories is
a simplicial map.

For a quasicategory C, the filler for an inner 2-horn supplies a
choice of composite. The inner 3-horn conditions give compati-
bility of such choices with triple composition. Higher conditions
carry the remaining coherences. This description is a presentation
of the structure. Statements about universal properties will be
formulated using mapping spaces and are invariant under equiva-
lence of presentations. We use the construction and comparison
results for mapping spaces from [18, §1.2] and [21].



1 Categories with mapping spaces

For example, a model of the right mapping space Mapq(z,y)
takes m-simplices to maps A" — (' that are constant at x
on the face with vertices 0,...,n and carry the last vertex to
y. The face and degeneracy maps act on 0,...,n and fix the
last vertex. The inner horn axioms imply that this is a Kan
complex. Its O-simplices are arrows. Its paths identify homotopic
arrows relative to the endpoints. Composition is represented by
the extension of the two adjacent edges to a triangle, and it is
functorial up to the coherences of C.

Proposition 1.2. For an ordinary category C, Map yq(z,y) is
the discrete space on Home(x,y). The homotopy category of NC
is C.

Proof. A simplex in the right mapping space is a chain

xgxﬁw-~ﬂ>xi>y.
It is determined by f, and every face and degeneracy leaves that
arrow unchanged. Composition of components is the composition
supplied by the nerve. This identifies both objects and hom-sets
of the homotopy category. O]

The homotopy category h C' has the objects of C' and hom-
sets mo Maps(z,y). A morphism of C' is an equivalence when
its component is an isomorphism in hC'. The core C= is the
space of objects and equivalences of C', with their higher homo-
topies. For instance, if C is an ordinary category, (NC)~ is the
nerve of its maximal subgroupoid. The mapping space between
two oo-categories in Caty, is Fun(C, D)=. The functor category
Fun(C, D) itself includes transformations whose components need
not be equivalences.

Example 1.3. Let A be a nonzero abelian group and regard
K(A,2) as an oo-groupoid. At a chosen basepoint z, its endo-
morphism space is 2, K (A,2) ~ K(A,1). Its homotopy category
is equivalent to a point because K (A,?2) is connected and simply
connected. In particular the functor K(A,2) — * induces an



1 Categories with mapping spaces

equivalence of homotopy categories and loses the nonzero group
m Map(z,z). The discrete hom-sets in h C retain exactly the
components of each mapping space.

1.2 Equivalences, functors, and coher-
ence

A functor F : C — D is fully faithful when the induced map
Mapq(z,y) — Mapp(Fz, Fy) is an equivalence for every pair.
It is essentially surjective when every object of D is equivalent
to one in the image. The equivalence criterion is full faithful-
ness and essential surjectivity, as in the ordinary case with the
strengthened hypothesis on maps [18, §1.2.10]. One proof selects
a representative of each object in the target and an equivalence to
it. Full faithfulness identifies the mapping spaces for the selected
representatives with the target mapping spaces. Transport of
the composition operations along these equivalences supplies a
functor inverse. The criterion itself is independent of the repre-
sentatives.

An n-simplex of Fun(C, D) is amap CxA™ — D. In particular,
a natural transformation F' — G is a functor on C' x A! with
given end restrictions. On an edge x — y it gives a square with
a specified commutativity homotopy. Its value on the product
of a composable chain with Al gives the compatibility of those
homotopies. The space of transformations between F' and G is
Mapgyy,(c,py(F; G). Tt generally has higher homotopy even when
C has discrete mapping spaces.

Proposition 1.4. A natural transformation in Fun(C, D) is an
equivalence exactly when every component is an equivalence.

Proof. Each evaluation functor preserves equivalences, giving
necessity. For sufficiency, let J be the nerve of the groupoid on
two objects and one isomorphism between them. Restriction
along A — J identifies Fun(J, D) with the full subcategory of
the arrow category spanned by equivalences. This is the universal

4



1 Categories with mapping spaces

property of inverting the edge. A diagram of arrows whose values
are equivalences therefore lifts, with contractible space of choices,
from C' — Fun(A!, D) to C' — Fun(J, D). The exponential law
turns this into an extension J — Fun(C, D) of the given edge. It
exhibits the edge as an equivalence. O]

Example 1.5 (Actions as diagrams). For a discrete group G,
BG = N(BG) is the space given by the nerve of the one-object
groupoid with automorphisms G. A functor BG' — § is an object
with a coherent G-action. Each g acts by an equivalence. The pair
(g, h) specifies the compatibility between the composite action
and the action of gh, and higher simplices specify its further
compatibilities. With target Set all mapping spaces are discrete,
so the same functor is a usual G-set. With target spectra its limit
is the homotopy fixed-point spectrum, calculated in Chapter 22.

1.3 Slices and homotopy fibers

The slice C) is the category of arrows ending in z. One simplicial
definition describes a simplex A" — C, as a map A" x A — C
with last vertex z. For two objects f:x — 2, g : y — z, the test
for a map f — ¢ uses the homotopy fiber

Mape, (f, 9) ~ Mapo(z,y) XMape () {1 (1.1)

where the map out of Map(z,y) is postcomposition by g. An
element consists of h : © — y and a path from gh to f. The higher
simplices give homotopies of these pairs with the corresponding
boundary fixed. The coslice C, uses cones with first vertex z
and a dual formula.

Calculation 1.6. In the oo-category of spaces over S, take two
objects * — S corresponding to points s,t. Their mapping space
is the path space from ¢ to s. If S = K(A,2) and s = ¢, this
is K(A,1). Thus a map over S can carry coherence even when
the underlying map * — % has no choices. If S is discrete, the
answer is one point when s = ¢t and empty otherwise. The two
answers recover the slice formulas in spaces and in sets.

5



1 Categories with mapping spaces

An initial object i satisfies Map (i, c) ~ * for every ¢, and a
terminal object ¢ satisfies Map.(c,t) ~ *. When an initial object
exists, the full subcategory of initial objects is a contractible space.
Indeed, every map between two initial objects is an equivalence
because both composites are homotopic to identities, and every
mapping space among these objects is contractible. The same
proof works for terminal objects. The identity of z is terminal in
C). by (1.1); the relevant fiber is a fiber of an identity map.

Example 1.7. Let C' = S, be pointed spaces. The one-point
pointed space is both initial and terminal. For a based map f :
X — Y, the space of factorizations through the zero object with
specified comparison to f is the space of paths in Mapg (X,Y)
from the constant map to f. In particular at the constant map
the choices form 2 Mapg (X,Y"). This is the form of a specified
nullhomotopy that appears in a fiber or a cofiber square.

1.4 Localizing morphisms

Given a category C' and a collection W of arrows, its localization
q: C — C[W™1] is characterized by

Fun(C[W™'], D) ~ Funy (C, D).

The right side is the full subcategory of functors carrying W
to equivalences. In this universal property the objects and all
transformation spaces are compared. Existence for small data
follows by adjoining inverses using the pushout that replaces
each selected walking arrow by the walking equivalence. For
a large category the same formulation is used in an enlarged
universe or in a suitably accessible presentation. Constructions
of localization by simplicial methods are developed in [10, 6].
In the category of cochain complexes, take W to be quasi-
isomorphisms. Its ordinary localization gives the usual derived
category, and the oo-categorical localization retains mapping
spaces. Applying the homotopy category functor to the latter
gives the ordinary localization by the same universal property

6



1 Categories with mapping spaces

tested against ordinary categories. To see the scope of the state-
ment, any functor into N A factors through hC, because ho-
motopic arrows have equal images in a category with discrete
mapping spaces. Coherent commutativity then becomes ordinary
commutativity. Thus the tests against N.A impose exactly the
ordinary localization property. In Chapter 12 the resulting higher
localization is computed using resolutions.

Example 1.8 (Groupoid completion). When W contains all
edges, the localization is a space, denoted |C|. It is left adjoint
to the inclusion § C Cat,,, by testing against spaces. For an
ordinary category this is the classifying space of its nerve. Let C
be the poset of nonempty proper subsets of {0, 1,2}. Its nerve
is the barycentric subdivision of the boundary of a triangle, so
|C| ~ S*. Inverting the order relations creates an automorphism
group 7Z at a basepoint even though each endomorphism in C' was
an identity. Higher-dimensional face posets give higher homotopy
after the same construction.

1.5 Two probes for coherent informa-
tion

Proposition 1.9. Let K be a space and let C' admit a cotensor
y& with K. If the constant K -diagram at y has limit, it represents
this cotensor. Explicitly,

Map(z, ?JK) = MapS(Ka Map(z, ?/))

Proof. The mapping space into the limit is the limit of the cor-
responding constant diagram of spaces. A limit of the constant
space M indexed by K is the space of coherent choices of a point
of M for each point of K. Formally, maps from a test space T’
into this limit are maps from 7' x K into M, by the adjunction
for the product and the expression of K as the colimit of the
constant point diagram over K. The exponential law gives the
stated equivalence. O



1 Categories with mapping spaces

For K = S! the cotensor can detect loops in every Mape(z,y).
Take y = K(A,1) in spaces. Then evaluation at the basepoint
of ST exhibits Map(S*!, K(A4,1)) with fiber the discrete group
A. The evaluation fibration has a section of constant loops, and
K(A, 1) has a model as a simplicial abelian group. In that model
subtracting the constant loop at the evaluation point yields a
product decomposition

Map(S*, K (A, 1)) ~ K(A,1) x A.

The formula shows directly how an ordinary hom-set into a
cotensor can recover a higher homotopy group.

A second probe is the arrow category. For maps f : x — y and
g : u — v there is an equivalence

MapFun(Al,C)(fa g) =~ Mapg(z,u) X Mapg (z,v) Mape(y, v).

The two maps into Map,(x,v) compose with g and f, respec-
tively. This gives a pullback of spaces, which retains the specified
homotopy of the two composites. In pointed spaces the formula
simplifies when two of the corners are zero, as in the following
calculation.

Exercise 1.10. In pointed spaces take f : X — xand g: % — Y.
Prove that Mapg,,a1.s,)(f;9) =~ Mapg (2X,Y). What is its set
of components for X = S° with a basepoint and Y = K(A,1)?

Solution. The two end mapping spaces are contractible and the
two maps into Mapg_ (X, Y") choose the zero map. Their pullback
is its based loop space, which is the mapping space out of the
suspension by the pointed tensor adjunction. The suspension of
pointed S° is S!, so the components are A. O

This computation already displays the mechanism behind sta-
ble exact sequences. A square with zero on the two outer edges
may carry the boundary map of a cofiber sequence as its com-
parison homotopy. Working in the arrow category or the slice
records that map before any passage to homotopy classes.



Chapter 2

Yoneda, weights, and
universal properties

2.1 Representatives and their ele-
ments

For ¢ € C, write yc = Map,(—, ¢) for the represented presheaf
on C, and P(C) = Fun(C,S). The functor y : C — P(C) is
the Yoneda embedding. A presheaf F' has a category of elements
Jo F equipped with a right fibration over C'. Its fiber over c is
F(c). Along u : ¢ — d its transport is F'(u) : F(d) — F(c). This
is the right-fibration case of straightening and unstraightening
[18, §2.2]. In the ordinary discrete case the objects are pairs (¢, a)
with a € F(c), and an arrow over u : ¢ — d is permitted when
a = F(u)b. In spaces this equality is replaced by the space of
paths from a to F(u)b.

Theorem 2.1 (Higher Yoneda). Ewvaluation at id. induces a
natural equivalence

Mapp ) (ye, F) ~ F(c).

In particular y is fully faithful, and the space of pairs consisting
of a representative of a representable presheaf and a specified
representing equivalence is contractible.

Proof. The right fibration for ycis C). — C. A map over C from
this right fibration to the one for F' is a coherent section of the
pullback of F' along C'/. — C. The section space is the limit of
F over (C.)°?. In C). the identity of ¢ is terminal, so it is initial
in the opposite, and evaluation there computes the limit. This

9



2 Yoneda, weights, and universal properties

gives the equivalence and its naturality. For F' = yd it gives full
faithfulness. The space of representatives with a fixed equivalence
to F'is a fiber of the inclusion of the core of the essential image.
Full faithfulness and the existence of a representative make that
fiber contractible. m

The dual statement uses the covariant represented functor
Mapq(c, —). Its version of the category of elements is a left
fibration. Keeping the variances explicit is useful. For example,
a right adjoint to F' : C' — D represents the presheaf ¢ —
Mapp(F'c,d), while a left adjoint to F' represents the covariant
functor ¢ — Map,(d, Fc).

Example 2.2 (The free generator as a representative). In Set
the functor Hom(x, —) represents the underlying set functor. For
left modules over a ring R, the analogous representative is R:
evaluation at 1 gives Hompg(R, M) = M as sets. For R a ring
spectrum, the free module of rank one represents the underlying
infinite loop space, and its suspended copies represent the spaces
at every level of the underlying spectrum. These identifications
are natural in the module and are compatible with the spectrum
structure. Passing to my recovers evaluation at the classical
generator for discrete R-modules.

2.2 Density and the category of ele-
ments

Theorem 2.3 (Density). Every presheaf F' € P(C) is a canoni-
cal colimit of representables, indexed by its category of elements:

F ~ colim yec.
(c,a)efc F

Proof. The evaluation equivalence of Theorem 2.1 gives a coherent
cocone yc — F for (¢,a) € [ F. Evaluate at d. The colimit
of spaces is computed by taking the groupoid completion of
the category of elements of the diagram (c,a) — Mapq(d,c).

10



2 Yoneda, weights, and universal properties

Its objects are triples (¢,a,u : d — c¢); they map to F(d) by
F(u)a. Over b € F(d) the category with specified comparison
b ~ F(u)a has initial object (d, b,idy). Indeed, a morphism from
this object to the triple is precisely the arrow u and the given
comparison, with contractible space of ways of presenting them.
Equivalently the functor to F'(d) is left adjoint to the inclusion
of the identity triples, with counit an equivalence. Groupoid
completion therefore gives F'(d). Colimits of presheaves are
pointwise, so the cocone is a colimit. O

Corollary 2.4 (Free cocompletion). If D has small colimits,
restriction along y is an equivalence

Fun®'™(P(C), D) ~ Fun(C, D).

Proof. For g : C' — D, define g(F) = colimng(c). Its right ad-
joint sends d to ¢ — Mapp(g(c), d): a map out of g(F) is the limit
of the spaces Mapp(g(c),d) over ([ F')°?, and by Theorem 2.3
this is the space of maps from F' to that presheaf. Hence g
preserves colimits. On yc the index category has terminal object
id. and gives g(c). Density also shows that a colimit-preserving
extension and its transformations are recovered from their values
on the yc. O]

The ordinary density formula is obtained with sets, an ordi-
nary category of elements, and ordinary colimits. For comparison,
consider the one-object category BG. A presheaf F' with value a
point and trivial action has category of elements BG. The repre-
sentable presheaf at the unique object is the free transitive right
G-space. The colimit of the action diagram of this representable
is the homotopy orbit of a free transitive action on G, and is
contractible. The colimit of the constant point diagram over
BG is BG. In the density formula the action on the summands
therefore matters even though their labels ¢ are all the same
object.

11



2 Yoneda, weights, and universal properties

2.3 Weights and composition

If D is cocomplete, it is tensored over spaces. Define

K ®d:= colimd.
K

It satisfies Map, (K ® d, e) ~ Mapg(K, Map(d,e)). The exten-
sion in Corollary 2.4 is often written as a coend

Foeg = /CGC F(e) ® g(c). (2.1)

For a bifunctor H : C°? x C — D, the coend can be defined
using the opposite of the twisted-arrow category. An arrow s — ¢
is evaluated as H(t,s). The maps of the diagram express the
compatibility of the contravariant and covariant variables. For a
space weight and a diagram, (2.1) is characterized by

Mapy, (F ®c g,¢) ~ Mapp e (F, Map,(g(—), €) ).

This recovers the category-of-elements formula because both
sides represent the same functor of e. Ends use the twisted-
arrow category without taking the opposite, evaluating H at
(s,t). They compute spaces of natural transformations from the
bifunctor (s,t) — Mapp(g(s), h(t)).

Calculation 2.5 (Ordinary tensor relations). For a small pread-
ditive category A, a right module M : A°® — Ab and a left
module N : A — Ab are additive functors. Their coend is the
quotient of @, M (a) ®z N(a) by all relations

Mu)ym®@n=m® N(u)n,
u:a—b, meM(b), neN(a).

A homomorphism out of the quotient is exactly a family of
compatible bilinear pairings, which proves the formula. Setting
M = Homy(—,b), the map [u ® n] — N(u)n is inverted by
x +— [id, ® x]. Each inverse identity follows from a tensor relation.
This proof of the additive co-Yoneda formula will compute the
satellites in Chapter 11.

12



2 Yoneda, weights, and universal properties

Suppose M : C°? x D — S and N : D°® x £ — § are space-
valued profunctors. Their composite has value [¢M (c,d) x
N(d,e). The identity profunctor on C' is Maps(—, —). Inserting
it on either side gives the original profunctor by Yoneda. For three
profunctors both ways of composing are equivalent to one iterated
coend in the two intermediate variables, since product with a fixed
space preserves colimits and the universal properties of the two
colimits commute. This produces the associativity equivalence.
Coherence for four factors follows because the comparison maps
all realize the same universal family of tensors. In particular,
the associativity maps are specified by the construction and not
selected independently for each tuple.

Example 2.6 (Profunctors from functors). For f : C' — D, the
profunctor (c,d) — Map,(f(c),d) represents extension along
f on a suitable variance. More explicitly, the value at d of a
pointwise left Kan extension of g : C' = F is the C°P-weighted
colimit with weight Map,(f(—),d). Its elements are arrows
f(c) — d with coherences over C. When f is fully faithful and
d = f(co), Yoneda reduces the weight to yco; the resulting value

is g(co).

2.4 Presheaf evaluation and detection

Write ev, : P(C) — S for evaluation. It has a left adjoint
K — K ©® yc by Yoneda and the tensor formula. It also has a
right adjoint

K+— (d — Mapg(Mapg(c, d),K)).

For the right adjoint, a map from a presheaf F' is determined
by the map F(c) — K, since an arrow ¢ — d acts on F(d)
by restriction. The coherent statement follows from right Kan
extension along the inclusion of the vertex ¢ into C°P. In the
formula, ¢ — d in C'is d — ¢ in C°P, the required direction for a
right Kan extension.

13



2 Yoneda, weights, and universal properties

The family of representables detects equivalences. If u : F' — G
induces equivalences on mapping spaces out of every yc, then u
is pointwise an equivalence by Yoneda and is an equivalence by
Proposition 1.4. This is a detection statement in the higher cate-
gory. A map of presheaves of spaces inducing bijections merely
on components of all evaluations need not be an equivalence. For
example on the one-object terminal site, the map K(A,1) — x
induces such a bijection and has nontrivial 7.

Proposition 2.7. For a finite simplicial set K and ¢ € C, the
presheaf K ® yc is compact in P(C): its mapping-space functor
preserves filtered colimits.

Proof. By adjunction the mapping-space functor is F +—»
Mapg(K, F(c)). Evaluation preserves colimits. Mapping out of a
finite simplicial set into spaces preserves filtered colimits, since a
finite simplicial set is a finite colimit of simplices under skeletal
attachment, and filtered colimits of spaces commute with finite
limits. Applying this fact to the mapping-space functor proves
the claim. O]

In particular the yc are compact. Compactness and detection
serve different purposes. Detection ensures that no nontrivial
equivalence test is missed. Compactness ensures that the tests
commute with the filtered colimits used to build larger objects.
Both properties of representables will reappear in the stable
Morita argument.

Exercise 2.8. Let C be the category with two objects 0,1 and
one nonidentity arrow 0 — 1. Compute the category of elements
of y0 and y1. For a space-valued presheaf F' = (F(1) — F(0)),
give an explicit pushout description of its density colimit.

Solution. The category of elements of y0 is a point at idy, and
that of y1 is C); = C. The diagram consists of the fibers of
elements F'(0), F'(1) and the arrows over 0 — 1. Its weighted
colimit is the pushout

(F(0) © y0) Hpmyoy (F(1) ©®yl).
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2 Yoneda, weights, and universal properties

The two attaching maps come from restriction F(1) — F(0)
and y0 — y1. Evaluation at 1 gives F'(1), since y0(1) is empty.
Evaluation at 0 gives F'(0) 1y £/(1) ~ F(0), with the prescribed
restriction. This verifies the formula pointwise. n
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Chapter 3

Limits and the shape of a
diagram

3.1 Cones and their tests

For a diagram p : K — C, a cone under p is an extension to
the simplicial join K « A°. Its apex is the last vertex. The
category (), is the category of such extensions and their coherent
transformations. A colimit is an initial object of Cj,,. The limit
is defined dually by a terminal object in the category of cones
over p. Their mapping-space tests read

Mapg(eolimp,c) = lim Mapo(p(k.c).  (3.)
Map(c, h}r{np) ~ l}jg}r% Mapq(c, p(k)). (3.2)

A cocone p — const(b) induces the transformation in (3.1). If
it is an equivalence for each ¢, then maps from that cocone to
any other cocone are fibers of these equivalences over the other
cocone, and are contractible. The converse follows from the same
fiber calculation. This also explains why coherent naturality is
built into the universal map.

Taking K discrete gives sums and products. Taking K the
span a < b — c¢ gives a pushout, with mapping space out the
pullback of the three mapping spaces in (3.1). For a simplicial
set of indices presented as a union K; Uk, K5, the mapping
space of compatible cones is a pullback of the corresponding cone
spaces. Under the hypotheses that the glued diagram and all
three constituent diagrams have colimits, it follows that the glued
colimit is the pushout of the two constituent colimits over the
colimit on K. This is the form of calculation by attachment.

16



3 Limits and the shape of a diagram

Calculation 3.1. In S, the pullback of * — K(A,n) < * at
the same point is K(A,n — 1) for n > 1, taking K(A,0) = A
discrete. For n = 1, applying mq after taking the pullback gives A.
Applying 7 first gives a pullback of three singleton sets. Even a
finite limit can use a higher coherence that my discards.

Here are two sufficient constructions of finite limits. Products
and pullbacks give finite limits by decomposition of a finite sim-
plicial set into finite attachments. More explicitly a diagram
on an n-simplex has limit its initial vertex, and in attaching a
simplex along its boundary the new cone space is the pullback of
the two cone spaces over the boundary cone space. Induction on
dimension and the number of simplices completes the construc-
tion. Dually one obtains finite colimits from finite coproducts and
pushouts. A finite category can have infinitely many nondegen-
erate simplices in its nerve. A finite group supplies such a case,
with one nondegenerate simplex for every word of nonidentity
elements of every length. Thus a category with finite limits need
not have all limits indexed by finite categories.

3.2 Changing the index

Foru:I — Jand j € J, write j/u = I x; J;, for the category
of arrows j — u(7) and u/j = I x; J/; for the category of arrows
u(i) — j. The orientation is significant. The functor u is final
if each |j/ul is contractible, and initial if «°P is final. These are
the hypotheses in the higher cofinality theorem [18, §4.1].

Proposition 3.2. Ifu: 1 — J is final and the indicated colimits
exist, then the canonical map

collim pu —> co}}im P

is an equivalence for every p: J — C. The analogous assertion
for limits uses an initial functor.

Proof. Compute the left Kan extension of the terminal weight
1700 along u°P. Evaluated at j, it is the colimit of the point over

17



3 Limits and the shape of a diagram

(j/u)°?, which is |j/u|. Thus the natural augmentation to 1 jop
is a pointwise equivalence. Tensoring this equivalence with p
over J, the weighted colimit on the left identifies with 100 ®;
pu. This follows from the adjunction of left Kan extension and
restriction applied to the test presheaf j — Map(p(j),c). The
right identifies with 10 ®; p. Duality gives the limit assertion.

[

Example 3.3 (A directed set and a cover). If P is a directed
poset and Q C P is cofinal in the sense that for every p there
exists ¢ > p, then p/@Q is a nonempty directed poset. For any
finite collection of its objects choose a common upper bound in P
and then one in @; the upper bound is still in p/Q. A nonempty
directed poset has contractible nerve after groupoid completion,
because a map from a finite simplicial set can be coned off by such
an upper bound. It follows that directed subsequences compute
the same colimits. In a tower, using the opposite poset gives the
same inverse limit over a cofinal subsequence. Both operations
also apply to a neighborhood basis at a point, ordered by reverse
inclusion for a stalk colimit.

Example 3.4 (Finality is a test on whole comma categories).
Let I be the face poset of the boundary of a triangle and let
u : I — *. Each object of the target has a lift, and I is connected.
The colimit of the constant point diagram over I is S', so u is
not final. More generally the constant point diagram over J tests
only |I| — |J|. To test finality object by object, use the diagrams
j"+— Map;(j,5’). Their colimit over I is |j/u|, while their colimit
over J is contractible because j/J has initial object id;.

A related shape operation is interchange of limits. If p: I'xJ —
C' admits the relevant limits, then lim;lim;p ~ lim;.;p =~
lim; lim; p. Apply (3.2) and identify both sides as spaces of cones
over the same diagram. The dual statement for colimits is proved
by (3.1). To interchange a limit with a colimit requires additional
hypotheses. In spaces, filtered colimits commute with finite limits.
One proof uses Kan models: a finite set of simplices and their
compatibility witnesses descends to a common stage of a filtered
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3 Limits and the shape of a diagram

diagram. Horn filling and tests by finite spheres yield equivalences
for the canonical comparison. The oo-categorical statement
also holds for filtered oco-categories by the corresponding finite
extension property [18, §5.3].

3.3 Pointwise Kan extension

Foru:I — Jand F': I — D, it D is cocomplete then

(Lan, F)(j) ~  colim  F(i). (3.3)
(i, u(i)—j)€u/j

A morphism j — j’ acts on this index by composition, so the
colimits define a functor. A natural transformation from it to
G : J — D is a coherent family of maps F (i) — G(j) over
arrows u(i) — j. Its value on each id,; gives a transformation
F' — Gu. Conversely such a transformation supplies the family
by composing with G/(u(i) — j). The correspondences are inverse
on transformation spaces by the universal property of each colimit.
Dually,

(Ran, F)(j) = lm  F(i) (3.4)
when D is complete. For a target with only some limits or
colimits, these formulas apply provided the individual slice limits
or colimits exist.

Proposition 3.5. If u is fully faithful, the unit I’ — u* Lan, F'
and counit uw* Ran, F' — F are equivalences whenever the indi-
cated Kan extensions exist.

Proof. For j = wu(ip) full faithfulness identifies u/j with I,
whose terminal object is id;,. The colimit in (3.3) is then F'(i)
with the specified structural map. For right Kan extension use
the initial object of I;,, and (3.4). O

Calculation 3.6 (Upper bounds). A poset is an ordinary cat-
egory with at most one arrow between any two objects. For a
monotone diagram p : K — P, the colimit exists exactly when
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3 Limits and the shape of a diagram

the set of all p(k) has a least upper bound. All coherent choices
reduce to the order relation by Proposition 1.2. If 1 : P — @ is
monotone and () is a complete lattice, a map f : P — () has left
Kan extension along 7 given by

g— \/ fp).

p:i(p)<q

The empty join is the least element. Right Kan extension uses
the meet over p with ¢ < i(p). Taking f = idp for a complete
lattice P shows the familiar construction of a left or right adjoint
to an inclusion when the respective floor or ceiling has a universal
inequality. This formula is the discrete order-valued instance of
the weighted construction.

3.4 A limit with a cycle

For a space K, the limit of a constant diagram at a spectrum F
is the function spectrum

li}r{nE ~ mapg, (X7 K, E).

This follows by testing maps from an arbitrary spectrum and
using the tensor of spectra over spaces. At K = S! the suspension
spectrum of S with a disjoint basepoint splits as S V XS after
choosing a point of the circle. Therefore the constant limit is £ &
Y7!E. For E = HA this records one copy of A in cohomological
degrees 0 and 1. If the underlying shape were replaced by a point,
the second copy would disappear.

For an endomorphism v : £ — FE that is an equivalence,
consider the corresponding Z-action, using the positive generator
to act by v. The limit over BZ is the homotopy equalizer of
1,v: F = E. A cone is a point equipped with a path comparing
its value and its transport along the generator. One way to prove
this for coherent diagrams is to use the free cellular model for
the universal cover of S': it has one free orbit of vertices and one
free orbit of edges. Mapping this cellular diagram equivariantly
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3 Limits and the shape of a diagram

into the diagram at E gives the homotopy equalizer. In spectra
the equalizer is the fiber of 1 — v, so its homotopy groups sit in
short exact sequences with the kernels and cokernels of 1 — v in
adjacent degrees. The same two-term calculation gives the first
group cohomology of an infinite cyclic group.

Exercise 3.7. Let C' = [1] and let i : ¥+ — C select the initial
vertex 0. Give Lan; £ and Ran; F in a pointed complete and
cocomplete category. Repeat for the final vertex 1.

Solution. For 0, the arrow 0 — j exists uniquely at both 7 = 0, 1.
Thus Lan; E is E = E. Arrows J — 0 exist only at 7 = 0, so
Ran; £'is E — 0. For 1, Lan; £ is 0 — E and Ran; F is N E,
with the same calculation applied to the reversed order. O
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Chapter 4

Adjoints and coherent
change of base

4.1 Adjunctions from representability

An adjunction L : C' = D : R is a natural equivalence
Mapp(Le, d) ~ Map(c, Rd).

Naturality is in C°P x D. If L is given, let P : D — P(C) take d
to Map,,(L—, d). If each P(d) is representable, P factors through
the full essential image of the Yoneda embedding. Composing
with its inverse equivalence to C' yields R. The contractibility
of the space of representing choices in Theorem 2.1 shows that
the construction determines the adjunction, not merely a list of
object assignments.

The identity of Lc corresponds to the unit ¢ — RLc, and
the identity of Rd corresponds to the counit LRd — d. For
example, applying the inverse correspondence to a map ¢ — Rd
gives Lc — LRd — d. Taking d = Lc and the unit gives the
triangle homotopy at Lc. A dual argument gives the triangle
at Rd. An adjunction defined by an equivalence of bifunctors
includes coherence of these operations with all simplices of the
functors [25, Chs. 4-5].

Proposition 4.1. For L 4 R, L is fully faithful exactly when the
unit is an equivalence. The dual criterion for R uses the counit.

Proof. The map Mapq(c,d) — Map,(Le, L) becomes post-
composition by the unit ¢ — RL¢ under adjunction. Yoneda
identifies equivalence on these tests for every ¢ with equivalence
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4 Adjoints and coherent change of base

of the unit. The right-adjoint assertion follows by taking oppo-
sites. m

Adjoints compose. For L; 4 R; and Lo 4 Ry with compat-
ible domains, the equivalences of mapping spaces give Lol
R R>. Every parenthesization is induced from the same chain
of mapping-space equivalences. As a consequence, if a family of
pullback functors is coherent, the corresponding right adjoints
have coherent composition comparisons in the reversed order.
This accounts for the functoriality of direct and inverse images
in Chapter 16.

4.2 Adjoints preserve the correspond-
ing universal constructions

Proposition 4.2. A left adjoint preserves all existing colimits,
and a right adjoint preserves all existing limits.

Proof. For p: K — C and b = colim p, the functor of d repre-
sented covariantly by Lb is

Mapp(Lb, d) ~ Map (b, Rd) ~ 1[1({)% Map, (Lp(—), d).

This proves that the induced cocone with apex Lb is colimiting.
The limit statement follows by duality. The proof also shows
that no assumption about existence of a colimit of Lp is needed
beyond the source colimit and the adjunction. O

The accessible adjoint functor theorem for presentable oco-
categories has two forms [18, Cor. 5.5.2.9]. A functor between
presentable categories is a left adjoint if and only if it preserves
small colimits. It is a right adjoint if and only if it is accessible
and preserves small limits. An accessible functor preserves k-
filtered colimits for some regular cardinal . Accessibility limits
the size of the generating diagrams used in constructing a repre-
sentative. Preservation of limits alone proves the compatibility
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4 Adjoints and coherent change of base

of a candidate with universal cones, whereas the smallness condi-
tion ensures that it has a representative in the category under
consideration.

Example 4.3 (Modules and adjoints). For a map of associative
ring spectra A — B, restriction on left modules is right adjoint
to B ®4 — and left adjoint to map 4(B, —) with its induced left
B-action. For the first adjunction, a B-linear map from B ® 4 M
is equivalently an A-linear map from M to the restricted target.
For the second, evaluate an A-linear map on the unit of B; B-
linearity then recovers the original map through the right action
of B on B. These equivalences are natural in both variables by
the tensor—-Hom universal properties. When A, B are Eilenberg—
Mac Lane rings the formulas are derived tensor and derived Hom.
Restriction carries both adjoints because it preserves limits and
colimits as tested on underlying spectra and is accessible.

Example 4.4 (Galois connections). For posets P, @, the adjunc-
tion condition is L(p) < ¢ exactly when p < R(q). If P has
all joins and L preserves them, define R(q) = V{p | L(p) < q¢}.
Preservation gives L(R(q)) < ¢, so the membership condition
is equivalent to p < R(q). For a map of sets f : X — Y, in-
verse image f~! : P(Y) — P(X) has both adjoints. Its left
adjoint sends S to the image f(.5). Its right adjoint sends S to
{y | f~Hy} € S}, including points with empty fiber. This is the
posetal form of existential and universal quantification.

4.3 Mates of a comparison square

Let

' ——C

D———D
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4 Adjoints and coherent change of base

be a square equipped with a transformation « : Lu — vL', and
suppose L 4 R and L' 4 R'. Tts right mate is the transformation

uR — RLuR 2% RoI’R — Ru. (4.1)

The first and last maps use the unit of L 4 R and the counit of
L' 4 R'. Conversely, from 8 : uR' — Rv form

Lu — LuR'L Y LroL! — oL,

The two triangle identities show that these operations give inverse
equivalences between the corresponding transformation spaces.
Inserting the formulas for two pasted squares and cancelling
adjacent unit—counit composites gives the mate of the pasted
comparison. This identity holds at the level of spaces of choices.
The operation is used in Beck—Chevalley comparisons.

An equivalence o need not have an equivalence as mate. The
two transformations live between different pairs of functors, and
the units and counits can change the pointwise result. A useful
sufficient test applies to restrictions and pointwise right Kan
extensions. If a comparison between the right Kan extensions is
induced, at d’, by an initial functor between the comma categories
that occur in (3.4), then the mate is a pointwise equivalence by
Proposition 3.2. In general its fiber or cofiber can record the
missing part of the index.

Calculation 4.5 (A square without Beck—Chevalley). Let B =
[1], w : {0} — B, and v : {1} — B. The pullback square of
indexing categories has empty upper-left corner. For £ € S,
Ran, E at 0 is E, since there is exactly one arrow 0 — 1. The
right Kan extension along @ — {0} of the restricted diagram has
value *, the empty limit. Thus restriction of Ran, £ along u has
comparison F — %, which is an equivalence exactly when E' is
contractible. Pullback of the underlying categories ensures that
the same objects are selected; the comma index for right Kan
extension can include arrows leaving those objects.
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4 Adjoints and coherent change of base

4.4 Reflection and localization

A full reflective subcategory D C C has a left adjoint a : C' — D
to the inclusion ¢. Its unit identifies 7a as an idempotent monad
up to coherent equivalence. For z € D,

Mapg(iazx,iz) ~ Mapq(x,iz).

Call a map an a-equivalence when a sends it to an equivalence.
Every unit  — 7ax is such a map. Conversely a functor F' :
C — FE inverting all a-equivalences inverts every unit and hence
identifies ' with Fia. This proves the localization property on
objects and transformation spaces. The counit ai ~ idp proves
the inverse identity on restriction.

Example 4.6 (Components and discrete spaces). The inclusion
Set — & of discrete spaces is fully faithful, with left adjoint .
A map into a discrete space factors through components, and
its mapping space is itself discrete. The localization is not left
exact: the diagram in calculation 3.1 with n = 1 is a pullback
with discrete nontrivial fiber, but the pullback of the reflected
diagram is a point. Sheafification of spaces, by contrast, is a left
exact localization. The finite-limit condition is what permits a
reflector to support the internal pullback and descent calculations
of an oco-topos.

4.5 Adjoint triples and parametrized
objects

Let X be a locally cartesian closed category with pullbacks. For
amap f: X — Y the base-change functor f*: X)y — &X/x has
a left adjoint f; by postcomposition. The adjunction follows from
the pullback universal property in the slice. Its right adjoint f, is
dependent product. The fiber of f,Z — Y in spaces over a point
y is the space of sections of Z|x, — X,. The fiber of fiZ — Y is
the total space Z|x,. In the case of families of sets, the two fibers
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4 Adjoints and coherent change of base

are the product and coproduct of the fibers over X,. This also
explains why changing a set-valued diagram to a space-valued
one changes an ordinary product of fiber values to a limit over a
possibly nondiscrete fiber.

Exercise 4.7. For f : BG — x, identify fi, f*, f. on slices of
spaces with the operations on G-actions.

Solution. Straightening over the groupoid BG identifies spaces
over BG with G-spaces, and f* is the constant action on a space.
Its two adjoints are colimit and limit over BG, by (3.1) and (3.2).
They are the homotopy orbit space and the homotopy fixed-point
space. The first agrees with the total space of the corresponding
bundle over BG. The second is its section space. O
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Part |l

Exactness and stabilization

The abelian image construction and the effective image in a
topos have different universal properties. Stable fibers and
cofibers give a third setting, where exact sequences are coherent
diagrams. A t-structure places ordinary kernels and cokernels in
the heart and supplies the Postnikov layers used in the
comparison theorems. Compact generation relates these
constructions to module categories through the endomorphism
spectrum of a generator.
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Chapter 5

Images, fibers, and pointed
exactness

5.1 Monomorphisms in an oo-topos

In the classical construction of images, a monomorphism is de-
tected by the number of lifts of a test map. The higher formu-
lation controls the space of lifts. A space is (—1)-truncated if
it is empty or contractible. A map m : E — B in a category
C' with pullbacks is (—1)-truncated if each homotopy fiber of
Mapq (T, m), for every T, is (—1)-truncated. Equivalently the
relative diagonal
E— ExpFk

is an equivalence. This follows on applying Map. (T, —): the
diagonal of a space into its product with itself is an equiva-
lence precisely when the space is empty or contractible. We use
monomorphism for a (—1)-truncated map. By Proposition 1.2,

this recovers left cancellation in an ordinary category with pull-
backs.

For example, in S a monomorphism is equivalent over its target
to the inclusion of a union of components. A homotopy fiber
is empty or contractible and emptiness is constant along any
path in the base. The map restricts to an equivalence onto the
union with nonempty fibers. Thus the monomorphisms into a
connected space have precisely the empty and the full subobject
as classes. If X is connected and noncontractible, a point * — X
fails to be monic: its fiber at that point is 2X. When X is
discrete, monomorphisms again specify ordinary subsets.

Definition 5.1. In an oco-topos X, amap e : U — V is an
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5 Images, fibers, and pointed exactness

effective epimorphism if the colimit of its augmented Cech nerve

is V. The n-simplices of this nerve before augmentation are
UXv(TL—‘-l)'

In spaces, effective epimorphisms are precisely the maps sur-
jective on components. The realization of a Cech nerve is stable
under pullback. Over a point v, the simplicial object is the nerve
with n-simplices U1, If U, is nonempty, a point supplies an
extra degeneracy contracting this nerve to a point. If U, is empty,
the realization is empty. Thus the augmentation is an equivalence
precisely when all fibers are nonempty. In a general co-topos the
corresponding condition is local nonemptiness and is encoded by
the relative (—1)-truncation [18, §6.2]. The condition says more
than an epimorphism test in a homotopy category. For * — S*
the effective epimorphism condition holds, yet distinct degree
maps S — S! become equal after composing with the point in
the homotopy category.

Proposition 5.2 (Image from relative truncation). In an oco-
topos, a map f : X — 'Y factors, up to contractible choice, as
an effective epimorphism followed by a monomorphism. The
factorization is preserved by base change and its monomorphism
is initial among subobjects of Y through which f factors.

Proof. In the slice over Y, take the (—1)-truncation I = Y X,
Its universal property provides the desired factorization and
shows that the maps to any subobject of Y out of I and out
of X are equivalent. The image can also be computed as the
realization of the Cech nerve of f: effectivity of groupoid objects
identifies the realization with a quotient for X, and its map to
Y has diagonal an equivalence. These are standard co-topos
axioms and consequences [18, §§6.1-6.2]. The map X — [ is
an effective epimorphism by effectivity. Pullbacks preserve the
nerve and its realization, giving stability under base change. The
universal property also gives uniqueness with a contractible space
of choices. O]

The construction reduces to the image of a function when
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5 Images, fibers, and pointed exactness

both objects are discrete. In the heart of a stable t-structure,
the ordinary kernel-cokernel factorization gives a second image
construction. These two uses of image apply in different ambient
categories. The following pointed calculation explains which
conditions are present before passing to a heart.

5.2 Zero objects and the data of a null-
homotopy

A pointed category C' has a zero object 0, both initial and terminal.
The zero map Oyxy : X — Y is the composite through 0. Its
specified factorization has contractible space of choices. For a
map f: X — Y, define

ﬁb(f) =X Xy 0, COﬁb(f) =Y HX 0.

The first is a universal arrow into X with specified nullhomotopy
of the composite with f. The second is a universal arrow out of
Y with the dual property. For every test object T',

Mape (T, fib f) ~ fiby(Mape(T, X) — Mape(T,Y)),
Map(cofib f,T") ~ fib, (MapC(Y, T) — Mapq(X, T))

Here a fiber includes a path from the image to the zero map.
For a discrete category these are the familiar kernel and cokernel
tests, since a fiber of discrete spaces is a set and its elements
have no extra path choices.

Let f = Oxy in pointed spaces. The test for the fiber gives
X x QY and the cofiber is Y V X X. In particular, the fiber of
0 — Y is QY which can be nontrivial. In an ordinary pointed
category, the kernel of 0 — Y is zero, because the only candidate
map into 0 already composes to zero. Thus replacing the word
kernel by fiber also changes what a zero-source example can
detect.

Proposition 5.3. In a stable co-category the monomorphisms
in the mapping-space sense are exactly the equivalences.
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5 Images, fibers, and pointed exactness

Proof. For a monomorphism f each zero fiber of Map(T, f) is
nonempty because it contains the zero map. It is therefore
contractible. The fiber formula and Yoneda give fib f ~ 0. In
a stable category cofib f ~ > fib f, so cofib f ~ 0, and f is an
equivalence. An equivalence is a monomorphism by the relative
diagonal test. O]

For example, Z 2 Zisa monomorphism of abelian groups. In
D(Z) its fiber is (Z/2)[—1], so it fails the higher test when the
mapping spaces from all objects of the stable category are allowed.
Restricting test objects to the heart recovers the monomorphism
test in Ab. The shift in the fiber is exactly what the smaller
family of tests ignores.

5.3 Kernels and cokernels in the heart

Let C be stable with a t-structure, and let 4, B € C¥. For
f: A — B, the long exact sequence of homotopy objects gives

w1 cofib(f) = ker(f), mocofib(f) = coker(f),
mo fib(f) = ker(f), m_1fib(f) = coker(f).

All other homotopy objects of these two objects are zero, and the
objects are in the indicated finite windows. One can obtain the
kernel and cokernel directly as 7> fib f and 7<( cofib f, respec-
tively. These one-sided truncations already lie in the heart: since
A, B lie in the heart, closure of C<( under fibers gives fib f € C<,
while closure of Co under cofibers gives cofib f € Csy. The re-
maining truncation therefore places each object in both halves.
Testing the first object against objects of the heart gives the
ordinary kernel universal property by adjunction. Testing the
second covariantly gives the cokernel property. The theorem that
the heart is abelian supplies coim(f) = im(f) in the heart [19,
§1.2.1]; Chapter 8 spells out its use.

In the stable category the two-step operations behave differ-
ently. In the fiber sequence fib f — X — Y, the cofiber of the
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5 Images, fibers, and pointed exactness

first arrow is Y. In the cofiber sequence X — Y — cofib f,
the fiber of the second arrow is X. Thus applying the formal
stable version of coimage and image directly would give Y and X,
respectively. A nontrivial stable factorization theory can instead
use a t-structure, or distinguish admissible classes as in an exact
oo-category. Ordinary normality and conormality axioms for
pointed categories, such as those used by Strooker [38, §2.5], are
best compared with the abelian heart and with its selected exact
sequences.

Calculation 5.4 (Two ways to take a pushout). In Ab the
pushout of 0 = A — 0 is zero. In D(Z) the same span of heart
objects has pushout A[1]. The cocone into an object T consists of
the unique maps out of zero and a loop at the zero map A — T.
Its space is Map(A[1],T). For T'= B in the heart this loop space
is contractible because Map(A, B) is discrete. Hence testing
only in the heart again gives zero. The two answers implement
different universal properties with different test objects.

5.4 Effective equivalence relations and
higher quotients

The Cech nerve of U — V is a groupoid object. Its arrows join two
lifts of the same point of V', with the path identifying their images
included in the pullback. In an co-topos every groupoid object
is effective: it is equivalent to the Cech nerve of its map from
degree zero to its colimit. This is the higher analog of effectivity of
equivalence relations in an ordinary topos. Ordinary equivalence
relations require the arrow object to be a subobject of the product
of the object of objects with itself. Higher groupoid objects admit
automorphisms and higher isotropy, so their realizations can be
classifying spaces rather than sets of orbits.

Example 5.5 (Quotient of a point by a group). For a discrete
group G, the nerve of its action on a point has n-simplices G™. Its
realization is BG. Its Cech description is the nerve of x — BG,
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5 Images, fibers, and pointed exactness

since the n-fold path comparisons yield (2BG)™ ~ G™. The set
of orbits is one point, which is myBG. The fundamental group
records the stabilizer of that orbit. Taking this quotient in a
topos of sheaves allows stabilizers that vary with the base.

Exercise 5.6. For a map of spaces X — Y, show that the
canonical image construction agrees with the colimit of its Cech
nerve even when X and Y are disconnected. Use it to compute
the image of an inclusion of a single point into S* IT S2.

Solution. Pull the augmented nerve back along each point y.
If the homotopy fiber X, is nonempty, the extra degeneracy
described above contracts the realized fiber. Otherwise it is
empty. This defines the union of the components of Y met by X,
with its inclusion. The image is whichever component contains
the chosen point. In particular its homotopy type is that of the
whole circle or sphere, even though its source is contractible. [J
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Chapter 6

Stable categories and exact
diagrams

6.1 Stability

A stable co-category is pointed, has finite limits and colimits, and
has the property that its pushout squares and pullback squares
coincide. Equivalently it is pointed with finite limits and colimits
and its suspension and loop functors are inverse equivalences
[19, §1.1]. Suspension is the pushout 0 IIx 0, and looping is
the pullback 0 x y 0. Their adjunction can be read from the
mapping-space tests

Map(XX,Y) ~ QMap(X,Y) ~ Map(X, QY).

A square realizing suspension becomes a pullback, so X ~ QY X.
The dual square gives XQY ~ Y. This also shows explicitly why
suspension can be iterated in either direction.

The oo-categories of spectra and of derived modules over a ring
are basic examples. Categories of functors with stable target are
stable, because their limits and colimits are computed pointwise.
For a reflective localization L : C' — D, a sufficient condition
for stability is that its full subcategory of local objects is closed
under suspension in C'. Local objects are already closed under
limits; closure under suspension then makes this subcategory
stable, and the reflection preserves finite colimits and is exact.

The localizations used below are reflections onto K+, where K
is a stable colimit-closed subcategory and the reflection exists,
as in the accessible presentable setting. For Y € K+ and K € K,
stability gives

Mapq (K, XY) ~ Mapq(QK,Y) >~ x*.
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6 Stable categories and exact diagrams

Thus the local objects are closed under suspension. Their finite
limits are calculated in C, and stability identifies their finite
colimits with the corresponding finite limits. This supplies the
finite-diagram test for the exactness of the reflection.

Proposition 6.1. For a functor between stable co-categories,
preservation of finite limits, preservation of finite colimits, and
preservation of the zero object and cofiber sequences are equivalent.
Such a functor is called exact.

Proof. Preservation of either class of finite diagrams preserves the
zero object and bicartesian squares. It therefore implies preserva-
tion of the other class using products or coproducts and pullbacks
or pushouts. To prove the criterion by cofibers, a functor pre-
serving zero and cofiber sequences preserves suspension, via the
cofiber of X — (0. The canonical maps comparing inverse suspen-
sions are therefore equivalences as well. The equivalence of fiber
with desuspension of cofiber shows preservation of fibers. Binary
products and coproducts in the source and target are biproducts,
as shown below. The split cofiber sequence X - X &Y — Y
with its specified section and retraction is preserved. It identifies
F(Xa®Y)with FX @& FY by the splitting of a cofiber sequence.
Now finite products and fibers suffice: a pullback of X — Z + Y
is the fiber of (f,—g) : X ®Y — Z, and a functor preserving the
biproducts preserves addition and negatives. This yields finite
limits. O

Here is the biproduct argument used in the proof. The square
defining the product X x Y has projections and the two maps
from the factors given by identities and zeros. The split cofiber
sequence X — X II'Y — Y is obtained by pasting pushout
squares, and the comparison X I1Y — X XY induces the identity
on its fiber X and base Y. The latter maps form a fiber sequence
by the product definition. Testing the two fiber sequences on
mapping spaces shows the middle comparison is an equivalence:
in spectra this is the five lemma, and in a stable category it
follows by applying Map(X"T, —) and the long exact sequence
of pointed homotopy sets in each shift. We may therefore use
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6 Stable categories and exact diagrams

matrix notation for finite diagrams. The addition of two maps
u,v : X — Y is the composite of the diagonal, u @ v, and the
codiagonal. This agrees with addition from the infinite loop
structure below.

6.2 Mapping spectra

For X, Y in a stable category C, the spaces Map(X, ¥X"Y), with
structure equivalences

Mapg (X, ¥"Y) ~ Q Mapq (X, 2"Y),

form a spectrum map(X,Y), functorial contravariantly in X
and covariantly in Y. Its homotopy groups satisfy

m;mape(X,Y) = Homy, (XX, Y). (6.1)

Indeed, looping the mapping spaces is the same as applying a
suspension to their source, and the structure equivalences make
the identification independent of the chosen level. Exactness in
either variable follows from the mapping-space limit tests and
the fact that all cofiber sequences are fiber sequences with their
specified comparison data.

Composition of the mapping spectra gives C' its canonical spec-
tral enrichment [19, §1.4]. At the level of maps, this composition
sends a map X'X — Y and XY — Z to the map from XX
obtained by suspending the first and composing with the sec-
ond. The enrichment records all the coherent paths witnessing
compatibility with identities, suspensions, and addition. In par-
ticular h C' is additive. Its zero maps and addition agree with
the operations defined by biproducts.

Example 6.2. For the sphere spectrum S, mapg, (S, E) ~ E. For
a ring spectrum R, mapy.q, (12, £) is the underlying spectrum
of E, with the action encoded by the endomorphism spectrum of
the free module. For R = HZ and discrete abelian groups A, B,
the negative homotopy groups of mappz) (A, B) are Extz (A, B)
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in degree —n. In particular Mapp, ;) (A, B) is discrete while the
mapping spectrum can have nonzero negative homotopy groups.
The spaces obtained after suspending B recover those groups.

6.3 Triangles and the boundary map

The bicartesian square associated to A — B defines C =
cofib(A — B). Pushing out along B — 0 gives a boundary
C — ¥ A. The map B — C' is the fiber of the boundary, by the
equivalence between pullbacks and pushouts. A cofiber sequence
with its boundary is thus a coherent four-term diagram

A— B —(C—XYA.

The corresponding sequence in h (' is a distinguished triangle.
Under rotation the last map of the rotated triangle is minus the
suspension of the first. This is the usual convention from cochain
cones: in Cone(f)" = B" @ A™*! the differential is the matrix
with diagonal dg, —d4 and off-diagonal f. Reversing one edge of
the suspension square accounts for the same minus sign in stable
categories.

For a fixed test object T', applying map(7’, —) gives a fiber se-
quence of spectra. The long exact sequence of 7; is consequently
exact in all degrees. Boundary maps are induced by C' — ¥ A, so
the choice of coherent sequence specifies them. The dual state-
ment for map(—,7") uses the rotated sequence and contravariant
composition. This is the source of the two long exact extension
sequences.

Lemma 6.3 (Split sequences). For a cofiber sequence A — E 25

B YA, a choice of section of p up to a specified comparison is
equivalent to a choice of nullhomotopy of . Given such a choice,
E ~ A® B over B and under A, and the space of sections is a
torsor for Map(B, A).

Proof. Use E = fib(§). The fiber over idg of Map(B,E) —
Map(B, B) is the space of paths from 0 to zero in Map(B, X A).
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If a path is specified, translation by it identifies the space with
QMap(B,¥A) ~ Map(B, A). A section s gives (i,s): A& B —
E, which induces identities on the fiber and the base of the
projection to B. The fiber-sequence test gives the equivalence.

O

6.4 Pasting and the octahedral com-
parison

Let AL B % O be a coherent composable pair. There is a
cofiber sequence

cofib(f) — cofib(gf) — cofib(g). (6.2)

To construct it, the first map is induced by g and the identity of
A. Tts cofiber is computed by pasting

(CHAO)HBHA()OZCHBO.

Indeed, mapping out sends this identity to the result of composing
pullback squares of mapping spaces. Both descriptions supply
the same coherent cone on A — B — (' with B sent to zero.
The boundary of (6.2) is therefore specified by the original pair.
Together with the three defining cofiber sequences this is the
octahedral diagram in the homotopy category. The construction
is functorial on coherent pairs. The octahedral axiom in the
homotopy category retains the existence of the diagram, while
the stable construction also retains its natural dependence on
the input.

There is a related three-by-three formula. Given a square of
maps, take the cofibers of its two rows and the induced map
between them. The cofiber of this last map agrees with the result
of first taking column cofibers and then taking the induced cofiber
between them. In either order one is taking a finite colimit in two
variables. Since finite colimits commute with finite colimits, (3.1)
identifies both with the same total cofiber. The total fiber of the
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square is its twice desuspension. When the square is bicartesian
the total cofiber is zero, and conversely a vanishing total cofiber
forces the comparison from the pushout to the final vertex to be
an equivalence. This is a useful criterion for diagram exactness
in module spectra.

Exercise 6.4. For v : X — Y, compute the cofiber of the map
X — X @Y with components (1,u). Determine the second map
of the cofiber sequence as a row matrix.

Solution. The automorphism of X & Y with matrix

)

carries (1,u) to the first inclusion. Its inverse has u in the
lower left entry. The cofiber of the first inclusion is Y with its
projection py = (0,1). Precomposing this projection with the
displayed automorphism gives

(0,1) < L O) — (—u,1).

—u 1

The boundary is zero because the sequence is split. O
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Chapter 7

Exact categories and
derived enhancements

7.1 Admissibility and exact structure

Strooker calls a pointed category exact when its mono—epi and
kernel-cokernel axioms give a specified factorization theory [38,
Def. 2.5.9]. In modern exact category theory one begins with an
additive category and specifies which kernel-cokernel pairs are
to count as exact. Every abelian category carries its usual exact
structure. The category of finitely generated projective modules
carries the split exact structure, even when it has very few kernels
or cokernels as an ordinary category. The admissible pairs in such
a category therefore record data beyond its underlying additive
category.

An exact oo-category has an additive underlying oo-category
and two compatible classes of arrows, called ingressives and egres-
sives, abstracting admissible monomorphisms and epimorphisms
[1, §3]. Additive here means that finite products and coproducts
form biproducts, and that the commutative monoid structures on
mapping spaces are grouplike. The classes contain equivalences
and are closed under composition. Pushouts along ingressives
and pullbacks along egressives exist and preserve their respective
classes. The exactness axiom identifies the ambigressive pushout
and pullback squares: in a square with horizontal ingressives and
vertical egressives the two universal properties agree, with the cor-
responding existence statements for such squares. A short exact
sequence is the corresponding square with zero in the lower-left
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| 1

0 — B

corner.
—

The classification of extension spaces depends on using these
designated diagrams.

Example 7.1. If A is abelian and all monos and epis are des-
ignated, a bicartesian square with one corner zero is exactly a
short exact sequence. In a stable category designate all arrows in
both classes. Then the same axiom is stability, and a short exact
sequence is a cofiber sequence. Its first arrow can have a nonzero
fiber, as in Proposition 5.3; the admissibility is a condition of the
chosen structure rather than the categorical monomorphism test.

Example 7.2 (The split structure). In an additive category with
biproducts the pair A — A® B — B is split exact. Pushout of the
first map along f : A — A’ is the first inclusion into A’ @ B, with
the induced map (f, 1). This follows from the mapping-space test
for the pushout. Pullback of the second map along g : B — B
is the second projection from A & B’. Composition of split
inclusions and of split projections again has the required biproduct
decomposition. These computations underlie the split exact
structure in the additive setting. If one works with retracts, the
exact structure specifies which complements lie in the category.

7.2 Extension-closed subcategories

Proposition 7.3. Let D be a stable category and E C D a full
additive subcategory closed under equivalences and extensions, in
the sense that A, B € E and a cofiber sequence A — M — B
imply M € E. Give E the ingressives whose cofibers belong to E
and the egressives whose fibers belong to E. These classes supply
the induced exact structure.
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Proof. For an ingressive A — M with cofiber B, its pushout along
A — A’ has cofiber B. The new middle object is an extension of B
by A" and lies in E. The dual argument gives the pullback axiom
for egressives. For two composable ingressives, (6.2) identifies
the cofiber of the composite as an extension of their two cofibers.
Hence it belongs to E, and the same holds for composites of
egressives by duality. The other required zero and equivalence
axioms follow from the stable square definitions. Because E is
full, the mapping-space tests for the resulting universal squares
restrict from D. Conversely, a required pullback or pushout in F
agrees with the constructed one from D by uniqueness, so the
ambigressive comparison follows. O

A heart in a t-structure is a full extension-closed subcategory.
So is a finite window D), 4], since membership in both bounds
is closed under extensions. The exact structure on the window
contains coherent extensions of its objects and usually has nondis-
crete mapping spaces. The heart supplies ordinary short exact
sequences. This allows bounded pieces of a stable category to
have exactness independently of whether they admit all finite
limits.

7.3 Stable hulls and exact flags

For a small exact co-category F, the stable hull St(£) comes
with an exact functor from F and is universal for exact functors
to stable categories:

Fun®™(St(E), D) ~ Fun®™(E, D).

We use Klemenc’s stable-hull theorem [17]. For an ordinary
exact category with its given structure the hull identifies with
its bounded derived oo-category. A conceptual construction
starts with an additive presheaf embedding, formally stabilizes,
and imposes that designated exact sequences become cofiber
sequences. The universal property then controls the result. The
theorem proves that this construction retains the exact category

43



7 Exact categories and derived enhancements

in the sense needed to compare extensions. Both the exact
structure and the localization in this statement are important.

Calculation 7.4 (A split hull and an abelian hull). Let R = Z.
The bounded derived category of finite free modules with the
split exact structure is obtained from bounded complexes of finite
free modules by chain-homotopy equivalences. Every bounded
acyclic complex in this exact structure has contracting homotopy:
the split short exact sequences with the cycle objects identify it
with a sum of two-term identity complexes. On the other hand
the abelian category of all abelian groups uses all short exact
sequences. A nonsplit extension such as 0 — Z 277 /2—=0
yields a genuine cofiber sequence with Z/2 as a heart object. The

complex [Z 2 7] still represents Z/2 in the bounded derived
category of Ab. Its two terms are free, and its stable cofiber
construction adds an object that was not a discrete object of the
starting exact category of finite free modules.

The flag categories in the S-construction use a diagram on the
arrows ¢ < j of [n], with objects A;;, subject to A;; ~ 0 and the
exactness conditions on A;; — A, — Aj for ¢ < j < k. The
objects Ay; form a flag. The remaining A;; record its subquotients
with their comparisons. In a stable category the subquotients
are functorially cofibers, and the compatibility for triples follows
from (6.2). For example, in S3 a flag A - B — C with its
initial zero has three subquotients associated to this pair of maps.
Their cofiber sequence is (6.2). The flag categories and their
faces retain the same exactness data simultaneously across all
n. Barwick uses the resulting simplicial constructions in the
theory of algebraic K-theory [1]. We use the flag description in
Chapter 10 to compare extension classes and their concatenation.

7.4 Grothendieck categories

A Grothendieck abelian category is a cocomplete abelian category
with exact filtered colimits and a generator. Exact filtered colim-
its are the axiom AB5. A generator G has faithful Hom(G, —),
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or equivalently every object is a quotient of a coproduct of copies
of GG. To see this, evaluate the map from the coproduct indexed
by all G — X. If its cokernel is nonzero, faithfulness detects
the nonzero quotient map, contradicting its vanishing on all
summands. The reverse implication follows by precomposing
two maps with a chosen quotient presentation. Grothendieck
categories have enough injectives [12, 30]. The generator need
not be projective.

Examples include Modg for an ordinary ring, and sheaves
of modules on a small ringed site. For modules, exactness of
filtered colimits can be checked on underlying abelian groups by
representing any element of a kernel at a finite stage. In sheaves,
exact sheafification gives the same conclusion from pointwise
exact filtered colimits of presheaves. The free module sheaves
on representables supply a family of generators. Taking their
coproduct gives a generator, because a transformation is zero if
all of its evaluations on sections are zero.

The Gabriel-Popescu theorem gives an exact localization of an
ordinary module category [11, 32]. More precisely, for a genera-
tor G of a Grothendieck category, let S = End(G). The functor
Hom(G, —) has values in right S-modules by precomposition, is
fully faithful, and has an exact left adjoint. One should retain the
direction of exactness: the fully faithful right adjoint can have
higher right derived functors. Exactness of the left adjoint yields
a localization after passage to the derived categories, using the
argument of Theorem 17.1. A compact generator in a stable cat-
egory gives a different presentation in terms of its endomorphism
spectrum, as proved in Chapter 9.

7.5 Localization of complexes

For an abelian category A, a quasi-isomorphism is a map of
complexes inducing isomorphisms on all cohomology objects. Its
cone is acyclic. The derived oo-category D(A) is the localization
of complexes at quasi-isomorphisms. The operations of shift and
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mapping cone descend to the stable category; for the existence and
comparison with classical derived categories see [19, 29, 28]. The
bounded derived category is generated under finite extensions and
shifts by the heart. This follows from the canonical truncations of
a complex, which replace a terminal term by a cycle or a quotient
to place its cohomology in a selected range. It also shows why
the bounded category of complexes of projective objects and the
bounded derived category of all modules can differ: the former
requires finite projective models. For R = k[e]/(€?), the residue
module k has a free resolution with multiplication by € in every
positive degree. Its Ext groups into k are nonzero in arbitrarily
high degrees, so k has no bounded projective model.

Exercise 7.5. Let R be a ring and consider the category of
finitely generated projective R-modules with its split exact struc-
ture. Show that an extension in the abelian category of R-modules
of two objects of this category has middle term in the category.
Why does a similar assertion fail for the category of free modules
of rank one?

Solution. The quotient term is projective, so the surjection has
a section and the middle term is the direct sum of the two
end terms. A finite direct sum of finitely generated projectives
is again finitely generated projective. Even over a field, the
extension of two rank-one vector spaces has rank two. The
rank-one subcategory therefore lacks extension closure and the
biproducts required for the same additive structure. O
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Chapter 8

t-structures and Postnikov
layers

8.1 Truncations

A t-structure on a stable category C' consists of full subcate-
gories Csg, C<p, closed under equivalence, with Cso[1] C Cso,
C<o|—1] C C<p, and orthogonality

MapC(U, V) ™~ ox (U c 021, Ve C’So).

Here Cs,, = ¥"C>¢ and C<,, = ¥"C<y. Every X has a cofiber
sequence U — X — V with U € Cs1, V € C<,. Applying
mapping spaces from C>; and into C< identifies U, V' as universal
approximations. In particular there are adjunctions

Cs, +— C, C — C<p.

In the first display the inclusion is left adjoint and 7, is right
adjoint. In the second the inclusion is right adjoint and 7<,, is
left adjoint. Both adjunctions and the sequence

T2n+1X — X — Tan (81)

are functorial. The t-structure on D(.A) is defined by vanishing
of positive or negative cohomology with the convention m; X =
H~%(X). On spectra it is defined by vanishing of stable homotopy
groups outside the indicated ranges.

Orthogonality also characterizes the two halves. If Map(U, X)
is contractible for all U € Cs,41, then 75,1, X =~ 0, since its
identity corresponds to a map into X. Thus X € C<,. Dually
an object in C>,, is characterized by vanishing against C'<,_;.
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It follows from the mapping-space tests that both halves are
closed under extensions. The connective half is closed under
colimits that exist in C, while the coconnective half is closed
under limits. These statements concern the indicated direction
of closure. Inverse limits of connective objects can have lower
homotopy groups, as computed in Chapter 13.

Lemma 8.1. For a < b, T>,T<pX =~ T<pT>,X, naturally in X.
Either expression belongs to C>, N C<y, which we denote by Clqy).

Proof. It Y € Cs,, the triangle 75411Y — Y — 7Y has its first
two terms in Cs,. This subcategory is closed under cofibers of
maps between its objects, by its orthogonality to C'<,_; and clo-
sure under suspensions. Thus 7<;Y" € C5,. Dually 7>, preserves
Cgb.

Set f: 7m5,X — X, whose cofiber is 7,1 X. Naturality gives
a morphism of truncation triangles

Topi1T>aX — ToaX — T<pT>aX

Ll

Topp1X X T X.

The left vertical map A is an equivalence by the nested right-
adjoint universal properties. Indeed, for U € Csp1q1 C Csg,
Mapa (U, Tsp11750X ) =~ Map (U, 75,X)

~ Map(U, X)

>~ Map (U, Tp+1X).
These equivalences identify the map induced by A, so Yoneda in
C>p+1 applies. The three-by-three cofiber comparison of Chap-
ter 6 now identifies

cofib(1<pf) ~ cofib(f) ~ 7<,_1 X.

Since T<pT>,X € Csq, this is the truncation triangle of 7, X at
degree a. Uniqueness gives the natural equivalence in the state-
ment. Equivalently, testing the resulting triangle on Map(U, —),
for U € C>,, makes its last term contractible and verifies the
same connective-cover universal property. 0
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8 t-structures and Postnikov layers

8.2 The heart and exactness

The heart is C¥ = C5NC<. Its mapping spaces are discrete: for
A, B in the heart and ¢ > 0, m; Map(A4, B) = Hom,, ¢(X'A, B) = 0.
Translations by maps identify the homotopy groups in all compo-
nents because the mapping space is an infinite loop space. The
heart is an abelian category [19, Prop. 1.2.1.11]. Its kernels and
cokernels are the truncations of fibers and cofibers in Chapter 5.
For example, a morphism f in the heart is epic precisely when
its cofiber lies in CY; ;7. It is monic precisely when its cofiber lies
in Clo. When the kernel and cokernel both vanish the cofiber
vanishes.

Proposition 8.2. A cofiber sequence A — E — B with outer
terms A, B in the heart yields a short exact sequence there. Con-
versely a short exact sequence in the heart determines a cofiber
sequence in C, with the indicated maps.

Proof. Extension closure places E in the heart. The long exact
sequence of homotopy objects reduces to0 -+ A - E — B — 0.
Conversely, take the cofiber C” of the monomorphism A — E.
It lies in Clp ) and its cokernel in the heart is B. The second
map factors through C” by the cokernel property, and gives an
equivalence C’ ~ B. The composite to be nullhomotopic lies
in a discrete mapping space, so the specified nullhomotopy has
contractible space of choices when the composite is zero. This
gives the coherent sequence. O

A functor F': C' — D between stable t-categories is t-exact if
it preserves both halves of the t-structure. For an exact t-exact
functor, applying it to (8.1) produces the truncation triangle of
FX, by the universal property. Hence F' commutes with both
truncations and induces an exact functor of hearts by Proposi-
tion 8.2. Conversely an exact functor can have nonzero ampli-
tude even when its restriction to an appropriate class of discrete
objects resembles an ordinary additive functor. For example
M — (Z/2) @% M sends Z/2 to an object with homotopy in
degrees 0,1. The positive group is Tor?(Z/2,7/2).
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8 t-structures and Postnikov layers

8.3 Layer maps and reconstruction

Write m, X = X7"7),, X, an object of C®. For X and consecutive
coconnective truncations there is a cofiber sequence

X — Ten X — Tep g X 2% S X (8.2)

Indeed, apply (8.1) with n — 1 to 7<, X and use Lemma 8.1.
The map k,, is the Postnikov extension class. If the preceding
truncation and the new layer are specified, 7<, X is recovered as
the fiber of k,. In particular specifying every 7, X alone generally
does not specify X.

Example 8.3. For R = k[e]/(¢?), a free resolution of k has
one copy of R in each nonnegative homological degree and all
differentials multiplication by e. Exactness follows because the
kernel and image of multiplication by € both equal (¢). The
complex of maps into k£ has zero differentials, so Ext%(k, k) = k.
Let u : k — k[2] represent a nonzero class. Its fiber X lies in Cjg
with 79X = m X = k. The split object k @ k[1] has the same
homotopy objects. In (8.2) for n = 1, the map of X is u while
that of the split object is zero. Naturality of truncation forces
any equivalence of these objects to identify their layer maps up
to automorphisms of the layers, which cannot carry a nonzero
class to zero.

We call C' left complete for this ¢-structure when every canoni-
cal map X — lim,,_, . 7<, X is an equivalence, and right com-
plete when every colim,, 4o 7>_, X — X is an equivalence. The
definitions include existence of the indicated limits and colimits.
The morphisms of the first tower lower the upper bound and
those of the second filtration lower the lower bound. A bounded
object satisfies both reconstruction statements because its dia-
grams become constant. For a general object, the statements
are properties of the t-structure and of the limit and colimit
operations. Neeman gives Grothendieck abelian examples with
failure of left completeness of the derived category [22]. The
heart and its filtered colimits are therefore insufficient to infer
this property.
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8 t-structures and Postnikov layers

8.4 Separatedness and generators of
layers

Left separatedness means (,, C's,, = 0; right separatedness means
N, C<n = 0. Left completeness implies the first: if all coconnec-
tive truncations are zero, the limit is zero. Right completeness
implies the second by the dual argument. If both separatedness
conditions hold, the 7, detect equivalences. To see this, apply
them to the cofiber of a map. If 7, X = 0 for every n, induction
on length using (8.2) gives 7, X = 0 for all finite windows. For
fixed b, this says all connective truncations of 7<;, X are zero, so
right separatedness forces 7<;, X = 0. Left separatedness then
gives X = 0. The proof separates the detection of zero from
construction of a limit.

Exercise 8.4. Let u : A — B[n] for heart objects A, B and
n > 2. Locate the homotopy objects of fibu and identify its
nontrivial Postnikov boundary.

Solution. Rotate the fiber sequence to Bln — 1] — fibu — A =
B[n]. The long exact sequence gives mp = A and 1,1 = B,
with the intervening and remaining layers zero. Its truncation
in degree n — 2 is A. Hence the boundary in (8.2) for n — 1 is
the specified u. This example explains how an n-extension can
appear as a two-layer object. O]
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Chapter 9

Presentability and
compact generators

9.1 Small generators in large cate-
gories

An oo-category is presentable when it has small colimits and is
accessible. Accessibility means that for some regular cardinal
k there is an essentially small full subcategory of k-compact
objects generating the category under s-filtered colimits. An
object K is k-compact if Map(K, —) preserves such colimits.
In particular compact without a cardinal modifier means w-
compact. Another characterization of presentable categories is
as accessible localizations of presheaf categories [18, §5.5]. The
presheaf category is generated by the compact representables of
Chapter 2. A localization can change compactness because the
right adjoint identifying local objects may fail to preserve the
filtered colimits against which compactness is tested.

For a stable category, a family {G;} detects equivalences if the
family of mapping spectra map(G;, —) does. It suffices to detect
zero objects by applying the spectra to a cofiber. In terms of the
homotopy category, this requires vanishing of Hom(X"G;, X) for
all ,n to imply X ~ 0. If C is presentable and the G; are com-
pact, this detection condition is equivalent to generation under
shifts, cofibers, and small coproducts. Indeed, the localizing sub-
category they generate has a right adjoint to its inclusion, by the
presentable localization theorem. The cofiber of its counit at X
is right orthogonal to the generators and hence zero. Conversely
the class of sources T with map(7, X') ~ 0 is closed under those
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9 Presentability and compact generators

constructions; if it includes every object then idx vanishes.

The relationship to the classical generator involves all the
shifts. A projective generator in a module category tests exact
sequences in the heart and can be the single compact generator of
its derived category. A generator of a Grothendieck category can
require resolutions to make the same test. Its derived mapping
functor may contain higher Ext groups even when the classical
Hom functor is faithful. A derived compact generator also need
not belong to the heart. Taking a shifted generator changes its
placement but leaves detection by all its shifts unchanged.

9.2 Morita reconstruction

Theorem 9.1 (Spectral Morita, single generator). Let C be a
presentable stable co-category with a compact generator G. If
E = map. (G, G) has multiplication by composition, the functor
map.(G, —) is an equivalence from C to right E-modules.

Proof. Precomposition gives the right E-action. The left E-
object G defines a left adjoint M — M ®g G by the tensor
product of the right module and the left object in C. It can
be constructed by realizing the two-sided bar construction in
C. The mapping-spectrum adjunction follows by testing the
bar construction and using its balancing relations. The right
adjoint is exact. Compactness of G implies that its mapping
spectrum preserves filtered colimits, since this can be checked
on all levels using compactness of shifts of G. A coproduct is a
filtered colimit of finite coproducts, so exactness and compactness
give preservation of small coproducts. In stable categories an
exact functor preserving coproducts preserves small colimits.
This follows by forming simplicial replacements from coproducts,
then realizing them by their sequential skeletal filtrations of finite
colimit attachments. Sequential colimits of spectra or objects
of a stable category are cofibers of the difference between the
identity and the shift on the coproduct. The same constructions
give preservation of the colimits in question.
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9 Presentability and compact generators

The unit of the adjunction is an equivalence on the free right
module F, since F ®g G >~ G. The class on which the unit is
an equivalence is closed under small colimits and shifts, since
both functors preserve them. The free module generates the
module category under these operations: the underlying spectra
are generated by spheres, and the free—forgetful bar construction
resolves any module by free modules on spectra. Thus the unit
is an equivalence everywhere. The right adjoint is conservative
by the detection hypothesis on G. Applying it to the counit
and using the triangle identities now gives an equivalence, so the
counit is an equivalence as well. O

This is the stable co-categorical form of a standard Morita
theorem [26, 19]. The spectrum F, including its multiplication,
is necessary in the conclusion. Taking only myFE would forget
morphisms between shifts of G. For C = Sp and G =S, E =S
while mg ¥ = 7Z. The resulting ordinary ring models the heart of
spectra, but the module category over HZ differs from spectra.
For example mS = Z /2, whereas mHZ = 0.

Calculation 9.2 (The arrow category). For a commutative ring
R, set C'= Fun([1],D(R)). Its objects are coherent arrows. The
left adjoints to evaluation at 0,1 send R to

Ph=(R5R), P =(0—R).

They are compact, and the spectra of maps out of them are the
underlying derived modules at 0, 1, respectively. Thus G = Pyd P,
is a compact generator. Its endomorphism spectrum is discrete
because each map(FP;, Pj) evaluates to R or zero in degree zero.
In the order (P, P;) the endomorphism ring is

R R
0 R/
Here row j, column ¢ is map(P;, P;), so the column indexes the

source and the row the target. Indeed map(Fy, P;) ~ P;(0) =0,
while map(Py, Py) ~ Py(1) = R. The Morita equivalence gives

54



9 Presentability and compact generators

the arrow category as derived right modules over this triangular
ring. A right module decomposes using the two diagonal idem-
potents. Right multiplication by the upper-right matrix unit
goes from the first component to the second, which recovers the
displayed orientation of [1].

9.3 Products, generators, and com-
pleteness

A useful sufficient condition for a Grothendieck category A to
have a left complete derived category is exactness of countable
products. For complexes, termwise products then preserve quasi-
isomorphisms. They compute products in the derived category
by deriving the product adjunction against the exact diagonal
functor. Consequently each H? commutes with those products.
The inverse limit of a sequence of complexes is the fiber of
1 — shift on the derived product, as proved in Chapter 13. For
a tower of coconnective truncations of X, each 7, is eventually
constant. On its product 1 — shift is surjective and has kernel
the stabilized value. Applying the long exact sequence to the
fiber shows X — lim, 7<, X induces isomorphisms on every
mg. In D(A) the groups detect equivalences by the definition
of quasi-isomorphism. Filtered colimits are exact by AB5, so
filtered colimits of complexes compute the derived ones. On
the connective reconstruction sequence each m, also stabilizes,
proving right completeness in this case.

Module categories have exact products as well as exact filtered
colimits. Product exactness uses the fact that an element of a
product of targets of surjections has a lift in every coordinate
and hence in the product. For sheaves, epimorphisms are locally
surjective. Infinitely many local lifting conditions can require
infinitely many neighborhoods whose intersection is not open.
Thus the element argument for products of modules does not
immediately prove exactness of sheaf products. This is one source
of the care needed with unbounded derived sheaves.
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9 Presentability and compact generators

Example 9.3 (A product of stable categories). Let C' =
[Tic; D(R) for an infinite discrete set I. The objects R; sup-
ported at one coordinate form a compact generating family. A
compact object X has finite support: write X as the filtered
colimit of its restrictions to finite subsets, extended by zero.
Compactness factors the identity of X through one such re-
striction in the homotopy category. All components outside
that finite subset are therefore zero. Every component of X is
compact in D(R), since testing against diagrams supported at
the component reduces compactness to that category. Conversely
an object of finite support with compact components is compact,
using finite products of mapping spaces and their commutation
with filtered colimits. It follows that this category has no single
compact generator if R # 0, although its heart has an ordinary
generator with nonzero component at every coordinate.

9.4 Perfect objects

For a ring spectrum FE, a perfect module is in the idempotent-
complete stable subcategory generated by E using finite colimits
and shifts. Every perfect module is compact. Conversely a com-
pact module is perfect: the full subcategory of perfect modules
is essentially small in the chosen universe and its Ind-completion
maps to Modg by the colimit-preserving extension. On perfect
modules and their filtered colimits this extension is fully faithful
by compactness. Its essential image is closed under finite colimits
and filtered colimits, and hence under arbitrary small colimits,
since coproducts and realizations can be built from those opera-
tions. It contains E and therefore all modules by the generation
used in Theorem 9.1. A compact object of an Ind-completion is
a retract of an object at a stage of its filtered presentation. Since
the subcategory is already idempotent complete, this proves the
characterization. For an ordinary ring, perfect complexes are
precisely the objects represented by bounded complexes of finitely
generated projectives. This finite description is the source of a
finite base-change calculation in Chapter 23.
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9 Presentability and compact generators

Exercise 9.4. Compute a compact generator of Fun([2], D(R))
and the orientation of its endomorphism ring for commutative R.

Solution. Take G = Py @& P, & P,, where P, is R with identity
maps on indices at least ¢ and zero below ¢. The evaluation
adjunction shows map(P;, P;) ~ P;(i), equal to R if j < i and
zero otherwise. In the matrix of endomorphisms row j, column
1 therefore permits R if 7 < 4. Composition multiplies entries
along the unique chain of arrows. This is the upper triangular
3 X 3 matrix ring over R. 0
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Part 1l

Extensions and derived
functors

A boundary map classifies a short stable extension. Its
suspensions give the extension spectrum, whose groups recover
the classical Yoneda operations. The additive coend for satellites
and the derived localization of complexes each express a
universal extension of a functor. The final two chapters use
towers to identify which bounded Postnikov pieces determine
maps and which layers can affect a fixed range of derived output.
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Chapter 10

Extension spaces and
extension spectra

10.1 The universal extension space

Fix objects A, B in a stable oo-category C. Let Seqq (B, A)
be the space of cofiber sequences A — E — B with specified
identifications of their outer terms with A, B. The space keeps
equivalences between such sequences respecting the identifications
and all their higher comparisons. Equivalently it is the fiber of
the outer-term functor on the cores over (A, B).

Theorem 10.1. The boundary of a cofiber sequence gives an
equivalence

Seqq (B, A) ~ Map (B, X A).

It is functorial in A by pushout and contravariantly functorial in
B by pullback.

Proof. For a map ¢ : B — YA take its fiber E — B. The fiber
of E — B is canonically 23X A ~ A, by the pullback square
defining F and pasting. Thus A — E — B is a cofiber sequence,
with boundary the given §. Starting with a cofiber sequence,
the same pasting identifies its middle term with the fiber of
the boundary. These constructions are functorial operations on
diagrams with their comparison homotopies, since limits and
colimits are functorial when the shapes and cone data are fixed.
The two equivalences are compatible with all maps of diagrams,
yielding inverse equivalences of spaces. Under a map A — A’,
the pushout of the first edge keeps cofiber B; the map of cofiber
sequences acts on the boundary by postcomposition with ¥ A —
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10 Extension spaces and extension spectra

YA’ A pullback along B" — B acts by precomposition, using the
equivalent fiber presentation. This proves both naturalities. []

For any stable C' and integer n, put

The maps EP ~ QFEL™ based at the zero arrow, exhibit these
spaces as the spaces of the mapping spectrum, with the nth space
indexed by n > 0. In particular

7 (E4(B, A),0) = Homy (B, X" "4) (i >0).  (10.1)

For ¢ > 0 and a point other than zero, translation in the in-
finite loop space gives an identification with the same group.
When A, B lie in a heart, all the groups with ¢ > n vanish by
orthogonality. Thus the higher extension space in this case is an
n-type. The ordinary Yoneda extension group will be its set of
components when the ambient category is the bounded derived
category of the heart.

10.2 Classical extensions and their au-
tomorphisms

A short exact sequence 0 - A = E & B — 0 in an abelian
category has automorphisms fixing A, B canonically identified
with Hom(B, A). If v is such an automorphism, v — idg vanishes
on A and has image in kerp = A, so v — idg = ¢hp for a unique
h : B — A. Conversely idg + ihp has inverse idg — thp since
pt = 0, and multiplication corresponds to addition of h. This
is the ordinary formula for the fundamental group in (10.1) at
n = 1. The equivalence of this extension groupoid with the stable
sequence space follows from Proposition 8.2 and the fact that
the mapping spaces in the heart are discrete.

The sum of two extensions of B by A is formed by taking their
direct sum, pulling back along the diagonal B — B & B, and
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10 Extension spaces and extension spectra

pushing out along the codiagonal A & A — A. By functoriality
of Theorem 10.1, the corresponding boundary is

B Ba B2 vAapyA Y vA.

This is addition in the mapping spectrum. In particular the Baer
operation on components is induced by a specified operation on
the extension space. The split sequence is its zero point, and its
automorphism group is a loop group at that point.

Calculation 10.2. For A = B =7Z/p in D(Z), p prime, the two-
term projective resolution with differential p gives Hom(A, B) =
Exty (A, B) 2 F, and Ext">? = 0. The short extension space has
p connected components, each equivalent to B(F,). The extension
0— Z/p — Z/p* — Z/p — 0 is a nonzero component. The
2-extension space is connected with m = 7, = IF,, and no further
groups. In this example the two groups split at the level of the
complex of maps computed by the resolution, whose differential
is zero, so the space is K(IF,,1) x K(F,,2). The vanishing of
the group of classes of 2-extensions leaves a nontrivial space of
comparisons.

10.3 Iterated extensions

In an abelian category an n-extension of B by A is an exact
sequence

0—-A—FE,1—--—FEy—B—=0.

Maps between such sequences fix the outer terms. For n > 2 the
arrows can fail to be isomorphisms. The classical equivalence
relation is generated by these arrows. The associated extension
space is the groupoid completion of the extension category, so
its components are the equivalence classes for exactly this rela-
tion. Taking merely the core of this category would retain only
isomorphisms of the entire sequence, and in general produces too
many components.
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10 Extension spaces and extension spectra

To compare a representative with the derived category, write
it as a splice of short exact sequences by factoring through its
intermediate images. Each short sequence gives a boundary of
degree one. Compose these with appropriate suspensions to
obtain B — ¥"A. For an extension of B by A of degree n and
an extension of A by D of degree m, the boundary of the splice
is

B — Y"A — XD,

The second map is the n-fold suspension of the boundary of the
second extension. Fixing this convention specifies the order of
Yoneda products. Maps of sequences preserve the intermedi-
ate image factorizations in the abelian case, hence preserve the
boundary up to the natural homotopy. The same construction
with compatible flags gives the comparison of higher extension
spaces.

The space-level theorem of Retakh for ordinary exact cate-
gories, and its oo-categorical version of Bgrve and Trygsland
[24, 2], identifies extension spaces in an exact oo-category with
those in its stable hull. In the latter, the n-extension space
is Map(B, 3"A). In particular, for an ordinary abelian A4, the
components recover Ext’y(B, A) in the Yoneda sense from D?(A).
The theorem uses the exact structure in constructing higher ex-
tensions. One cannot apply it to a category with arbitrary flags
for which the comparison squares have not been declared exact.
In a stable category the theorem includes the loop equivalences
of the mapping spectrum; in an abelian category it relates them
to the homotopy of an ordinary category of sequences.

10.4 Boundary actions

Let A— E — B 2 YA be an extension. Applying map(7, —)
gives a fiber sequence and hence a long exact sequence. The

boundary
Hom(T,~"B) — Hom(T, X" A)
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10 Extension spaces and extension spectra

sends « to (X"9)a. Under the comparison with classical exten-
sions this is splicing with the fixed short extension. Applying
map(—,7") to the same sequence gives the contravariant long
exact sequence. Its boundary is composition on the other side,
with the sign fixed by the choice of rotation. In particular the
two long exact sequences in classical Ext arise from exactness of
one bifunctor in each variable.

Calculation 10.3 (A nonzero splice). Let R = k[e]/(e?) and
write e for the class of

0— k2SR k—0.

This class is nonzero because a section of the quotient would send
1 € k to an element annihilated by € and congruent to 1 modulo
¢, which is impossible. Apply Extp(—, k) to the sequence. For
q > 1, the two groups Ext%(R, k) and Ext%™ (R, k) vanish. The
intervening boundary is therefore an isomorphism Ext%(k, k) —
Ext‘?l(k, k). By the product description it is splicing with e, up
to the sign of the boundary convention. In particular e? # 0.
Iterating proves that every Ext%(k, k) is generated by e? as a
k-vector space. The class €? is a concrete choice for the map u
of Example 8.3.

Exercise 10.4. Let k be a field and A, B vector spaces regarded
as heart objects in D(k). Identify EF (B, A) for n > 0. How
does its answer reconcile the vanishing of positive Ext with
nontrivial spaces of equivalences?

Solution. Every vector space is projective and RHomy (B, A)
is the Eilenberg—-Mac Lane spectrum of Homy(B, A). Thus
E" ~ K(Homg(B,A),n). For n > 0 it has one component
and can have nonzero m,. In particular a split short sequence
has automorphisms even though every short sequence has the
same extension class. For higher n, the group appears as a higher
homotopy group of the space of sequences. O
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Chapter 11

Satellites as enriched Kan
extensions

11.1 The graded extension category

Strooker’s construction of satellites starts with the category built
from Yoneda extensions and extends an additive functor along its
degree-zero inclusion [38, §3.2]. A graded formulation makes the
weighting objects explicit. Let A be an abelian category. Define
a preadditive category G with objects (A,r), A€ A, r € Z, and
with morphism groups

Ext% "(A,B), s>,
0, s <.

g((A> T)» (Bv 5)) = {

Composition in nonnegative degree is the Yoneda product, with
degree-zero composition given by pushout, pullback, and ordi-
nary composition. Identities are the usual degree-zero identities.
Associativity follows from splicing, or from composition of shifted
maps in the bounded derived category. Let i : A — G be the full
degree-zero inclusion.

For an additive T : A — Ab the enriched left Kan extension is
AeA
(Lan* T)(B, n) = / Ext”(A, B) ®, T(A) (n > 0). (1L.1)

The expression in degree n < 0 is zero. Here and below the
coend is formed in the larger universe when necessary. To verify
the formula, the endomorphism and composition actions in G on
its hom groups act on these tensor quotients. A transformation
from this functor to U : G — Ab is determined by its values on
[idg ® z] at (A,0). Given an additive transformation 7" — Ui,
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11 Satellites as enriched Kan extensions

the family of maps on tensors is [n ® x| — U(n)(a’), where 2’ is
the image of x. It respects the relations in calculation 2.5, giving
the inverse to restriction. This is the enriched Kan adjunction.
Degree zero is T by the additive co-Yoneda formula.

A short exact sequence A — E — B gives a degree-one arrow
(B,n) - (A,n+1) in G. The Kan extension carries it to the
connecting map given on a tensor by composing its extension
class with the weight. This construction imposes functoriality
under diagrams of short exact sequences. When the hypotheses
for the next theorem hold, the connecting maps also give the
classical long exact sequences.

11.2 The comparison with resolutions

Theorem 11.1 (Satellites and right derivation). Let A have
enough injectives and T : A — Ab be additive and left exact. For
n > 0 the natural pairing obtained by applying RT to the Yoneda
extension gives an isomorphism

AcA o~
/ Ext™ (A, B) ®; T(A) = R"T(B).

It takes the action of each short extension in (11.1) to the corre-
sponding connecting morphism of right derived functors.

Proof. A class n : A — B|n| in the derived category induces
RT(A) — RT(B)[n]. Applying H® gives T(A) — R"T(B). This
uses left exactness to identify H'RT(A) = T(A). The pairing
is bilinear and balanced because RT is functorial and additive,
so it defines the displayed map. Composition of extension maps
gives compatibility with boundaries.

Write M, (B) = Ext’y(—, B), a right A-module. Choose a
monomorphism B — [ with [ injective and let C' be its cokernel.
At n = 1, the long exact Ext sequence gives a pointwise right
exact sequence

Hom(—,I) — Homy(—,C) — M;(B) — 0.
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11 Satellites as enriched Kan extensions

The coend functor M +— M ®4 T preserves cokernels, since it
is a colimit of bilinear tensor constructions or equivalently a
left adjoint. It converts the first two terms by co-Yoneda to
T(I) and T(C). The resulting cokernel is R'T(B) by the de-
rived sequence and the vanishing of RT'(I). The map is the
specified one because the surjection from Homy(—, C) is splic-
ing with the fixed short extension, and the derived sequence
gives the same boundary. For n > 1, the boundary identi-
fies M,,_1(C) ~ M, (B) pointwise. The corresponding derived
boundary identifies R*!T(C) ~ R"T(B). Induction along these
identifications proves the result in all degrees. For n = 0 the
claim is co-Yoneda. The diagram of comparisons for any other
short extension commutes by the pairing, so the result is natural
and independent of the choice of I. n

This proof uses effacement in the second variable at exactly
one place: Ext(A,I) = 0 for n > 0. No projectivity of A is
needed. Once the coend is computed in the larger universe, the
isomorphism with R™T'(B) gives a value in the original universe.
The universal extension by a Kan formula can therefore be used
without a small skeleton of all objects of A.

Corollary 11.2. For T' = Homyu(X, —), the natural isomor-
phism is the usual evaluation of the Yoneda product:

A
/ Ext” (A, B) ®; Homa(X, A) = Ext",(X, B).

Proof. This is also right co-Yoneda. The tensor n ® h maps to
h*n, and the inverse sends v to v ® idx. The tensor relation for
h gives the inverse identity on generators. O]

11.3 The dual construction

For an additive T': A — Ab and n > 0, the enriched right Kan
extension at (B, —n) is

Natada (Extg(B, -, T) .
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11 Satellites as enriched Kan extensions

A map U — Ran?b T is obtained from Ui — T by applying U
to arrows (B, —n) — (A,0) and then evaluating the given map.
Conversely evaluating at identities gives the restriction. This is
the dual universal property to (11.1). It has value T'(B) at n = 0
by Yoneda.

Proposition 11.3. If A has enough projectives and T is right
exact, the right Kan value at (B, —n) identifies naturally with
L,T(B).

Proof. For a short exact sequence K — P — B with P projective
there is a pointwise right exact sequence

Hom (P, —) — Homu (K, —) — ExtY (B, —) — 0.

The functor of transformations into 71" takes this sequence to a
kernel description. By Yoneda the kernel is that of T(K) —
T(P), which is L;T(B) by the long exact sequence. For n > 1,
Ext’(B,—) & Ext’y '(K,~) and L,T(B) & L, ,T(K). The
natural comparison uses the pairing with LT applied to B — A|n],
then identifies H "LT(B) — H°LT(A). Thus the dimension
shifting maps agree and induction proves the claim. At degree
zero use right exactness and Yoneda. O]

11.4 An enriched lift and its relation
to truncation

Let i : B — C now be a fully faithful inclusion of a small spectral
category of objects into a stable category, and let F': B — D be

a spectral functor into a presentable stable category. In this case
the pointwise spectral left Kan extension is

X /BEB map(iB, X) ® F(B). (11.2)

Here ® is the tensor of D over spectra and the coend is spectral.
It can be built by the bar construction whose degree k takes the
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11 Satellites as enriched Kan extensions

coproduct over By, ..., By of the tensors of F(By), the succes-
sive mapping spectra, and the terminal weight. Faces compose
mapping spectra or act on F', and degeneracies insert units. A
map out of its realization is a coherent balanced pairing. Taking
the representable weight at iB gives F'(B) by enriched Yoneda,
proved by the extra degeneracy supplied by idg. This proves
the pointwise Kan property in the same manner as the abelian
quotient formula.

The formulas (11.1) and (11.2) impose different colimit oper-
ations. Taking homotopy groups of a spectral coend generally
produces a spectral sequence with higher homological terms. For
example the derived balanced tensor of H(Z/p) with itself over
HZ has m = Z/p, whereas the ordinary balanced tensor of the
two discrete modules is Z/p in degree zero. Thus the enriched
Kan computation of Theorem 11.1 uses an ordinary additive co-
end with an already graded extension weight. It is not obtained
by simply applying 7 termwise to (11.2).

Calculation 11.4. Take T = Homg(Z/p, —). The resolution
72 7 — Z/p gives

R°T(B) = Blp], R'T(B) = B/pB, RZ*T(B) = 0.

For 0 = Z % 7Z — Z/p — 0, the boundary T(Z/p) — R'T(Z) is
an isomorphism: both adjacent degree-zero groups on Z vanish
and the map on R! induced by p is zero. The Kan extension
has exactly this boundary. Its weight sends idyz/, to the class of
this short exact sequence, which is the generator of Exty(Z/p, Z).
The computation identifies the sign-free generator convention by
taking the chosen injection to be p.

Exercise 11.5. Let T be exact. Prove directly from (11.1), as-
suming enough injectives, that its positive right satellites vanish.

Solution. The first coend is coker(T'(I) — T(C)) for B - I — C,
and the map is epic by exactness. All higher coends reduce to this
case by the isomorphisms M,,(B) ~ M,_1(C). The degree-zero
coend is T itself. O
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Chapter 12

Derived functors and their
models

12.1 Resolution and localization

Let A, B be Grothendieck abelian categories and T : A — B be
additive. A complex [ is K-injective when the complex of maps
from each acyclic complex into [ is acyclic. This is equivalent
to vanishing of all homotopy classes from acyclic complexes into
shifts of I. The criterion implies that maps into I carry quasi-
isomorphisms in the source to quasi-isomorphisms of mapping
complexes: apply the complex of maps to the cone of a quasi-
isomorphism. Every complex of a Grothendieck category has
a quasi-isomorphism into a K-injective complex, and these can
be chosen with injective terms [28, 31]. The bounded-below
case uses ordinary bounded-below complexes of injectives. Their
K-injectivity follows by inductively solving the chain-homotopy
equation into the injective terms, starting at the lowest degree.

These statements give a model for the derived oo-category.
First use the stable category of complexes with their mapping
complexes and chain homotopies. Its homotopy category is the
homotopy category of complexes. The full subcategory of K-
injective objects is reflective in this model: given X — Iy as
above, mapping it into every K-injective object induces equiva-
lences on mapping spaces by the defining test. The unit exhibits
the reflector and gives the localization at quasi-isomorphisms.
Hence a map in D(A) can be calculated into a K-injective rep-
resentative, with the whole mapping complex and not just its
group of components.

Write ¢ for the localization and i for the inclusion of these local
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12 Derived functors and their models

objects. Termwise T is a functor on complexes with homotopies
because it is additive; it respects the complex of maps, including
its differential. The right derived functor on the oo-category
is represented by I +— T'(I) on the local objects, followed by
localization in B. This is an exact functor RT : D(A) — D(B):
local complexes are closed under shifts and cones, and 1" preserves
the cone formula with its specified differentials. On A € A
viewed as a complex in degree zero it yields 7'(1%) for an injective
resolution.

Proposition 12.1 (The localization comparison). Let q: C' —
D be a reflective localization with fully faithful right adjoint 1,
and let F': C'— E. The unit gives a transformation F' — Fliq,
exhibiting F'i as the left Kan extension of F' along q.

Proof. For G : D — FE, a map F' — (Gq restricts along ¢ to
Fi — Gqi ~ G. Conversely a map Fi — G composes with
F — Fiq to give FF — (Gq. Naturality for the unit and the
triangle identities identify the two composites with the identities
on transformation spaces. This is the defining Kan property, and
the same argument applies after any postcomposition. ]

Apply the proposition with F' the termwise functor followed by
localization in B. The direction of the comparison 7' — (RT')q
explains why the right derived functor in this convention is a
left Kan extension along the localization. For a coreflective
localization using K-projective models, the arrow of comparison
reverses and the corresponding left derived functor is a right Kan
extension. The word right in right derived refers to the resolution
and the degrees of the classical derived groups, whereas left
in the displayed Kan property refers to the direction of the
transformation.

12.2 Tensor and Hom

Let R be an ordinary ring. A complex of right R-modules is K-flat
if tensoring it with an acyclic complex of left modules produces an
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12 Derived functors and their models

acyclic complex. Replacing one factor by such a resolution gives
M ®@% N. For bounded-above complexes one can use bounded-
above complexes of flat modules, with totalization by sums. For
unbounded complexes one uses K-flat resolutions rather than
arbitrary termwise flat replacements [28, 29]. Derived Hom can
be computed by a K-projective source or a K-injective target.
These choices implement the derived tensor-Hom adjunction.
Under D(R) ~ Modgg they are the tensor and internal map
operations of H R-modules, with the appropriate ring actions or
bimodule structure [26, 27].

Calculation 12.2. The complex P = [Z % Z], in cochain
degrees —1,0, resolves Z/p. Tensoring P with Z/p gives zero
differential. Thus

(Z/p) 7 (Z/p) =~ (Z/p) & (Z/p)[1].

On the other hand mapping from P into Z/p gives a complex in
degrees 0, 1, also with zero differential. Thus

RHomg(Z/p, Z/p) =~ (Z/p) ® (Z/p)[-1].

The homotopy shift is opposite in the two formulas. In homo-
logical grading Tor; is the positive homotopy group of the first,
and Ext' is the negative group of the second. The underived
tensor and underived Hom agree as abelian groups here, while
the derived objects occupy different windows.

12.3 Acyclic resolutions and dimen-
sion shifting

Assume T is left exact. An object J is T-acyclic if RYT'(J) = 0 for
g > 0. A bounded-below resolution A — J*® by T-acyclics com-
putes RT'(A) via T'(J*). One comparison uses the double complex
of resolutions, filtered in the two directions, or proceeds by suc-

cessive truncation of the resolution and the connecting maps. For
the latter, write C° = A, C"*1 = coker(C™ — J"). The terms fit
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12 Derived functors and their models

into short exact sequences 0 — C™ — J"* — C™™! — 0. Acyclic-
ity gives RITIT(C") ~ RIT(C™) for ¢ > 0, and R'T(C") =
coker(T(J") — T(C™1)). Left exactness identifies the kernel
of T(J") — T(J™"2) with T(C™!). Together these identities
identify the gth cohomology of T'(J*) with RIT(A) for every q.
The comparison into the derived functor is obtained by resolving
J*, and these identifications show that it is a quasi-isomorphism.
This is the method used for flabby, soft, and fine sheaves below.

There is also a characterization by effaceable connected se-
quences. A covariant cohomological d-functor is a sequence of
additive functors together with the natural boundaries making
each long sequence exact. If for every B and n > 0 there is a
monomorphism B — B’ sending 7"(B) to zero, then positive de-
grees are effaceable. The universal o-functor criterion [40, Ch. 2]
identifies an effaceable extension of a left exact 1" with its right
derived sequence. The proof inducts using the exactness around
T"™(B): after choosing an effacement, a class is the boundary
of a class in T""1(B’/B), so a transformation in degree n — 1
determines its required value. Exactness makes it independent of
the lift, and comparison of two effacements by a common pushout
makes it independent of the chosen monomorphism. For injective
resolutions B — [ is a single effacement valid in every positive
degree. The theorem of Chapter 11 realizes the same boundary
mechanism by tensoring a weight.

12.4 Composition and a spectral se-
quence

Suppose S : B — D and T : A — B are left exact functors
of Grothendieck categories. Assume T sends injectives to S-
acyclics. For A € A, take a bounded-below injective resolution
I. The complex T'(I) is bounded below and termwise S-acyclic,
so the natural comparison RS(RT'(A)) ~ R(ST)(A) follows
from the acyclic-complex calculation. One can obtain the latter
calculation by resolving all terms and filtering a first-quadrant
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double complex, whose column spectral sequence collapses by
acyclicity. The filtration of RT'(A) by its cohomological layers
induces a spectral sequence

EPY = RPS(RIT(A)) = RPY(ST)(A).  (12.1)

Here p,q > 0. The layer RIT(A)[—¢q| contributes in total co-
homological degree p + ¢q. The connecting maps for successive
truncations form the exact couple. With this indexing the first po-
tentially nonzero differential on the layer groups is ds, of bidegree
(2, —1), giving the displayed page convention. Only finitely many
layers can affect a fixed total degree since p, ¢ > 0, so the filtra-
tion in that degree converges. This is the classical Grothendieck
spectral sequence. More generally the exact couple of a tower
can require a convergence argument, as in Chapters 13 and 19.

Exercise 12.3. For an ordinary ring map R — S, show why
extension of scalars on derived categories can be composed along
R — S — T even when neither underived extension of scalars is
exact.

Solution. Derived extension of scalars is left adjoint to restric-
tion. The composite of the two restrictions is restriction along
R — T, strictly on ordinary modules and coherently on derived
categories. Both the iterated derived extension and the direct
derived extension are left adjoint to it. Uniqueness of the adjoint
gives the comparison 7' ®% (S ®% M) ~ T ®} M, coherent under
another composition. Flatness is needed only to replace a derived
tensor by an underived one in a chosen model. O

73



Chapter 13

Inverse towers and the
comparison of maps

13.1 The fiber of the shift difference

Let C' be stable with countable products and let Xy + X7 < ---
be a tower, with transition u, : X,.1 — X,. The shift s on
P = Tl,>0 X, has nth coordinate w,, pr, ;. The limit is given by
the fiber sequence

lim X,, — P = P. (13.1)

To see this, the nerve of the tower index is the free category
generated by the consecutive edges. Its spine is the union of those
edges along their endpoints. Restriction of coherent diagrams
and coherent cones to the spine is an equivalence, by attaching
the composite simplices along inner horns. Equivalently, maps
to a tower consist of a map to each X,, with a comparison path
for each consecutive edge, with further compositional choices
contractible. Thus the limit is the homotopy equalizer of idp, s.
The equalizer is the fiber of their difference in a stable category.
This proves (13.1) as a comparison of natural cones.

For a tower of spectra, products commute with all homotopy
groups by representability of the groups by shifted spheres. For
any countable tower A,, of abelian groups, lim A,, is the kernel of
1 — s on the product and lim' A,, is its cokernel. The long exact
sequence of (13.1) gives

0 = limy, 741 X5 — 7 lim X, — lim 7, X,, — 0. (13.2)

It holds also in D(R) with its standard ¢-structure, by exactness
of products of R-modules. For an eventually constant tower
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13 Inverse towers and the comparison of maps

of groups (eventually all transitions are isomorphisms) 1 — s is
surjective. To solve (1 — s)z = b, choose a coordinate beyond
which all transitions are isomorphisms, solve forwards using their
inverses, and solve backwards along the finitely many earlier
arrows. Its kernel identifies with the stabilized group. Thus if
every m, is eventually constant, the limit has those stabilized
homotopy groups, with no lim* terms. The eventual stage can
depend on q.

Calculation 13.1 (A nonzero derived inverse limit). For a prime
p, take the tower Z < Z <= - .. The limit is zero: the first coor-
dinate is divisible by every power of p, and each later coordinate
is determined by it. The formula

(bn>n20 — Z pnbn (HlOd Z)

n>0

gives a surjection from the product to Z,/Z. It annihilates every
sequence b, = a,, — pa,.1, since its sum is ag. Conversely, if the
sum is an integer m, set

ap,=p " (m — Zpibi> )
i<n
The expression in parentheses is an integer divisible by p™. Thus
an € Z and a, — pany1 = b,. This proves lim' Z = Z,]Z for the
indicated tower. Applying (13.2) to the corresponding tower of
Eilenberg-Mac Lane spectra gives H(Z,/Z)[—1]. Every term is
connective, while the limit has a nonzero group in degree —1.

13.2 Mapping by two truncations

For m,n > 0, put W,,,X = 7_p,,X. For fixed YV, if
Y ~ lim,7<,Y, then Maps(X,Y) =~ lim, Map(X,7<,Y).
For fixed X, if X =~ colim,, 7>_,X, then Map,(X,Y) =~
lim,, Map(7>_,X,Y). Both formulas follow directly from
representability. They can be combined with two adjunctions to
compute each entry in a finite window.
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Theorem 13.2 (Finite-window comparison). Let C be stable

with a t-structure. If X admits connective reconstruction and 'Y

admits coconnective reconstruction, there is a natural equivalence

Map,(X,Y)~ lim  Map-(W,,.X,W,,Y).  (13.3)
(m,n)€(Nep)? ’ ’

The transitions on the right apply the appropriate truncation to

both entries. In particular, let F': C — D be exact and t-exact,

with C, D left and right complete. If for all A, B € C¥ and ¢ > 0
the maps

Homy, (A, Blg]) — Homy, p(FA, FB[q]) (13.4)
are isomorphisms, then F' is fully faithful.

Proof. The two reconstruction hypotheses identify the left side
of (13.3) with the limit of Map (7>, X, 7<,Y). Since the target
is coconnective in degree n, the adjunction for 7, allows the
source to be replaced by W, ,X. This source is connective in
degree —m by Lemma 8.1, so the other adjunction allows the
target to be replaced by 7>_,,7<,)Y ~ W,,, Y. Naturality of
both adjunctions and of their truncation comparisons identifies
the tower transitions. For example lowering n composes with
the target truncation and then uses its universal property on
the source. Increasing the lower bound precomposes with a
connective cover and then factors through the connective cover
of the target. These are the maps that result from applying the
indicated truncations to both entries.

For the full faithfulness assertion, the map of mapping spectra
for heart objects is an equivalence. The hypothesis gives the
isomorphism on homotopy groups in degrees —g < 0 by (6.1).
The positive groups vanish by orthogonality. For fixed A in the
heart, exactness of mapping spectra in the second variable and
the Postnikov triangle show by induction that map,(A4,Y) —
map,(FA, FY) is an equivalence for every bounded Y. The
induction uses the same comparison for a shift of a heart object
and the shorter truncation. Next fix a bounded Y and apply the
same induction to the first variable, using contravariant exactness.

76



13 Inverse towers and the comparison of maps

This gives equivalence of mapping spectra for any pair of bounded
objects. Finally F' commutes with the truncations by t-exactness,
so it induces a pointwise equivalence of the two diagrams in
(13.3). Taking limits gives the claimed full faithfulness. O

The inductions on bounded objects are the classical t-structure
dévissage of [41, §1.3]. Formula (13.3) packages the two trun-
cation directions in a coherent diagram of mapping spaces
and makes explicit which reconstruction hypotheses pass from
bounded objects to unbounded ones.

The proof uses all extension degrees in the heart, even when
one is interested only in ordinary morphisms between bounded
objects. A map between bounded objects can compare two
distinct layers, and their relative shift uses a positive group in
(13.4). The heart equivalence itself checks only ¢ = 0.

Corollary 13.3. Under the hypotheses of Theorem 13.2, suppose
the functor of hearts is essentially surjective. If F preserves
limits of coconnective reconstruction towers used to assemble
bounded-below objects and colimits of connective reconstruction
filtrations, then F' is an equivalence. In particular preservation
of all sequential limits and colimits is sufficient.

Proof. Every bounded object of D lifts by induction on the
number of degrees in its window. For the induction step, use
(8.2). Lift the preceding truncation and the last layer using the
induction hypothesis and essential surjectivity on the heart. Full
faithfulness on bounded objects lifts the boundary between them.
The fiber of the lifted boundary maps to the desired object and
belongs to the required window by extension closure. Thus F'
gives an equivalence of bounded subcategories.

For any Y € D, the objects W,,,,Y form a diagram covariant
as m increases and contravariant as n increases. The bounded
equivalence lifts this entire diagram, including its coherences.
First take the inverse limit in n for each m and then the colimit
in m. The corresponding operations in D give 7>_,,,Y and then Y.
The stated preservation identifies the image of the constructed
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object with Y. With full faithfulness this proves the equivalence.
[

In this last proof it suffices that I’ preserve the limits and col-
imits of the lifted diagrams, which are compatible finite-window
towers and filtrations. The simpler sufficient condition of sequen-
tial preservation does not require any identification of a lifted
tower with the truncation tower of its limit before applying F'.

13.3 Tests and counterexamples

For the standard t-structure on D(R) the hypotheses of recon-
struction hold by exactness of products and filtered colimits, as
in Chapter 9. In spectra the same conclusion follows from (13.2)
and the preservation of homotopy groups by filtered colimits.
The two categories D(Z) and Sp have equivalent hearts, both
Ab. The forgetful functor from HZ-modules to spectra is exact
and t-exact and realizes the equivalence of hearts. But it is not
fully faithful. In D(Z), Hom(Fy,F2[2]) = 0 by the length-one
resolution. In Sp, the stable mod-2 operation Sq” is a nonzero
map HFy — X2HIF, [14]. Nonvanishing is detected on the gener-
ator & € H?>(CP™;Fy), since Sq*z = 22 # 0. Thus (13.4) fails in
degree two despite agreement in degree zero.

For a bounded example of the mapping formula, let X = A[i]
and Y = BJj] for heart objects. The tower is eventually constant
once both degrees lie in the interval [—m,n]. Its mapping space
has components Hom(A, B[j — i]). The high homotopy groups
reduce to Hom(A, B[j —i — ¢]) for ¢ > 0, and vanish when
the difference is negative. This recovers the extension spectrum
calculation from a single finite rectangle.

Exercise 13.4. Suppose a tower of spectra has 7,.X,, = 0 for
q < 0, and every transition on 7, is surjective. Show that its
limit is connective. Explain why this assertion does not follow
from connectivity of the terms alone.
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13 Inverse towers and the comparison of maps

Solution. For any tower of surjections the shift difference on
the product is surjective: choose xy, and solve for z,, lifting
x, — b,. Hence lim' 7y X,, = 0. In (13.2), the only possible group

in negative degree is that term at ¢ = —1. In calculation 13.1
the transitions on my are not surjective, and the derived limit
contributes in degree —1. O]
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Chapter 14

Cohomological amplitude
and output windows

14.1 An input interval for a finite out-
put interval

Let C, D be stable t-categories. Say that an exact functor F' :
C' — D has amplitude bounded by [—d, 0], for d > 0, when
it takes Cs( into D>_4 and C< into D<y. This is a one-sided
cohomological bound in homotopy indexing. In cochain indexing
a heart object can have cohomology in degrees 0 through d. For
example derived invariants for a group of cohomological dimension
d have this form under suitable hypotheses. The bound is about
whole halves of a t-structure. A check restricted to heart objects
needs an additional argument for unbounded inputs.

Theorem 14.1 (Amplitude and windows). If F' has amplitude
bounded by [—d,0], then for all X € C and all integers a < b
there is a natural equivalence

T F(X) 2 Ty F (T pra X). (14.1)

The equivalence is induced by the span from F(15,X) into F(X)
and into F (T prqX).

Proof. The cofiber of F/(75,X) — F(X) is F(7T<4—1X), which lies
in D<,_;. Mapping from a test object in D>, into this triangle
shows that applying 7>, to the first arrow gives an equivalence.
The fiber of F(75,X) — F(Tlap+qX) i8 F(T>p1411X) by the
truncation triangle and Lemma 8.1. By the lower bound it lies
in D>p+1. Mapping from the triangle into an object in D,
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14 Cohomological amplitude and output windows

shows that applying 7<; to the second arrow gives an equivalence.
Applying the full window to both arrows and using commutation
of truncations proves (14.1). Every map used is a functorial
truncation comparison, so the equivalence is natural in X. [

The proof is a finite truncation argument using the standard
orthogonality and adjunctions of a t-structure [41, §1.3]. It
applies to each object without a completeness hypothesis once
the amplitude bounds hold on both entire halves; extending
bounds verified only on the heart is the separate issue below.

The same proof gives a shifted version. If F/(C>q) C D>y and
F(C<p) C D<, for £ < u, the interval is [a — u,b — {], since
one can apply the theorem to X “F with d = u — £. The shifts
express the minimal distances from the tested output to the
relevant input layers. When the extremal bounds are realized on
heart objects the interval is sharp in the following sense.

Proposition 14.2 (Sharpness on a layer). Assume there is A €
CY with m_qF(A) # 0. The upper endpoint b+d in (14.1) cannot
be lowered uniformly. If there is B € C° with moF(B) # 0, the
lower endpoint a cannot be raised uniformly.

Proof. Take X = A[b + d|. Removing the highest input de-
gree in the interval removes the whole object, while m,F'(X) =
m_qF(A) # 0. For the other endpoint take X = Bla] and use
T F(X) = moF(B). O

A window is an object with its extension data. Even when the
target is a derived category of modules, selecting only the groups
in the source interval loses the connecting maps. This can affect a
single output group. Consider R = k[z,y] and k = R/(x,y). The
Koszul resolution gives Ext’y(k, k) = k, k2, k in degrees 0, 1,2 and
zero above. Let u : k — k[2] be the class of its top degree and let
X =fibu. Then m1oX = mX = k. Put F' = RHompg(k, —) with
values in D(k), using the derived k-linear module structure, or
use its underlying D(Z)-valued functor. The resolution of length
two yields the bound [—2,0] on both halves. Applying F' to

k1] — X — k= k[2]
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shows that the map moF (k) — moF'(k[2]) is an isomorphism: it
sends the identity to u. The preceding group m F'(k) is zero. The
resulting long exact sequence gives moF(X) = moF(k[1]) = k%
For the split object the output group in degree zero is k> @ k.
Here the upper layers are the same, but the boundary in the
finite input interval changes the answer.

14.2 Extending bounds from the heart

Lemma 14.3. Let D = Sp or D = D(R) with its standard t-
structure. Suppose F': C'— D is exact, preserves the limits of the
coconnective towers of connective objects, and every connective X
is the limit of its tower in C. If F(A) € D>_q4 for every A € C¥,
then F(CZ()) C Dz_d.

Proof. For X € Csg, each 7<, X, n > 0, is built from its finitely
many layers in degrees 0,...,n. By the lower bound on the
heart and extension closure, F'(7<,X) € D>_4. The fiber of its
transition to F(7<,-1X) is F'(7,X)[n] € D>,_q4. For each fixed
degree ¢, the transition on m, is an isomorphism for n > ¢+ d, by
the exact sequence. In particular the tower of m,’s is eventually
constant, and (13.2) gives 7, F(X) = lim, 7, F(7<,X). This
group is zero for ¢ < —d. The stated detection of connective
objects by their groups in D proves the bound. O]

For the upper bound, let F' be right adjoint to a functor
L : D — (C preserving connective objects. By suspension,
L carries D>; into C>; when L is exact. For X € C<y and
U € Dsy, Map,, (U, F(X)) ~ Map (LU, X) ~ *. Orthogonality
gives F(X) € D<o. Thus a derived right adjoint often has the
upper bound immediately, while the lower bound comes from a
cohomological dimension argument such as Lemma 14.3. This
proof also indicates where the hypotheses enter: without eventual
stabilization, a tower of uniformly bounded-below objects can
have a lower homotopy group in the limit.
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14.3 Two finite tests

First take R = Z, M = Z/p, and F' = RHomz(M,—). The
resolution [Z % 7] identifies F(X) with fib(p : X — X). For
every ¢ there is an exact sequence

0 — 1 X/prg1 X — 7, F(X) — (7, X)[p] — 0.

It directly proves the amplitude [—1,0]. The input interval for
degree ¢ is [q,q + 1]; the two end groups in the short exact
sequence are computable from the homotopy objects of X. The
short exact sequence follows from a coherent fiber, and its middle
group is specified by the whole two-layer window.

Second take F': Fun([1],D(R)) — D(R) to be evaluation at 1.
It has bound d = 0, since truncations are pointwise. In contrast,
the limit of a diagram of shape BZ is the fiber of 1 — v from
Chapter 3. It has bound d = 1 by the same long exact calculation,
and this bound is sharp on a nonzero trivial action. The two
index categories have different coherent cone requirements. In
the first case the actual limit is evaluation at 0, which also has
bound 0. In the second, a cycle forces a path comparison between
a value and its transport.

14.4 Composition and a relative form

If exact functors F' : C — D, G : D — FE have amplitude
bounds [—d, 0] and [—e, 0], the composite has bound [—(d + ¢), 0].
This follows by applying the two inclusions to shifted halves.
Equivalently one may compute an output window [a, b] of GF
by first retaining the window [a, b + €] of F', and then retaining
l[a,b + e + d] in the original input. The comparison spans in
Theorem 14.1 are natural, so these two computations identify the
same window of the composite. No equality of the best possible
bounds is asserted by this additive upper bound.

A relative version works for a square of exact t-categories and
a comparison F' — G between functors of the same bounded am-
plitude. Applying Theorem 14.1 to both sides identifies the map
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between output windows with its computation on the same input
window. Thus to verify that a comparison induces equivalences
in degrees [a,b] on every input, it suffices to verify it on inputs
already in [a, b+ d]. If the comparison is between exact functors
and one has a natural transformation between them, one can use
finite Postnikov induction to verify it on those bounded inputs
by testing on the corresponding shifted heart objects. This last
induction may require testing an extra endpoint if only partial
comparison bounds are known. When the transformation is an
equivalence on the entire output of each heart object, exactness
gives the induction without an endpoint adjustment.

Exercise 14.4. Suppose F' has amplitude bounded by [/, u] with
¢ = —2,u4 =1. Which input interval suffices for output [—1,2]?
Give a test that would prove its upper endpoint sharp.

Solution. The interval is [—2,4] by the shifted formula. To test
the upper endpoint, find a heart object A with m_oF(A) # 0.
Then A[4] has zero smaller input window, but its output has
nonzero my. The lower endpoint is tested by a heart object with
nonzero m F'(A) shifted to degree —2. O
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Part IV

Higher sheaves and their
cohomology

Covering sieves, hypercovers, and exact sheafification give the
passage from presheaves to derived coefficients. Open
decompositions provide local section and extension formulas.
Finite posets, higher monodromy, and a relative projective line
then test these formulas with explicit cochains. A family of
spheres accumulating at one point supplies a sheaf-theoretic test
of the completeness hypothesis, and local-to-global Ext connects
the calculations back to the classical extension groups.
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Chapter 15

Sites and sheaves of spaces

15.1 The topology of a sieve

Let C' be a small ordinary category. A sieve S on U is a sub-
presheaf of the ordinary representable yU closed under precom-
position. A Grothendieck topology specifies covering sieves, re-
quiring the maximal sieve to cover, stability under pullback of
sieves, and transitivity of covering. Regard a sieve as a presheaf
of discrete spaces. A space-valued presheaf F is a sheaf if, for
every covering sieve,

F(U) ~ Mappcy(yU, F') — Mapp) (S, F) is an equivalence.

(15.1)
By Theorem 2.3 the right side is the limit of the values F'(V') over
the opposite of the category of arrows V' — U in the sieve. Its
objects are local sections and its paths and higher cells enforce
coherent compatibility. For discrete I, a limit of discrete spaces
is discrete and calculated as the ordinary set of matching families.
Thus the 0-truncated sheaves are precisely ordinary sheaves of
sets. One can see the reverse implication by testing truncation on
the sheafifications of representables, which detect all evaluations.

In the site of open subsets of a topological space, the topology
uses ordinary open covers. For a family {U;} covering U, the Cech
nerve of [[; yU; — yU has degree n equal to the coproduct of
representables of the (n 4 1)-fold intersections. In presheaves its
realization is the generated sieve. Indeed the map of presheaves
is pointwise a map of discrete sets, and its Cech realization at
each test object is the ordinary image, by Proposition 5.2. The
same statement works in a site with the required fiber products
for the covering family. Mapping into F gives the coherent Cech

86



15 Sites and sheaves of spaces

formula

105-0ytn

F(U) ~ Tot ([n] — ] FUi,n---nN Uin)) : (15.2)

Here Tot means the limit over A, with all faces and degeneracies.
In a general site the sieve version requires no fiber products in C.

15.2 Sheafification as a localization

Write X = Sh(C;S). This is the accessible left exact localization
of P(C) at the covering sieve inclusions [18, §6.2.2]. Its reflector
a is sheafification. The adjective left exact means that a preserves
finite limits. The inclusion preserves all limits, because being
local is tested by mapping-space limits. Colimits in X are formed
by taking a presheaf colimit and applying a, as follows from its
adjunction. In particular the image in X of a covering sieve is
the entire sheafified representable.

One construction starts with matching-family operators. For a
presheaf F, the first operator at U takes a colimit of Map(S, F')
over covering sieves ordered by refinement, using restriction along
an inclusion of smaller sieves. Intersections of covering sieves
are covering, so the refinement indexing is filtered. Filtered col-
imits of spaces commute with finite limits and each Map(.S, —)
preserves limits. This is the source of left exactness of the op-
erator. Iterating the operator at an adequate regular cardinal
yields sheafification; its accessible localization property and con-
vergence are standard [18, §6.2.2]. In the set-valued theory two
applications suffice. The transfinite formulation avoids a bound
on the number of coherences that must be imposed for arbitrary
space-valued data.

Example 15.1 (Sections of a constant sheaf). Let X be the
disjoint union of two nonempty connected spaces. The constant
presheaf on a set A has value A even on the empty open set.
Its sheafification is the sheaf of locally constant maps to the
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15 Sites and sheaves of spaces

discrete space A. A section over all of X is a pair in A x A. One
proves this by taking the sheaf of germs: local sections of the
presheaf are constant, and specifying their compatible germs is
precisely local constancy. For the empty open, the sheaf has a
single section, enforced by the empty cover.

15.3 Stalks and concrete sheaves

For a topological space X and x € X, the stalk of a presheaf
is the filtered colimit over open neighborhoods of x, ordered by
reverse inclusion. For a sheaf of sets F' the stalk F) consists of
germs of sections. The disjoint union of all F, maps to X and
has a topology with basic opens

{[s]lz |z €U}, s€ F(U).

If two such basic opens meet, equality of germs gives an open
neighborhood where the sections agree, so these sets are a basis.
Projection restricts to a homeomorphism on each such basic open
onto U. Conversely the local sections of a local homeomorphism
over X form a sheaf. A continuous section of the germ space
is locally one of the basic sections, and compatibility glues it
uniquely to a section of F. These operations identify ordinary
sheaves of sets with spaces étalé over X. This recovers the
concrete sheaf construction in [38, §§4.2-4.5].

A sheaf of spaces also has a stalk computed by this neigh-
borhood colimit. Stalks are inverse image functors of points of
the sheaf oo-topos. The functors preserve finite limits because
the colimits are filtered, and they preserve colimits in the sheaf
category by the inverse image adjunction. On finite truncations,
a map of sheaves is an equivalence when it induces equivalences
on all stalks. For 0-truncated sheaves this follows by local lift-
ing and local equality of sections. For higher finite truncations,
homotopy fibers and repeated diagonals reduce the assertion by
induction to sheaves of sets. Thus the stalks test all homotopy
sheaves. For unbounded sheaves of spaces the use of the stalks
as a test for equivalence itself requires a completeness condition.
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15 Sites and sheaves of spaces

15.4 Hypercovers and Whitehead
tests

A hypercover of U is an augmented simplicial diagram V, — U in
which V,, covers the nth relative matching object for each n > 0.
Matching objects are obtained by right Kan extension of the
diagram through degrees < n, so the matching map checks that
compatible lower faces can be filled locally. A Cech nerve is a
hypercover with each positive-degree matching map an equiva-
lence. General hypercovers allow a new covering step for each
degree. For sites it is common to take V,, to be a coproduct of
representables and to use locally surjective matching maps.

Hypercompletion X” is the localization at the infinitely con-
nective maps of X', those that induce equivalences on all finite
relative truncations. It is left exact. An object is hypercom-
plete if it is local for this class, and equivalently if it satisfies
descent for hypercovers in a suitable site presentation [18, 8, §6.5].
Hypercover descent is again the totalization formula, now for
all the levels of V,. The equivalence between hyperdescent and
the Whitehead localization in the cited theorem explains why
stalkwise equivalence suffices for hypercomplete sheaves on a
topological space: it gives isomorphism on the finite local homo-
topy invariants, and the localization inverts that comparison. For
categories of spectra one obtains the corresponding statement by
testing all infinite loop space levels.

A finite truncation F is hypercomplete. For a map whose
truncations are equivalences, every mapping-space test into a
finite truncation factors through the finite truncated comparison.
Hypercomplete objects are closed under limits. It follows that an
object reconstructed as the limit of its Postnikov truncations is
hypercomplete. The implication in the other direction requires
further hypotheses. Hypercompletion is defined by a class of
local equivalences; Postnikov completeness asserts a limit recon-
struction inside the chosen category. In stable sheaf categories
these distinctions are treated explicitly in [7, 20]. Finite-window
arguments below state which reconstruction is used.
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15 Sites and sheaves of spaces

15.5 Topos descent and objects over
a base

An oo-topos can be characterized by the higher Giraud axioms
[18, Thm. 6.1.0.6]. In one formulation it is presentable, colimits
are universal, coproducts are disjoint, and groupoid objects are
effective. Universal colimits are those stable under pullback.
Effectivity identifies a quotient with the object whose Cech nerve
is the given groupoid object, as in Chapter 5. A consequence is
descent for slices along an effective epimorphism U — V:

X/V ~ [il]renA X/va<n+1>.
On the right the transition functors are pullbacks. An object over
V' pulls back to a compatible family. Conversely a compatible
family gives a groupoid diagram of its total objects. Its colimit
over the groupoid nerve maps to V', and universal colimits give
the original family after pulling back. Mapping spaces descend by
the same pullback and colimit universal properties. This result
identifies descent as a gluing operation on entire slice categories.
For sets it reduces to gluing families over the fibers of a surjection.

Exercise 15.2. For a discrete group G, apply slice descent to
x — BG in spaces. Identify the limit of categories on the right.

Solution. The n-fold index is a discrete set G™ and the slice of
spaces over it is Fun(G",S). A compatible object is a space with
a coherent G-action, with transition coherences recorded by faces
and degeneracies. Straightening over BG identifies the limit with
Fun(BG,S) (using inversion to pass from the opposite groupoid
if needed). Its underlying bundle is the total object over BG. [
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Chapter 16

Change of space and
supports

16.1 Geometric morphisms

A geometric morphism f : X — Y of oco-topoi is specified by
a left exact left adjoint f* : Y — X with right adjoint f.. On
topological spaces, for f : X — Y, the direct image on a sheaf F'
is

(LE)V) = F(f7'V).

Indeed preimages preserve unions and finite intersections, so the
descent of F' gives the descent of f,F. The inverse image is
obtained by sheafifying the presheaf given at U C X by the
colimit of G(V') over V' 2 f(U), ordered by reverse inclusion.
This is the left Kan extension along the map of open indices in
the appropriate variance. The indexing categories of such neigh-
borhoods are filtered. Finite limits commute with those colimits,
and sheafification is left exact, so f* is left exact. Adjunction is
the Kan adjunction followed by sheafification. In the set-valued
case its stalk at x is Gy(,), which also follows by restricting to
neighborhoods.

For continuous maps X Ly % 7 , direct images compose
by inverse images of opens. Uniqueness of left adjoints iden-
tifies (gf)* ~ f*g* and gives coherent composition for longer
chains, as in Chapter 4. This is the higher-categorical form of
the comparisons of direct and inverse image in [38, §4.7]. In
stable sheaf categories the direct image is exact as a functor of
stable categories: it preserves limits and hence finite colimits
by Proposition 6.1. Its induced degree-zero functor on ordinary
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16 Change of space and supports

coefficients can have higher derived functors. These are measured
by the nonzero homotopy sheaves of the resulting stable object.

16.2 Open base change

Let j : V < Y be an open inclusion and j' : Xy = f~1V — X.
Write fy @ Xy — V for the restriction. There is a canonical
equivalence

JIE = (fv)(§)F. (16.1)

Both sides evaluate on an open W C V as F(f~'W). The re-
striction maps are the same, so this is an equivalence of sheaves,
and the comparison is the mate of the equality of the two com-
posites of inverse images. The argument works for sheaves with
stable coefficients when F' assigns its derived sections to opens.
For ordinary module sheaves the derived direct image has this
same formula with R['(f~'W, F) as the derived value. It can be
seen by using an injective resolution and the fact that restriction
along an open inclusion preserves injectives, since its left adjoint,
extension by zero, is exact. Restriction therefore commutes with
this derived operation.

Calculation 16.1 (A base-change failure for a closed point). Let
J :(0,00) < R be the open inclusion, i : {0} — R, and A # 0 a
constant abelian coefficient. The geometric pullback of j along ¢
is empty. The right side of the base-change comparison for this
pullback has zero stable value. The left side i*Rj,A has mg = A,
since every sufficiently small interval about 0 meets (0, 00) in a
connected interval and the transition maps on its sections are
identities. The stalk colimit computes my of this value. Thus
the comparison fails. The topological square is Cartesian, while
the neighborhoods used in the direct image still see the open
half-line.
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16 Change of space and supports

16.3 A slice formula

Let f: X — Y be a map of objects in an oo-topos X, viewed
now through the slice base-change adjoints. Suppose g : Y’ — Y,
X =Y xy X,and f': X =Y’ ¢ : X' — X are the other
edges. In slices there is always a Beck—Chevalley equivalence

gIZ~fAg)Z  (Z€Xx)

To verify it, let W — Y be a test object. By the adjunctions of
Chapter 4,

Map (W, g" fZ) = Map v (g W, f..Z)
~ Map, x ([*g:W, Z),
Map/Y’(W fig)Z) ~ Map/X/((f')*VV, (9")2)
~ Map, x (g:(f')*W, Z).

The objects f*gW and g/(f')*W are both X xy W over X. Hence
the two functors of W agree. This formula concerns dependent
products of objects in slices. Calculation 16.1 concerns geometric
direct images of sheaves along maps of spaces. The dependent
product argument applies when the given square is a square of
these slice constructions.

16.4 Open and closed decompositions

Fix a topological space X, open subset U, and closed complement
7, with inclusions j : U — X and i : Z — X. Work with derived
sheaves of modules over a fixed ordinary ring. The stalk functors
detect equivalences in this model, as proved in Chapter 17. The
functor j* has a fully faithful left adjoint j, extension by zero,
and a fully faithful right adjoint Rj,. The first has the prescribed
stalk on U and zero stalk on Z, and is exact by the stalk criterion
for ordinary sheaves. The second is fully faithful by (16.1) applied
to U. The functor ¢* has fully faithful right adjoint 7., exact for
a closed embedding: at points of Z its stalks are those of the
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16 Change of space and supports

original sheaf, and outside Z there is a neighborhood disjoint
from Z. This also shows 7, preserves colimits. Its right adjoint
in the derived setting is denoted 3.

Proposition 16.2 (The two support sequences). There are
functorial cofiber sequences

jj*F — F — i,i*F, ii'F — F — Rj,j*F.

Proof. The first comparison has composite zero because i*j; = 0.
Its cofiber map is an equivalence on U, where both cofiber and
140" F vanish, and on Z, where both identify on stalks with F.
Thus it is an equivalence. In particular any sheaf restricting
to zero on U is in the image of 7,. The fiber K of the second
comparison restricts to zero on U, since j*Rj, ~ id. For any B
on Z the space of maps from i, B into Rj.j*F is contractible, by
7%1,B = 0 and the adjunction for j,. Thus maps from ¢, B into
K agree with those into F. Since K is in the essential image
of i,, its inverse image represents i'F' by the universal property.
This gives the second sequence. O]

Applying derived global sections gives the triangle
RI'z(X,F) — RI(X,F) — RI(U, j*F)

where the first term is RI'(Z,i'F)). Indeed the second support
sequence initially gives RI'(X,i,i'F), and composition of the
section and direct-image right adjoints gives

RI'(X,i,i'F) ~ RI(Z,i'F).

In degree zero for an ordinary sheaf it consists of sections whose
restriction to U vanishes. The higher terms measure the obstruc-
tion to solving that vanishing problem in resolutions. The triangle
is the cohomological exactness axiom for the open complement.

Calculation 16.3 (A local contribution at a point). Let X = R?
Z = {0}, and use the constant sheaf with coefficients A an abelian
group. The classical comparison with singular cohomology applies
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16 Change of space and supports

to these locally contractible paracompact spaces [4, 15]. The
derived global sections on X are A in degree zero and on U =
R? — {0} they have groups A in degrees 0, 1. Restriction is the
identity on H°. The long exact support sequence then gives
HL(X,A) = 0 for ¢ # 2 and H%(X,A) = A. The boundary
from H'(U, A) supplies this isomorphism. Replacing the open
complement by a contractible model would remove this local
contribution.

Exercise 16.4. If X = U II Z is the disjoint union of two open
and closed subsets, show that the two support sequences split
and identify all four adjoints for the two inclusions.

Solution. The empty overlap in descent identifies the sheaf cate-
gory on X with the product of the categories on the two pieces.
Both pullbacks are projections. Each projection has both adjoints
given by inserting zero in the other coordinate, since maps to
and from zero are contractible in stable categories. Therefore
ji ~ Rj, and ¢* ~ ¢' in this case. The two triangles are the
canonical split product triangles. O
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Chapter 17

Derived sheaves of
modules

17.1 Presheaves, sections, and exact
sheafification

Fix an ordinary ring R and a small ordinary site C'. Write
B = Fun(C°?, Modg) for ordinary presheaves of left R-modules
and A = Sh(C;Modg) for ordinary sheaves. The inclusion i :
A — B has a left adjoint a, sheafification. For modules the
underlying abelian group of the sheafification is the sheafification
of the underlying groups. Indeed operations descend along finite
products, which sheafification preserves, and the extension of
each action map is determined by the adjunction. The functor a
is additive, left exact by the finite-limit property of sheafification,
and right exact because it is a left adjoint. Therefore it is exact.
This can also be checked for a topological space on stalks, where
the sheafification map is an isomorphism and stalks are exact
filtered colimits.

For U € C, let R[yU] denote the presheaf freely generated by
the ordinary representable on U. Thus at V' it is the direct sum of
copies of R indexed by V' — U. A map of presheaves from R[yU]
to F'is determined by its value on idy, and a map of sheaves
from aR[yU] is determined by the same rule using the adjunction.
These presheaves are projective generators of B: evaluation is
exact and detects zero morphisms. The sheafified objects generate
A. Their projectivity can fail because sheaf epimorphisms give
local rather than global lifts of sections. Cocompleteness and
exact filtered colimits of A follow by forming the colimits in B
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17 Derived sheaves of modules

and applying a. Thus the resolutions used in Chapter 12 exist in
both categories.

17.2 Exact localization at local quasi-
isomorphisms

Call a map of presheaf complexes a local quasi-isomorphism
if it induces isomorphisms after sheafifying the presheaves of
cohomology groups. In the category of presheaves with values
in D(R), this means that all associated homotopy sheaves of the
map are isomorphic. The equivalence

D(B) ~ Fun(C?,D(R)) (17.1)

uses the projective or injective model structure on diagrams
of complexes, with weak equivalences the objectwise quasi-
isomorphisms [6, 18]. The strictification theorem for diagrams in
a combinatorial model category gives the underlying co-category
of coherent diagrams on the ordinary index category. On objects,
evaluation of the complex of presheaves gives the displayed
diagram. This theorem is what identifies the mapping spaces of
coherent diagrams as well.

Theorem 17.1 (Derived sheafification). The functor D(a) :
D(B) — D(A) is an ezact reflective localization, with fully faithful
right adjoint Ri. Under (17.1) the localization inverts exactly
the local quasi-isomorphisms. For K € D(A), the diagram of its
right adjoint values is U — RI'(U, K).

Proof. For a K-injective complex I in A, the complex il is K-
injective in B. In fact if P is acyclic in B, then aP is acyclic by
exactness, and the complex of maps from P to il is the complex
of maps from aP to I, which is acyclic. The same adjunction of
mapping complexes now gives the derived adjunction D(a) - Ri.
The counit on I is computed termwise by ail ~ I. Hence it is
an equivalence, which makes Rz fully faithful. Exactness of a
gives HY(aP) = aH(P), so the inverted arrows are exactly those
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17 Derived sheaves of modules

specified. Finally (iI)(U) = I(U) computes RI'(U, K) because
the section functor is the ordinary right adjoint evaluated by
Hom4(aR[yU],—). This identifies the diagram with the derived
sections on every U and its restriction maps. O]

For a topological space a map of complexes of sheaves is a
quasi-isomorphism if and only if it is so on all stalks. Indeed a
map of sheaves of modules is an isomorphism if and only if all its
stalks are, and stalks commute with cohomology by exactness.
Therefore the stable category D(Sh(X; Modg)) admits the stalk
detection used in Chapter 16. This argument depends on working
in the localized derived category.

17.3 Hyperdescent and the compari-
son

Proposition 17.2. Under (17.1), the full subcategory given by
Ri is the category of D(R)-valued presheaves satisfying hypercover
descent.

Proof. Let Vo — U be a hypercover built from coproducts of rep-
resentables. The augmented normalized complex of free presheaf
modules on it is a local quasi-isomorphism onto R[yU]. This
is the linearization of the local equivalence of the realization of
a hypercover with its target [8]. A direct verification uses the
matching conditions: for each finite collection of simplices of
a section of the simplicial diagram, a cone with a local apex
can be chosen after a cover, by first lifting the apex and then
filling the prescribed boundary of each cone simplex in order
of dimension. At each finite step refine the cover to satisfy the
finitely many conditions. A finite normalized cycle is then locally
the boundary of the sum of its cone simplices. In degree zero
the same argument applies to the augmentation kernel, and the
augmentation is locally surjective by the covering of U. After
sheafification the augmented complex is exact. This proves the
asserted quasi-isomorphism.
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17 Derived sheaves of modules

Mapping out of that augmentation into RiK is an equivalence
by Theorem 17.1. The mapping spectrum out of a realization is
the totalization of the level mapping spectra, by (3.1) and shifts.
The left term is the section value at U, while the terms on the
right are products of section values on the representables in V,.
Thus the presheaf satisfies hyperdescent.

Conversely, suppose F satisfies this descent and consider the
unit F' — RiD(a)F. Its cofiber @) satisfies hyperdescent because
in stable categories totalizations, being limits, preserve finite fiber
and cofiber sequences. The unit is a local quasi-isomorphism,
so all homotopy sheaves of () vanish. Each presheaf 2°°¥"()
(using the underlying spectrum) satisfies hyperdescent, since it is
obtained by limit-preserving functors. Its associated component
sheaf is terminal and its higher homotopy sheaves are trivial.
Translation in the group-like section spaces identifies the tests at
arbitrary local basepoints with the test at zero. By hypercomplete
Whitehead, each of these sheaves is terminal. All the section
spectra of () are therefore zero. Hence the unit is an equivalence
and F' belongs to the essential image. O]

This proof specifies the relation to Cech descent. Every de-
rived sheaf diagram satisfies Cech descent. A diagram with only
Cech descent has the comparison to the hyperdescent localiza-
tion, and the comparison is an equivalence exactly when the
additional hypercover tests hold. A sheaf of ordinary modules
A, placed in cochain degree zero in A, corresponds to the dia-
gram U — RT'(U, A), whose section cohomology may be nonzero
in positive degrees. The presheaf U — H(A(U)) can fail even
the stable Cech test. Both diagrams have the same associated
homotopy sheaves, which by itself tests equivalence only after
the appropriate localization.

Here homotopy sheaves are the sheafifications of the homotopy
groups of the section diagrams. The sheaf t-structure on D(A) is
transported to this hyperdescent model through Ri; truncating
an object there can change its sections beyond the objectwise
truncation of the old section spectra. Hypercomplete Whitehead
detects a local object whose associated homotopy sheaves van-

99



17 Derived sheaves of modules

ish. It does not assert that homotopy sheaves commute with
infinite limits. In Chapter 27, a product of positive shifts ac-
quires a nonzero degree-zero homotopy sheaf, and the Postnikov
comparison consequently fails this Whitehead test.

17.4 Varying rings and change of co-
efficients

For a sheaf of ordinary rings Ox on a topological space, one
can sheafify presheaves of Ox-modules by sheafifying the action
as well. Stalkwise this gives the usual (Ox),-modules. The
adjunction is again exact on the left, and the derived localization
argument of Theorem 17.1 applies to the abelian presheaf and
sheaf categories. The identification (17.1) with a single fixed
target D(R) was for constant coefficients. For varying coefficients
the module at U is over Ox (U), with restriction involving the
maps of rings. A fixed-target diagram of plain modules does not
specify these actions.

For a morphism of ringed spaces f : (X, Ox) — (Y, Oy), the
inverse image of underlying sheaves f~! is exact, but extension of
scalars can require derivation. The left adjoint to R f. on derived
modules is

Lf* (M) = Ox @0, f'M.

The formula follows by the two adjunctions for inverse image and
extension of scalars, after taking K-flat and K-injective models
[34]. Flatness of Ox over f~'Oy suffices to use the underived
formula on discrete modules. For the ring map Z — Z/p on
one-point spaces and M = Z/p, calculation 12.2 gives an extra
homotopy group in degree 1. The geometric inverse image on
underlying sheaves is exact in this example; the additional group
is caused entirely by the scalar extension.

Exercise 17.3. For a point with coefficient ring R, determine
the functors in Theorem 17.1. For an infinite discrete space
with the same coefficients, identify the product and coproduct
descriptions of its sheaf category.
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17 Derived sheaves of modules

Solution. A sheaf on a point is specified by the module on the
point, with zero on the empty open. The derived section diagram
is the chosen complex on the point and zero on the empty open.
For an infinite discrete space X, the point inclusions give a cover
by pairwise disjoint opens. A sheaf is specified by its values on
these points, and its value on U is the product of the values
on the points in U. The stable category is [[,cx D(R) with
coordinatewise products and coproducts. Global sections is the
product functor; the categorical coproduct of a family of sheaves
is computed at each point as a direct sum. O
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Chapter 18

Global sections and acyclic
sheaves

18.1 Representing global sections

For a topological space X and an ordinary ring R, let Ry de-
note the constant sheaf of left R-modules. A map Rx — A is
determined by the image of 1, a global section of A. The same
statement holds over an open set. The adjunction between the
constant sheaf functor and global sections extends to derived
categories:

Ax : D(R) = D(Sh(X; Modg)) : RT'(X, —).

Here Ay is formed by sheafifying a constant presheaf complex.
It is exact on ordinary modules, because this can be checked on
its stalks, and it preserves colimits. The adjunction on complexes
follows from the underived one using a K-injective target. For
the rank-one free module R, the right adjoint has underlying
spectrum map(Rx, —). Hence

H(X,A) = 7_,RI(X,A) (A€ Sh(X;Modp))

is classical sheaf cohomology. This also follows directly by ap-
plying I' to an injective resolution. Every cofiber sequence of
derived sheaves yields a long exact sequence of cohomology, as
derived global sections is exact by Proposition 6.1. For the point,
the right adjoint is evaluation and discrete coefficients have only
degree-zero cohomology.

A sheaf A is acyclic for global sections if H?(X,A) = 0 for
q > 0. For such A, the natural arrow from its underived sections
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18 Global sections and acyclic sheaves

in degree zero to RI'(X, A) is an equivalence. It suffices for
computation that the terms of a bounded-below resolution be
acyclic for the selected section functor, by the proof in Chapter 12.
The following classes of sheaves give concrete resolutions.

18.2 Flabby sheaves

A sheaf of modules A on X is flabby (also called flasque) if
A(V) — A(U) is surjective for all U C V open. This is a stronger
lifting condition than the local one in a sheaf epimorphism. It
is inherited by restrictions to opens. The key lifting lemma is
global.

Lemma 18.1. For a short exact sequence 0 - A — B — C — 0
of sheaves of modules with A flabby, B(U) — C(U) is surjective
for every open U. If B is also flabby, so is C.

Proof. Fix s € C(U). Consider lifts over open subsets of U,
ordered by extension of the lift. A chain of lifts glues over its
union by the sheaf condition. Choose a maximal lift ¢ over
W C U. If a point of U lies outside W, the local surjectivity of
the given epimorphism gives a lift ¢’ over a neighborhood V' C U
of that point. The difference of the lifts on VNW is in A(VNW).
It extends to A(V') by flabbiness. Adjust ¢ by this extension and
glue to t, contradicting maximality. Thus W = U. If B is flabby,
a section of C' on U C V lifts to B(U), extends to B(V'), and
maps to an extension in C'(V). O

An injective sheaf of modules is flabby. To prove this, let j; :
U — X and jy : V < X be open inclusions. The comparison
JunRy — JyiRy is a monomorphism, by its stalks. Mapping it
into the injective sheaf gives a surjection, which identifies by
adjunction with restriction from V to U. The argument also
works for a varying sheaf of rings Ox by using its restrictions as
free rank-one modules. Now resolve a flabby sheaf A by injectives.
At each step embed the current flabby cokernel into a flabby
injective. Its new cokernel is flabby by Lemma 18.1, and the
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18 Global sections and acyclic sheaves

sequence remains exact on sections. Applying this at every step
shows H?°(U, A) = 0. This proves flabby acyclicity on each
open [33].

18.3 The Godement construction

For a sheaf A of modules, form the sheaf

GAW) = T] A
zelU

It assigns an arbitrary family of germs to each open set. Restric-
tions are coordinate projections, so it is flabby. A section gives its
family of germs, which embeds A into G(A). If a section has all
germs zero, its restrictions vanish on neighborhoods of all points
and the sheaf property gives its vanishing. The same formula
gives a sheaf of Ox-modules using the maps Ox(U) = (Ox)..

Set C% = A, I" = G(C"), and C""! = coker(C" — I™).
The differential 1™ — I"™! is the quotient map followed by the
germ map of C"*!. The resulting augmented complex is exact
by construction and is functorial in A. Its terms are flabby,
so I'(U, I*) computes the derived sections of A for every open
U. This gives a model compatible with all restrictions at once.
The formula uses products of stalk modules, which are taken in
ordinary modules and are exact. The sheaf-theoretic cokernels
are still formed by sheafification and can differ from pointwise
cokernels. Tracking this distinction is necessary when evaluating
the resolution on an open.

Example 18.2 (Acyclic on one space and on all opens). For an
injective A, H77%( X, A) = 0 follows from the definition of derived
functors. The flabby argument yields the stronger statement on
every open U and makes it independent of the initial injective
model. For a sheaf known only to be X-acyclic, that statement
on opens is a separate property. An open inclusion j computes
(RjxA)(V) from sections on V N U, so acyclicity on all these
opens is the property needed to replace the derived direct image
by an underived one.

104



18 Global sections and acyclic sheaves

18.4 Soft and fine sheaves

For a Hausdorff space X, a sheaf A is soft when sections over
a closed subspace Z, meaning sections of i~'A on Z, extend to
X. On paracompact Hausdorff spaces soft sheaves of abelian
groups are acyclic for global sections [4, 16]. This proof uses local
extension and a locally finite shrinking of a cover to combine
extensions over closed sets. In contrast, flabbiness is a lifting
property for opens and its proof above uses a maximal open lift.
The paracompactness assumption for soft acyclicity supplies the
refinement step.

A sheaf of abelian groups is fine if, for each locally finite open
cover U;, the identity is a locally finite sum of endomorphisms ¢;
supported in U;. For a paracompact Hausdorff space this gives
acyclicity. The usual Cech contraction for a cover admitting
these endomorphisms takes a p-cochain ¢ to the (p — 1)-cochain

(he)ig..ip1 = Z G5 (Cjig...ip_1)-
J

Each summand is initially defined on the overlap with U;, and
its support permits extension by zero to the required intersection.
The sum is locally finite. The alternating Cech differential satisfies
dh 4+ hd = id in positive degrees, since the term omitting the j
index gives 37, ¢; = id and the other terms cancel. Refinement
by locally finite covers and the comparison of Cech and derived
cohomology on paracompact Hausdorff spaces give the acyclicity
assertion [4]. On a smooth paracompact manifold, sheaves of
smooth modules are fine using smooth partitions of unity.

Calculation 18.3 (A fine resolution on a circle). On a smooth
paracompact manifold the de Rham complex resolves the con-
stant real sheaf by the Poincaré lemma. Its terms are fine, so it
computes RI'(X, R) via global differential forms. On a circle with
periodic coordinate ¢ of period 1, a 1-form is g(t) dt. It is exact
if and only if [y g(t)dt = 0. Necessity follows by integrating a
derivative of a periodic function. For sufficiency ¢ + [ g(s) ds
is a periodic primitive. Thus H°(S;R) = R from the constant
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18 Global sections and acyclic sheaves

functions and H'(S';R) = R from the integral. Higher cohomol-
ogy vanishes because there are no forms in higher degrees. This
resolves the constant sheaf using a sheaf of real vector spaces
that supports local multiplication by functions.

Exercise 18.4. Show that a skyscraper sheaf 7,,M at a point is
flabby. Describe the restrictions of its global sections when x is
a nonclosed point.

Solution. On U the value is M if x € U and zero otherwise.
For an inclusion the restriction is either the identity or the
unique surjection onto zero. This proves flabbiness without a
closedness assumption. If x is nonclosed, a point y € {x} has
every neighborhood containing x; the stalk at y is therefore
M. The sheaf can have nonzero stalks at specializations of x.
Extension by zero on the complement of a closed subspace in
Chapter 16 uses closedness to obtain its stated stalk formula. [J
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Chapter 19

Cech complexes,
totalization, and
convergence

19.1 The two-open calculation

For two opens U, V' covering X, sheaf descent in a stable coefficient
category gives

F(X)— FU)e F(V) X% F(UNV) (19.1)

as a fiber sequence. This follows from the pullback of the two
section maps, since a pullback in a stable category is the fiber
of their difference on the biproduct. For a derived sheaf F, the
terms are its derived sections. The long exact sequence of 7; is
Mayer—Vietoris. For an ordinary sheaf, F'(U) means RI'(U, F') in
this formula, and the complex of ordinary sections computes the
fiber if all three opens are acyclic for the coefficient sheaf.

For a finite open cover {U;},_,, let Uy = N;c; U; for each
nonempty subset I. The diagram of yU; with inclusion maps
has colimit the covering sieve in presheaves of spaces. Evaluated
on a test open W, the nonempty subindex of those I for which
W C Uy is the poset of nonempty subsets of {i : W C U;}, with
reversed order. It has an initial object and thus contractible
groupoid completion. If the set is empty the colimit is empty.
This proves the identification with the sieve. Consequently the
derived value on X is the limit of the diagram of the F(Ur)
with maps by restriction. If every nonempty finite intersection is
acyclic for an ordinary coefficient A, this limit is the alternating
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19 Cech complexes, totalization, and convergence

complex with term

C* = H A(U{io7~-.,i5})
o< <is

in cochain degree s, using restriction on each face. One obtains
this complex either by a projective resolution of the finite subset
diagram as in Chapter 20, or by the alternating augmented chain
resolution of the cover. In the latter proof each test open in
the sieve gives the augmented chain complex of a simplex on
its set of eligible indices. Its contraction proves exactness after
sheafification. Applying derived maps into A gives the claimed
finite complex, since the intersections are acyclic.

Calculation 19.1 (Failure of the ordinary section complex).
Consider the cover of S? by U = S? — {N} and V = 5% — {S},
with constant abelian coefficient A # 0. The opens U,V are
contractible, and U NV deformation retracts to S'. The ordinary
sections on each nonempty open are A, so the two-open complex
has only A in cohomology degree zero. In (19.1) the overlap has a
further degree-one cohomology group A, which gives H?(S5?%, A) =
A by the boundary. All of these section cohomology calculations
agree with singular cohomology on the spaces in question. This
example isolates the acyclicity hypothesis in the ordinary Cech
calculation.

19.2 Cosimplicial filtration

For a cosimplicial spectrum C*, let Tot, C'* be the limit through
degree s (equivalently the totalization against the s-skeleton
of the cosimplicial simplex). The partial totalizations form a
tower whose limit is Tot C'*. Let M*C' be the degree-s matching
object defined from the codegeneracies to lower degrees, and

N*C' = fib(C* — M*C'). There is a fiber sequence
PN*C — Tot, C* — Tots_1 C*°. (19.2)

The first step Totg = C° uses Tot_; = 0. For s > 0, extending the
data from lower degrees amounts to assigning the s-simplex with
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19 Cech complexes, totalization, and convergence

its boundary given by cofaces and its images under codegeneracies
given by the matching object. Taking the fiber over the zero
lower data gives a map from A®/OA® ~ S* into the matching
fiber, which is 2°N*C'. One may carry out this computation in
a Reedy fibrant model for the cosimplicial spectrum so that all
the pullbacks are the specified homotopy pullbacks. This is the
totalization tower of Bousfield and Kan [3].

Applying homotopy groups to (19.2) gives the exact couple of
the tower. In the indexing with abutment m;_, Tot C*, the first
term is E}" = m,N°C. The split codegeneracy relations identify
it with the normalized cochains of the cosimplicial abelian group
m,C*®. The first differential is the alternating sum of the cofaces:
they are the attaching maps for the oriented boundary of the
s-simplex. Consequently

Byt = H*(m,C*), d, . B3 — pernitr=l (19.3)

This indexing keeps the degree change of a differential equal to
—11in ¢t —s. The spectral sequence is initially associated with the
tower. Identification of its stable filtration with the homotopy
groups of the totalization uses convergence.

Proposition 19.2. If there exists N such that every C* is N-
coconnective, then the tower spectral sequence is strongly conver-
gent in each total degree, with a finite filtration on that group.

Proof. Both the matching object and its fiber are N-coconnective,
since that bound is closed under limits. Thus Q°*N®C' has no
homotopy above N — s. For each fixed ¢, the transitions on
7, are isomorphisms for s > N — ¢ 4+ 1 by the long exact se-
quence of (19.2). The same holds for 7, with its corresponding
bound. The Milnor sequence identifies m, Tot C* with the stabi-
lized 7, Toty C*. The filtration by kernels of restriction to the
partial totalizations therefore terminates in degree ¢g. On each
finite stage the exact couple gives the associated graded, and at
any bidegree on a fixed total line outgoing and incoming differen-
tials involve only finitely many possible columns because of the
uniform bound and s > 0. This gives the finite filtration and its
associated graded from (19.3). O
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19 Cech complexes, totalization, and convergence

For a hypercover U, — X and a derived sheaf K, apply this
tower to the section spectra on U (products if Uy is a union of
representables). The totalization is RI'(X, K') by Proposition 17.2.
An ordinary sheaf placed in degree zero gives N = 0 because
derived sections are coconnective for such a sheaf, and products
of spectra preserve this bound. The FEs-page may have several
nonzero rows indexed by the cohomology of the opens in the
hypercover. When every component of every Uy is acyclic, the
single row gives the ordinary normalized Cech or hypercover
cochain calculation. For a general unbounded K, convergence
can be proved by showing stabilization in a given total degree or
by a separate cohomological dimension bound. The existence of
the totalization by itself gives neither condition.

19.3 A Postnikov calculation of hyper-
cohomology

The tower in the preceding section uses cosimplicial degree. An-
other tower uses the Postnikov layers of K and the exact functor
F = RI'(X,—). Let HY(K) denote the ordinary cohomology
sheaf of a derived complex. For bounded K, applying F' to each
successive layer triangle gives the spectral sequence

EPY = HP(X, H(K)) = HPYRI(X, K).

The shift convention is H9(K')[—q] for the layer. This is the same
exact-couple construction as (12.1). Its differentials encode the
boundaries of the layer tower. If F' has amplitude [—d, 0], Theo-
rem 14.1 shows that to compute H’ of the abutment it suffices to

use input cohomology degrees 7 — d, ..., 7, with their connecting
data. For a finite range H?, ..., H® in cochain indexing, the input
range becomes a — d,...,b, as follows by replacing homotopy

index g with cochain index —q. The finite reduction computes
the output as a derived object in its range and thus retains group
extensions between adjacent filtration pieces. If only individual
E, groups are used, these extensions remain to be determined.
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19 Cech complexes, totalization, and convergence

Exercise 19.3. For a three-open cover by Uy, Ui, Us acyclic
on every intersection for A, write the cochain groups and both
differentials.

Solution. The groups are C° = [[; A(U;), C' = [1,.; A(U; N U;),
and C? = A(UyNU; NUy). On U; NU;, (de)ij = ¢lij — cilij-
On the triple intersection, (dc)oi2 = c12|012 — Co2lo12 + Co1lo12-
The composites vanish by cancellation of each restriction. The
finite intersection descent computation identifies the resulting
cohomology with the sheaf cohomology. ]
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Chapter 20

Finite sites and explicit
cohomological bounds

20.1 Sheaves on an ordered space

Let P be a finite poset with the Alexandrov topology of upper
subsets. Its minimal open at p is U, = {¢ : p < q}. Every
open covering U, contains one member containing p, which then
contains U,. Thus the topology restricted to the basis of minimal
opens has only maximal covering sieves. Restriction to this basis
identifies sheaves with diagrams on P, with p < ¢ giving the
restriction from U, to U,. In stable coefficients D with limits,
the inverse takes a diagram M : P — D to

F(U) = lim M(p).

On U, the index has initial object p, so the formula gives M (p). To
see descent, write each open as a union of its minimal opens, and
use the density of this basis: the covering data for a test minimal
open is the full nerve of those covering opens that contain it. This
index is nonempty for each such test and its augmented Cech
nerve is contractible. The limit formula consequently satisfies
descent for any cover. For modules the abelian equivalence
between sheaves and diagrams is exact, and (17.1) gives its
derived form. Global sections in this model is the coherent limit
over P.
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20 Finite sites and explicit cohomological bounds

20.2 A finite projective resolution

For a commutative ordinary ring R, let P, denote the free R-
diagram on the evaluation at p. Its value at ¢ is R if p < ¢, and
zero otherwise. Maps out of it are identified with evaluation at
p on the free rank-one module. The diagrams P, are projective.
Let R denote the constant diagram. It represents the ordinary
limit because a map from it specifies compatible images of its
generators at all p.

Theorem 20.1. If the longest strict chain in P has d+1 vertices,
the constant diagram R has a projective resolution of length d
with term
B, = P,.
po<-<pn

For R-module diagrams the derived limit has amplitude bounded
by [—d,0]. Its cohomology on an ordinary diagram M is computed
by the cochain groups

Py = 1 Mp.).

Po<-<pn

Proof. For n > 1, on a summand for py < --- < p,, the face d;,
0 <14 < n, omits p; and uses the identity of P, . The face d,
uses the comparison P,, — P, , induced by p,_; < p,,. Thus

=0

d

By

The augmentation € : By — R uses the canonical map P, — R.
At a test g, this becomes the augmented simplicial chain complex
of N(P<,): its basis consists of chains ¢ = (py < -+ < p, < q).
Define

h (C): {(_1)n+1(p0<<pn<Q)a Pn <04,
" 07 Pn = ¢,

and let s_y : R — By(q) send 1 to (q). If p, < g, the last
face of the appended chain has total sign (—1)""1(—1)""! =1
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and returns ¢. For n > 1 and 0 < 7 < n, the other terms of
dhy(c) and h,,_1d(c) cancel because their signs are (—1)"** and
(—1)"* If p, = ¢ and n > 1, only the last face of ¢ contributes
to h,—1d(c), with total sign (—1)"(—1)" = 1. In degree zero,
dho(p) = (p) — (q), with value zero when p = ¢q. Hence

dhn + hn_ld =id (n Z 1), dho + S 1€ = id (n = 0),

and es_; = idg. The augmented complex is therefore objectwise
exact, proving that it is a projective resolution.

Applying maps into M gives the stated cochain groups. For a
chain pg < -+ < pny1, the full differential is

n

(dc)<p07"‘apn+1 Z pOu"')ﬁia"'apn-i-l)
1=0

+ (=" M (pp, = Pni1) (Do, - -, Pn)-

The first n + 1 terms already take values in M (p,41); the last
face requires the displayed structure map.

For a complex of diagrams the same bounded projective resolu-
tion computes the derived Hom from R and thus the derived limit.
Filter the total mapping complex by the finitely many resolution
degrees. Its graded terms are finite products of evaluations of
the input shifted by [—n] for 0 < n < d. For a connective input
these lie in degrees at least —d, and for a coconnective input in
degrees at most zero. Extension closure proves the amplitude
bound for all inputs. m

For the empty poset the limit in a stable category is zero, so
the cohomological bound is automatic; the theorem above uses
nonempty P to specify d. For a poset with an initial object, limit
is evaluation there and the bound can be improved to 0. The
length d is therefore a uniform bound obtained without testing
the shape for a particular simplification.
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20.3 Sharp and nonconstant examples

For a constant diagram M, the differential of C*(P; M) is the
usual simplicial coboundary of N P, with constant coefficients M.
Take P to be the poset of nonempty proper subsets of a set of
d+2 elements. Its order complex is the barycentric subdivision of
the boundary of a (d+ 1)-simplex, which is S?. The largest chain
has d 4+ 1 vertices. For d > 1, a nonzero coefficient gives nonzero
H4(P; M). Therefore d is the best bound on derived limit in
this family, and the upper endpoint of the corresponding input
window in Theorem 14.1 is sharp. A shifted constant diagram
realizes this endpoint in any chosen output degree.

Now take P with three vertices u, v, w, strict relations u <
w, v < w, and no further nonidentity relations. The nerve is
contractible because w is terminal. For the diagram M (u) =
M(v) =0, M(w) = A, the derived limit is the pullback 0 x 4 0 ~
A[—1] in D(R). Thus a constant-coefficient test can miss the best
bound for all coefficients. The projective resolution computes the
same group: C° = A and C!' = A @ A, with diagonal differential
up to the common orientation sign. The kernel is zero and the
cokernel is A. This is an example in which the value at a terminal
vertex gives no shortcut for the limit.

20.4 Relative limits

Let f : P — () be monotone, hence continuous for the upper
topologies. For ¢ € @, put

P,={peP:q< f(p}

This is an upper subset of P. The direct image on U, C () has
value limpe p, M (p), by the formula for the preimage. This is also
the comma category ¢/ f for the pointwise right Kan extension.
For every q with P, # &, let d, be its maximal chain length
minus one. Then the amplitude of the derived direct image is
bounded by [—max, d,, 0] when at least one P, is nonempty, by
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Theorem 20.1 and the pointwise t-structure of the target. Empty
fibers contribute zero. The resulting output window estimate is
uniform over (). At a chosen ¢ the potentially smaller d, controls
the section value there.

The ordinary set-theoretic fiber f~'{q} can give a different
calculation. If P = {p}, @ = [1], and f(p) = 1, then Py = {p}
while f71{0} is empty. The direct image at 0 sees M (p). This is
the finite ordered version of a closed-point base-change failure
and agrees with the comma-category test in Chapter 4.

20.5 The incidence presentation

For finite P, the direct sum G' = @,cp F, is a compact generator
in the stable diagram category. Its endomorphisms are discrete,
with matrix entry from P, to P, equal to R if ¢ < p, and zero
otherwise. Composition uses the unique comparable chain of
morphisms in the poset. Thus Theorem 9.1 identifies the diagram
category with derived right modules over the incidence matrix
ring. Under this equivalence the module for R has one copy of
R at each idempotent with all structure maps identities. The
resolution of Theorem 20.1 is its finite projective resolution by
idempotent summands. In particular the derived limit is a derived
Hom from a perfect object. It preserves coproducts in this finite
case, a property that can fail for limits over an infinite site.

Exercise 20.2. Let P = [1]. Use Theorem 20.1 to compute
the derived limit of My = M; and compare the result with the
initial-object formula.

Solution. The two terms are My @ M; and M;, with differential
(z,y) — y — u(z). The map has section z — (0, 2). Its fiber is
M, with graph inclusion z — (x,u(x)). This gives the limit even
for complexes, by the split sequence of Lemma 6.3, and agrees
with evaluation at 0. O
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Chapter 21

Local systems and higher
monodromy

21.1 Transport along a fundamental
groupoid

Let X be a locally weakly contractible space, such as a manifold
or a finite simplicial complex with its usual topology. Its funda-
mental oo-groupoid I, X is the homotopy type of the singular
complex. Let D be a presentable co-category. A locally constant
D-valued hypersheaf is one that becomes a constant hypersheaf
on the members of an open cover. The higher monodromy the-
orem identifies their category with Fun(Il,,X, D) under these
hypotheses [15, 13]. In this identification a diagram M gives the
section formula

Fy(U) ~ rl{gr[lj Ml u- (21.1)

The result for space-valued coefficients is a higher form of the
classification of locally constant sheaves by covering spaces. For
general presentable coefficients the cited theorem uses the hyper-
descent version.

Here is the mechanism for the formula on a good open cover,
whose nonempty finite intersections are contractible. The ho-
motopy type of X is the colimit of the Cech diagram of the
homotopy types of the cover; this is the topological hypercover
comparison [9]. Functors out of a colimit of groupoids give the
limit of the functor categories by the exponential law and the
mapping-space test. On a contractible open a local system is
determined by its fiber, and all its mapping data agree with those
of the chosen coefficient category. The identifications on overlaps
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21 Local systems and higher monodromy

and their homotopies give an object of the limit, and hence a
functor on II,X. Taking compatible sections of that functor
over U is exactly the limit in (21.1). The theorem extends this
computation to the stated locally weakly contractible spaces.

21.2 Constant coefficients and an or-
dinary case

If D = Set and X is connected and has a basepoint x, the
equivalences in D are ordinary bijections. A locally constant
sheaf of sets is specified by its fiber A and an action of 71 (X, x)
on A. Its global sections are the invariant elements. In fact
the functor on the fundamental groupoid factors through the
ordinary 1-groupoid, because all transformation spaces in the
target have no positive homotopy. The stable case can use higher
homotopy of the automorphism space of its fiber.

If D =D(R) and M is the constant functor at an object F,
then the global sections are cotensor by the space II,,X. For
X = S9 with d > 1, the splitting of the suspension spectrum
with a disjoint basepoint gives

RI'(SY, AquE) ~ E @ E[—d).

This formula also follows by repeatedly covering the sphere by
two contractible opens. The common overlap has the homotopy
type of the sphere of one lower dimension, and the two maps from
E to its sections have the same constant component. Canceling
the split identity component of the difference map in (19.1) gives
the desuspended reduced component. The starting sphere S°
is the two-point product. On an ordinary coefficient £ = A
this computes H® and H¢ with value A. On an unbounded
FE it specifies the whole derived object and shows directly the
amplitude bound on these constant systems.
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21.3 Classification with a fixed fiber

Let M € D, and let Autp(M) be the union of the components
of Map,, (M, M) that are equivalences. It is a group-like space
under composition. The full component of D~ containing M is
a delooping B Autp(M): it is connected, with loop space the
automorphism space. A diagram on a connected oco-groupoid
whose fiber is equivalent to M factors through this component.
With a specified identification of one fiber, its classifying space
is the based mapping space

Map, (I X, B Autp(M)).

Without that identification it is the unbased mapping space. The
distinction is the action of automorphisms of the chosen fiber
on the based classifications. This follows by taking the fiber of
evaluation at x on unbased maps. In the discrete case Aut(M) is
a group and the based description recovers group homomorphisms
on my.

Calculation 21.1 (A spectral local system on a simply connected
space). Let k = Fy, D = D(k), and M = k @ k[1]. The only
invertible component of Map,(M, M) is the identity component,
because a degree-zero map is a diagonal pair of scalars and the
only nonzero scalar in k£ is 1. At that component the positive
homotopy groups are

WlAutD(M) :HOth(M[l],M) g/{, 7rq>1AutD(]\/[) =0.

In degree one the generator is the map from the shifted first
summand of M to the second summand, both k[1]. Hence
meB Autp(M) = k. There is a trivial and a nontrivial local
system with this fiber on S?. They remain distinct after for-
getting the identification of a chosen fiber, since my Autp(M) is
trivial.

Their derived section objects can be compared explicitly. Cover
S? by the complements of two opposite points. Both opens are
contractible and their overlap has homotopy type S!. Fix a
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trivialization on each open. The nontrivial gluing comparison on
the overlap is a loop in Aut(M) representing the nonzero class
above. Under the splitting of overlap sections M @& M[—1], the
two restriction maps from M have the forms (1,0) and (1,v),
with v : M — M|[—1] the adjoint of the loop class M[1] — M.
Indeed the value of the gluing at the chosen point is the identity,
and its reduced component is the loop in the mapping space.
Translating that loop by the identity yields the indicated based
map. This calculation is the tensor adjunction of Chapter 2
applied to S?.

Taking the difference of these maps as in (19.1), the first
component splits as a difference of two identity maps. The fiber
of the full difference is therefore fib(v). Write the shifted target
explicitly as M[—1] = k[—1] @ k. The map

vik@®k[l] — k[-1] @k

is the identity from the first source summand k to the second
target summand k = (k[1])[—1], and is zero on all other entries.
Its fiber therefore retains the unused source k[1] and the loop
Q(k[—1]) = k[—2] of the unused target. Thus

RF(SQ7 Fnontriv) =~ k[l] © k[—Q}

For the trivial gluing v = 0 and the answer is M @& M[—2]. The
two additional groups of the trivial system disappear for the
nontrivial system. This is visible in the coherent overlap map
although all ordinary monodromy on 7;(S?) is trivial and the
two homotopy sheaves of both systems are constant.

21.4 The first obstruction in sections

A coherent section of a local system with fiber M is a point of
a limit and can be lifted through the Postnikov tower of the
coefficient objects. In a stable coefficient category, a system
with two successive homotopy layers A, B[1] is classified by a
boundary A — B[2] in the diagram category. Applying global
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sections gives a boundary on the global derived objects. A section
of the lower truncation lifts precisely when its image under this
boundary is nullhomotopic, and its space of lifts is the fiber of
the corresponding map of mapping spaces. The proof is the fiber
description of Theorem 10.1 applied to the section functor. In
calculation 21.1, the nontrivial loop in the overlap makes this
boundary an isomorphism on one pair of groups. It gives a
geometric source of a nonzero layer differential even though the
stalkwise coefficient complexes split.

Exercise 21.2. Let X = S! and F € D(k), with an automor-
phism u : E — E. Compute the global sections when u — 1 is
an equivalence. For £ = k* and u = (}}), compute the two

cohomology groups of its local system.

Solution. The limit over BZ is fib(1 — u), so it is zero when u — 1
is an equivalence. In the given matrix, u — 1 has one-dimensional
kernel and one-dimensional cokernel. The fiber has H° = k
from the kernel and H' = k from the cokernel, with all other
groups zero. The ordinary invariant sections compute just the
kernel. O
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Chapter 22

Group actions and derived
invariants

22.1 Two adjoints to a constant action

For a discrete group G and a stable presentable category D, the
functor A : D — Fun(BG, D) supplies the trivial action. Its
left adjoint is M +— Mg = colimpg M and its right adjoint is
M — M"@ = limpg M. These adjunctions are the universal
properties of coherent cocones and cones. When D = D(R)
for a commutative ordinary ring, Fun(BG, D) identifies with
D(R|G]): the ordinary diagram category of R-modules on BG
is the category of left R[G]-modules and its derived category
identifies with the coherent diagrams by (17.1). Under that
identification the functors are

Myg ~ R®pyq M,  M"“ ~ RHompg (R, M),

with R the trivial module. The equalities follow from the tensor
and Hom adjunctions, since the derived constant action is restric-
tion along the augmentation. In particular for ordinary modules,
homotopy orbits give group homology and homotopy fixed points
give group cohomology. The latter is HY(G; M) = w_,M"C.
The canonical simplicial free resolution of the trivial module is
the bar resolution [5]. In degree n it is free on n-tuples (g1, . . ., gn)
of group elements, and the differential takes alternating faces
using multiplication of adjacent entries and the action on the first
term. After forgetting the G-action the associated augmented
chain complex is contractible: the homogeneous model has chains
in G"", and prepending the identity gives an extra degener-
acy. Thus it is a projective resolution. Applying Hom(—, M)
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22 Group actions and derived invariants

gives the inhomogeneous cochain complex of group cohomology.
For spectra one obtains the homotopy fixed-point tower by the
corresponding cosimplicial bar of the action, with degree n the
product of underlying spectra indexed by G". The identities
for the action produce its cofaces and codegeneracies. This is a
special case of totalization descent over * — BG.

22.2 The cyclic calculation

Let G =C,, = (t|t" =1), and put S = R[C},,], N=1+1t+
.« 4+ t™ 1 There is a free resolution of the trivial module

st s Mgl g5 R (22.1)

For exactness, write an element of S by its m coefficients. The
kernel of ¢ — 1 consists of constant coefficient vectors, and every
such vector is in the image of N. The kernel of N consists
of vectors whose coefficient sum is zero. It equals the image
of t — 1, since any vector of sum zero is a cyclic difference of
an m-tuple, obtained by successive partial sums. It is also the
kernel of augmentation. The two maps compose to zero because
(t—1)N =t™—1=0. Thus (22.1) is exact for any commutative
R.

For an ordinary left module M, the cochain differential begins
witht —1: M — M, then N : M — M, and alternates. Hence

H(Cpp; M) = ker(t — 1),
H** N (Cpi M) =ker N/(t — 1)M (i >0),
H*(Cyp; M) = ker(t — 1)/NM (i >1).

For the trivial module M = Z, these give Z in degree zero, zero
in all positive odd degrees, and Z/m in positive even degrees.
For the sign action of Cy on Z, t —1 = —2 and N = 0. The
degree-zero and positive even groups are zero, and every positive
odd group is Z/2. The same cyclic group thus gives two patterns
depending on the coefficient transport.

123



22 Group actions and derived invariants

When m = p is prime and R = M = F, with trivial action,
both differentials vanish and every H? is F,. Consequently the
right adjoint M +— M" has no uniform lower bound on the
images of connective objects. In particular there is no finite
input-window formula of the form (14.1) for this right adjoint.
The obstruction appears on one object of its heart.

22.3 Averaging and its derived mean-

ing

If G is finite and |G| is invertible in R, the idempotent

1

62@29

geG

acts on M with image the invariants. Multiplication on both
sides by each g leaves e unchanged. Thus the augmentation
R[G] — R has an R[G]-linear section 1 +— e, making the trivial
module projective. It is also a projective right module by the
same identity. Derived invariants and derived coinvariants on
complexes are calculated termwise. The norm, normalized by
|G|, gives the corresponding isomorphism of underived invariants
and coinvariants: the class of m maps to em and an invariant
x maps back to its class. These inverse identities follow from
the action relations. The map extends to complexes termwise
and provides the coherent equivalence between the two derived
functors. The bound on the right adjoint is d = 0 in this case.
The projectivity argument uses the coefficient ring and cannot
be inferred merely from finiteness of the category BG. Its nerve
has simplices in all degrees, and (22.1) exhibits the positive coho-
mology that may remain. Finite posets and finite groups therefore
provide different geometric tests for cohomological amplitude.
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22 Group actions and derived invariants

22.4 Free groups and a finite cellular
model

For a free group G = F,. on g¢y,..., g, with r > 1, the universal
cover of the wedge of r circles is a tree. It has free G-orbits
consisting of one vertex orbit and r oriented edge orbits. Its
augmented cellular chains give the projective resolution

0 — R[G] Y% RG] — R — 0.

Contractibility of the tree proves exactness of the augmented
chains. Applying the mapping functor into an action gives a
two-term derived complex whose underlying arrow is M — M"
with coordinates g; — 1. On ordinary modules, H? is its kernel,
H?' its cokernel, and the higher groups vanish. For complexes,
this resolution gives a fiber formula and an amplitude bound
[—1,0]. A trivial nonzero module has H' = M"| so the bound is
sharp. This recovers the Z-action calculation when r = 1.

22.5 Comparison with section coho-
mology

The formula for sections of a local system on X uses the homotopy
type [1oX. If X is connected and aspherical, this homotopy type
is Bm X, and the formulas above apply directly to the diagram
of its fibers. For X = S? the fundamental group is trivial and the
space is not aspherical. The cohomology of a constant coefficient
has a degree-two term, as in Chapter 21. The map to BmX
forgets the cell whose cochain produces that term. These two
computations show precisely when derived group invariants model
global sections of local systems.

Exercise 22.1. Let M be the regular module R[C,,] for the cyclic
group. Verify from the periodic formulas that H4>°(C,,; M) = 0,
even when m is zero in R.
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22 Group actions and derived invariants

Solution. For the regular action ker(t — 1) = RM, with My = N,
and the image N M is the same set of constant coefficient vectors.
The kernel of N is the image of t—1, by the partial-sum calculation
in (22.1). Both positive-degree quotients vanish. This is acyclicity
of a specific coefficient module and holds independently of the
amplitude on all modules. O
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Chapter 23

A ringed calculation on the
projective line

23.1 Two affines and the transition
function

Let A be a commutative ring and X = P4. Write the homoge-
neous coordinates as xg, z1, and use Uy = D (x¢), Uy = Dy (z1).
They are affine with rings A[t] and A[t™!], respectively, where
t = x1/xo. The overlap has ring A[t,¢7!]. The line bundle Ox(n)
is trivial on each open with local frames x{, 2z}, and the sec-
ond frame is t" times the first on the overlap. This comparison
specifies the gluing by an invertible function. For n < 0 the
frame notation refers to powers of the dual line, and the same
comparison holds.

Each of the two opens and their overlap is affine. Quasi-
coherent modules on affines have no higher cohomology [35].
Thus Chapter 19 gives a two-term complex in degrees 0,1 for

RI(X, Ox(n)):
Alt) @ A" 2 Al 7Y, du(a,b) =a—t"b.  (23.1)

The sign is the difference of restrictions in the first trivialization.
This is an equivalence in D(A), not just a computation of dimen-
sions. It follows from the pullback of the derived section objects,
all three of which are degree-zero modules here.

Calculation 23.1 (Cohomology over the base ring). Every Lau-
rent monomial ¢ with ¢ > 0 is in the image of the first component
of (23.1), and every ¢ with ¢ < n is in the image of the second.
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23 A ringed calculation on the projective line

Monomials with 0 < ¢ < n occur in both images and each gives
a kernel summand of rank one. Monomials with n < ¢ < 0 occur
in neither image and each gives a cokernel summand. The other
exponents give isomorphism summands. Therefore

AL >0,
0, n <0,
A—n—l

H(X,0(n)) = {

n < -2,
n > —1.

H'(X,0(n)) = { ’

)

The bases are the common exponents 0,...,n and the missing
exponents n + 1,...,—1, respectively. Higher cohomology van-
ishes. This is the case of the general projective-space formula in
[36]. In (23.1), the splitting by Laurent exponent explicitly re-
moves acyclic summands and gives the indicated free cohomology
module in its degree.

For clarity about the splitting, fix ¢. The term in degree 1
is At’. The degree-zero term has one generator if exactly one
inequality ¢« > 0,7 < n holds, two if both hold, and zero if
neither holds. In the first case the differential is 1 or —1, and the
summand contracts. In the second it is the row (1, —1), which
splits onto the target and has diagonal kernel. In the third the
summand is one copy of A in degree 1. Taking the direct sum
of these identifications defines a quasi-isomorphism and even a
chain homotopy equivalence to a bounded finite free complex.
The maps use only 0,1, —1 and powers of the chosen variable, so
they are compatible with a change of A.

23.2 Base change without flatness of
the base map

Let A — B be any homomorphism of commutative rings and
Xp = PL. There is a comparison

B ®% RI(X,0x(n)) — RI(Xg, Ox,(n)). (23.2)
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23 A ringed calculation on the projective line

Using (23.1), its source is computed by tensoring both terms
with B because the terms are free A-modules and the complex is
bounded. The tensor yields the corresponding polynomial and
Laurent polynomial modules over B, with the same transition
function ¢t". On the base-changed affine cover this complex is
the target by the same descent computation. The comparison
agrees on the affine terms with the usual tensor map and on
their difference with the induced map of fibers, so (23.2) is an
equivalence. The proof works for an arbitrary base ring map
because it uses the flatness of the displayed model over A. The
derived inverse image of the line bundle itself is the usual line

bundle on Xp, since it is locally free over the source structure
sheatf.

23.3 A window for a quasi-coherent
complex

We work on the Zariski site. Write D(Ox) for the derived cat-
egory of all sheaves of Ox-modules, and Dgcoon(Ox) for its full
stable subcategory on complexes with quasi-coherent cohomology
sheaves. Its t-structure is the restriction of the sheaf t-structure,
since truncation preserves quasi-coherent cohomology. On an
affine scheme Spec R, derived global sections give an equivalence

RP(SpeC R, —) : DQCOh(OSpeCR) = D(R)

This includes unbounded complexes and is t-exact. The precise
input is [37, Lemma 36.3.5]; its proof uses affine vanishing for
quasi-coherent sheaves [35] together with the unbounded trunca-
tion bounds of Lemma 36.3.4 in the same section.

For X = P, the standard opens Uy, U; and their intersection
are affine. These open immersions are quasi-compact, since X
is separated; restriction is exact and preserves quasi-coherent
cohomology. For K € Dqcoon(Ox), the two-open descent sequence
identifies RT'(X, K') with the fiber of the difference map from the
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23 A ringed calculation on the projective line

two affine section objects to the overlap section object. Thus the
unbounded affine theorem applies to each of the three terms.

If K is 0-connective in homotopy indexing, all three affine
section objects are O-connective. Their fiber is (—1)-connective
by the exact sequence. If K is 0-coconnective, all three are 0-
coconnective, and the fiber is O-coconnective by closure under
limits. Hence RI'(X, —) on Dqcon(Ox) has amplitude bounded
by [—1,0]. For A # 0, O(—2) has 7_1RI'(X, O(—2)) = A, so the
bound is sharp. The upper endpoint is attained by O.

With cochain indexing, the cohomology in degree j of RI'(X, K)
is determined by the two input degrees j — 1, 7. In this special
amplitude one gets a short exact sequence

0— HYX,H'K) - H'RI'(X,K) = H (X, HK) — 0.
(23.3)
To prove it, apply the window equivalence for output degree —j
and use the two-layer cofiber sequence in homotopy indexing

(H'K)[—j+ 1] — 7j—j K — (HK)[—j].

After applying RI'(X, —), the neighboring terms in the long exact
sequence are H (X, H/K) = 0 and H*(X, H'7'K) = 0. This
gives (23.3) with its stated arrow directions. The groups at the
ends are explicit derived-section groups of ordinary quasi-coherent
sheaves. The short exact sequence is functorial and its class can
retain the connecting information of K.

23.4 A boundary realized by a line
bundle

The Euler sequence on P} in the required twist takes the form

0 — O(—2) — O(—1)%2 2" o (23.4)

with first map the column (—xy,z(). Exactness is checked on
each of the two affines. On U, the row is (1,¢), and its kernel
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23 A ringed calculation on the projective line

is generated by (—t,1); on U the row is (¢7',1) with the cor-
responding generator. The comparison of these kernels is the
transition of O(—2), so the sequence is exact globally. Apply de-
rived sections. The middle term is acyclic with zero derived value
by calculation 23.1. The boundary H°(X,0) — H'(X, O(-2))
is consequently an isomorphism A — A. For A # 0 the extension
is nonsplit, since a splitting would make this boundary zero. This
gives a concrete instance of the identification of boundaries with
extension classes in Chapters 10 and 11. Its nonzero value is
detected by one step of Cech descent.

Exercise 23.2. Track the boundary in (23.4) using the cover.
Which missing exponent in (23.1) for n = —2 represents the
boundary of the section 17

Solution. Choose the local lifts (x5',0) on Uy and (0,27") on
U;. On the overlap their difference lies in the kernel of the row.
Express it as (—x1, x) times a section of O(—2). The coefficient
in the frame x,? is —t~! for the stated difference of lifts. Up
to the chosen sign it is the only missing exponent —1. This
gives the generator of H'(X, O(—2)), agreeing with the derived
boundary. O]
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Chapter 24

Tensor, projection, and a
duality calculation

24.1 The projection comparison

Let f:(X,0O0x) — (Y, Oy) be a morphism of ringed spaces with
commutative rings. The derived inverse image Lf* is symmetric
monoidal and has right adjoint Rf,. Write L = Lf* and Ry =
R f. in this chapter. A right adjoint to a strong monoidal functor
is lax monoidal: the comparison R;F ® R;F — R;(E ® F)
is adjoint to the tensor of the two counits. The projection

comparison
Ry(E)® M — Ry(E® LM) (24.1)

is adjoint to LR;(F) ® LM — E ® LM, again using the counit.
All tensors in this chapter are derived. The definition uses no
finite-dimensional assumption.

An object M is dualizable if it has a dual MV, evaluation
MY @ M — ¥, and coevaluation ¥ — M ® MV satisfying the
triangle identities. For such M, tensoring with M is both a left
and a right adjoint to tensoring with MV in the corresponding
orientations. Perfect complexes of sheaves are dualizable in
the derived tensor category: locally choose a bounded finite
projective complex and its dual complex, and use the evaluation
and coevaluation for those finite projectives. The canonical
internal derived Hom into the unit gives the dual globally because
the comparisons are local equivalences. A strong monoidal functor
preserves this dual data.

Proposition 24.1 (Projection for a dualizable coefficient). If
M is dualizable on'Y', (24.1) is an equivalence for every E.
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24 Tensor, projection, and a duality calculation

Proof. For a test object T" on Y, use the duality and adjunction
to obtain

Map(T, RyE ® M) ~ Map(T @ M", R¢E)
~ Map(LT ® L(M"), E)
~ Map(LT,E ® LM)
~ Map(T, Ry(E @ LM)).

Tracing the equivalences sends a map T' — RyF ® M to its
composite with (24.1). This follows by expanding the two dual-
ity adjunctions, whose consecutive evaluation and coevaluation
cancel by the triangle identity. The equivalence is natural in 7',
so Yoneda proves the claim. O

For example, for p : X — Spec A and a perfect A-complex P,
this identifies R['(X, E) ®% P with R['(X, E®Y p*P) in the quasi-
coherent situation. In the two-affine computation of Chapter 23
one can also see it by applying the exact tensor functor to a finite
fiber diagram. This direct proof extends to nonperfect P when
all affine terms commute with the base change in question. The
dualizability proof is independent of a finite cover and therefore
applies to arbitrary F and f in its setting.

Calculation 24.2 (An infinite product test). Take X to be a
countably infinite discrete space and f : X — %, with a nonzero
commutative coefficient ring A. Let F have value A at every
point, and let M = @,>¢ A be a free module of countable rank.
The projection comparison in degree zero is

I e (@A) — [T ).

i>0 7>0 i>0 j>0
All modules in the displayed tensor with M can be computed
underived because M is free, and products in A-modules are exact.
The image consists of families whose entries have a common finite
set of supported j-coordinates. The family whose 7th entry is
the basis vector at j = ¢ is outside the image. Thus this case
of (24.1) fails. The calculation identifies the obstruction as the
difference between an infinite product followed by a coproduct
and the reverse order.
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24 Tensor, projection, and a duality calculation

24.2 A trace on the projective line

Return to X = PY. The class of t7! in the cokernel of d_5 in
(23.1) is a basis of H'(X,O(—2)). Use it to fix the trace

tr: R[(X, O(—2)) — A[-1]

that sends this class to 1 in cochain degree 1. The product of
line bundles O(n) ® O(—n — 2) ~ O(—2) and lax monoidality of
sections give a pairing

RI(X,0(n)) @% RI'(X, O(—n — 2)) — A[-1]. (24.2)

It can be computed on the Cech complexes: multiply a global
section on the first factor by a representative of an overlap 1-
cochain on the second, using the first trivialization. Boundaries
map to boundaries because the first factor is a matching pair of
local sections. Thus the operation agrees with multiplication in
derived sections.

Theorem 24.3 (Duality for the twists on P!). The adjoint of
(24.2) induces a natural equivalence

RI(X,O(—n —2))[1] ~ RHom4(RI'(X,O(n)), A).

With the specified trace the equivalence commutes with arbitrary
changes of A.

Proof. For n > 0, the first factor has its only group in degree
zero, with basis t' for 0 < i < n. The second factor has its
only group in degree one, with basis of missing exponents t/ for
—n —1 < j < —1. The trace of t't/ is 1 when i +j = —1 and
zero otherwise, since all other exponents are boundaries for the
twist —2. Thus the pairing matrix is a permutation matrix. The
adjoint is an isomorphism of the only possible free cohomology
modules and hence an equivalence. For n = —1 both objects
are zero. For n < —2, exchange the factors and use the same
computation for —n —2 > 0. The derived symmetry has no extra
sign on these two ordinary cohomology groups because their
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24 Tensor, projection, and a duality calculation

degrees are 0,1. This proves the equivalence in all cases. The
pairing is defined by multiplication and by the Laurent monomial
t~1: both are preserved by base change. The two complexes are
perfect, and duality of finite projective complexes commutes with
derived extension of scalars. With (23.2) this gives compatibility
over B for every A — B. m

This calculation is the line-bundle instance of Serre duality on
a relative projective line, with O(—2) the relative dualizing line
bundle. The direct proof identifies the trace by a single exponent
and specifies the derived degree shift. For instance, replacing
A[—1] in the trace by A in degree zero would make its map on
the computed H! group zero. The derived shift is therefore part
of the universal pairing.

24.3 A finite-base-change criterion

The proof of (23.2) extends to a finite affine open cover of an
A-scheme for which every nonempty intersection is affine. Let
K have quasi-coherent cohomology. Suppose that on every inter-
section the derived section object commutes with a given base
change A — B, with the comparisons compatible on restrictions.
Then the global base-change comparison is an equivalence. In
fact the section object is the finite limit over nonempty intersec-
tions by Chapter 19. Extension of scalars B ®% — is exact and
thus commutes with finite limits. Applying it to the intersection
diagram and using the assumed equivalences gives the diagram
for the base-changed scheme and its sections. This criterion
isolates the calculation on affines. It applies in particular when
their section objects are flat models with the stated identification
after base change. For infinite covers one would also have to
check that tensor preserves the totalization used, a condition
that cannot be deduced from exactness.

Exercise 24.4. For n = 2, write the matrix of the pairing (24.2)
in the bases 1,¢,t% and t73,¢t72,¢t~!. What does it become after
a quotient A — A/I?
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24 Tensor, projection, and a duality calculation

Solution. The matrix has ones on the anti-diagonal and zeros
elsewhere, since t't/ = t~! exactly when j = —i — 1. Reduction
to A/I gives the same anti-diagonal matrix over the quotient.
It remains invertible, reflecting the base-change compatibility
proved by the derived complexes. O
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Chapter 25

Torsors, delooping, and
connecting classes

25.1 Classifying a local trivialization
problem

Let X be an oco-topos and G a group object. Its bar construction
has n-simplices G", with the usual multiplication and unit maps,
and its realization is a pointed connected object BG. The canon-
ical map 1 — BG is an effective epimorphism, and its Cech nerve
is the bar construction by effectivity. In particular 1 xgg 1 ~ G.
For T' € X, a G-torsor over T is an object P — T with a G-action
over T such that P — T is an effective epimorphism and the
comparison P x G — P X7 P is an equivalence. The latter map
takes a point and a group element to the point and its translate,
with higher coherence in the action [23].

Proposition 25.1 (Torsor classification). Pullback of 1 - BG
along T — BG identifies the space of G-torsors over T with
Map (T, BG).

Proof. Pullback preserves effective epimorphisms and their Cech
nerves, so it gives a torsor with the stated action. Conversely,
for a torsor the Cech nerve of P — T is P x G*. This follows
in degree one by the torsor comparison, and in all degrees by
the Segal description as iterated fiber products of the degree-one
arrows. Forgetting the point of P gives a map of simplicial objects
P x G* — G*, and its realization is T' — BG. The square with
P over 1 in degree zero becomes a pullback after pulling back
to P — T, where the torsor is trivialized by its diagonal point.
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25 Torsors, delooping, and connecting classes

Pullback along an effective epimorphism detects equivalences by
slice descent, so the square is a pullback. The constructions and
these comparisons are functorial in torsor equivalences and in
homotopies of the classifying map. They are therefore inverse
equivalences on spaces. O

For a sheaf of ordinary groups, the components give the classical
pointed set H'(T,G). A choice of local trivializations of a torsor
yields transition functions g;; on overlaps, satisfying g;;g;x = gir-
Changing the trivializations by h; gives the corresponding gauge
transformations of g;;. The ordinary groupoid of cocycles and
gauge maps is the restriction of Proposition 25.1 to such a cover.
Its automorphisms can be nontrivial even for a single cohomology
class. For an abelian group object the operation of tensoring
torsors is induced by the addition on BG, and H! is a group.

Calculation 25.2 (Automorphisms of a torsor on a circle). Take
T = S' in spaces and G a discrete group. The free loop space
Map(S?, BG) fits into the evaluation fibration with fiber G at a
point. The monodromy of the evaluation fibration along h € G
conjugates g to hgh™!, by transport of a based loop along h.
Therefore the free loop space is the groupoid completion of the
conjugation action groupoid. It decomposes as

Map(S', BG) ~ [ BCc(9),
9]

where [g] ranges over conjugacy classes and Cg(g) is the cen-
tralizer. For G = S5 the three components correspond to the
identity, transpositions, and 3-cycles. The automorphism groups
are S3, Cy, and Cj, respectively. This calculation also classifies
locally constant G-torsors on the ordinary circle via Chapter 21.

25.2 Abelian coefficients as infinite
loop objects

For a sheaf of abelian groups A on a small ordinary site, its degree-
zero derived sheaf determines a spectrum object. In the model of
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25 Torsors, delooping, and connecting classes

Chapter 17 its value at U is the spectrum underlying RI'(U, A).
For n > 0 let K(A,n) be its nth infinite loop sheaf, with value
Qe (RF(U, A) [n]) It is n-truncated: for ¢ > n the groups of
a section space vanish because the derived sections of a heart
object are coconnective. The associated homotopy sheaves are A
in degree n and zero in the other positive degrees, with terminal
component sheaf for n > 0 and component sheaf A for n = 0.
Indeed the higher derived section presheaves in positive cochain
degrees become zero upon sheafification, by applying the counit
of Theorem 17.1. The loop comparison QK (A,n+ 1) ~ K(A,n)
follows from the stable shift. These are the Eilenberg—Mac Lane
objects of the sheaf co-topos.

When the site has terminal object X, the section-space de-
scription gives

7 Map (1, K(A,n)) & H" (X, A), 0<i<n. (25.1)

The basepoint is the zero section for ¢ > 0. The general slice
version uses 1" and the pullback of A to the slice. At n = 1,
K(A,1) = BA and (25.1) agrees with Proposition 25.1. At
n = 0, it recovers ordinary sections. At n = 2, the space has
the degree-two classes, degree-one comparisons, and degree-zero
automorphisms appearing one dimension higher. Taking only
components recovers the ordinary cohomology groups in each
degree.

25.3 An obstruction is a fiber of a map

A short exact sequence 0 - A — E — B — 0 gives a map
B — A[1] in the derived category. After applying K(—,n) in
its spectrum construction one gets a fiber sequence of pointed

sheaves
K(E,n) — K(B,n) — K(A,n+1).

The functor taking the nth infinite loop sheaf preserves limits,

which gives the sequence and its basepoint. Hence a class in
H"(X, B) lifts precisely when its boundary in H"™!(X, A) is zero.
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With a chosen representative of the class, the space of lifts is the
space of nullhomotopies of its composite to K(A,n+ 1) on global
sections. If that space is nonempty it is a torsor for the loop space
of the target mapping space. In particular its component-level
choices are acted on by H"(X, A). This is the space-level version
of the connecting homomorphism in the classical cohomology
sequence. The same argument works for any map of coefficients
whose desired lifts are modeled by a homotopy fiber.

Calculation 25.3 (The cyclic Bockstein). Work in the topos
of C,,-sets, or its higher version of C),-spaces, with the trivial
abelian coefficient sequence

0—Z%7Z—Z/m— 0.

Derived global sections on module objects here are the invariants
of Chapter 22. By the cyclic calculation, H'(C,,;Z) = 0 and
multiplication by m on H?(C,,;Z) = Z/m is zero. Thus the
boundary H'(C,,; Z/m) — H?(C,;Z) is an isomorphism. In the
normalized cochain model, take the generator c(t') = i mod m,
0 <4 < m, and lift it to ¢(¢') = i. The coboundary is

de(t',t') =i+ j— ((i +j) mod m).

Dividing by m gives the integer-valued 2-cocycle of the carry in
adding 7, 7. This represents the boundary class. It is nonzero by
the isomorphism just proved. The fiber description thus detects
failure of the degree-one class to lift to an integral degree-one
class. The cochain and derived extension constructions give the
same obstruction.

25.4 An internal viewpoint

The universal torsor 1 — BG is locally trivial in the sense of the
effective epimorphism itself. Given T" — BG, the comparison
with a chosen trivial torsor is the space of sections of P — T,
obtained by pulling back the point 1 — BG. Its local existence
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is the relative (—1)-truncation of that object, while a global triv-
ialization is a point of its section space. The image factorization
of Chapter 5 distinguishes these two tests. It is possible for local
existence to hold over all of T" while the global section space is
empty, as happens for a nontrivial ordinary covering torsor. The
same formulation applies to nullhomotopies of higher classifying
maps, whose fibers can be higher spaces rather than sets.

Exercise 25.4. Let A be an abelian group and X = S? with
d > 1. Compute the homotopy groups of Map(X, K(A,n)) for
n > d and compare the groups in degree n — d and degree n.

Solution. By the splitting of constant section spectra on S,
the space is K(A,n) x K(A,n — d), using a chosen basepoint
of the sphere. The degree-n group comes from the ordinary
sections of A, and the degree-(n — d) group comes from the top
cohomology of the sphere. If n = d, the latter group indexes the
connected components. This is (25.1) with the cohomology of
the sphere. O
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Chapter 26

Internal quantification and
the shape of a topos

26.1 Slices as contexts

In the internal language of an oo-topos X', a context is an object
T, and a family over that context is an object of Xr. Substitution
along a map f : .S — T is pullback. Composition of substitutions
has the coherent comparison of iterated pullback. For an object
E — S, the dependent sum > ; I/ and dependent product [[; £
over T are the adjoints f, and f, of Chapter 4. The first keeps
the total object and composes its structure map with f. The
second represents coherent sections of the family along fibers of
f. Its universal property is

Map (W, [[ E) ~ Map,s(W x1 S, E).
f

This formula is valid for arbitrary test contexts W — T. It
encodes how a term of the dependent product can be evaluated
after any substitution. The slice Beck—Chevalley proof in Chap-
ter 16 is precisely the compatibility of this construction with
substitution.

A subobject A — S is a proposition in context S: its fibers
are empty or contractible. The existential quantification along
f is the image of >>; A — T, or relative (—1)-truncation of that
sum. The universal quantification is [[; A — T. It is already
a subobject, since a right adjoint preserves the pullback and
diagonal that test monomorphisms. For a subobject B — T,
there are equivalences of the corresponding conditions

3ACB < AC f'B, ["TBCA < B CVA
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26 Internal quantification and the shape of a topos

The first uses image minimality and the sum adjunction; the
second is the product adjunction restricted to subobjects. Thus
the ordinary logic of subobjects is the proposition-valued part
of the slice operations. The comparisons on arbitrary families
remain spaces of maps.

Example 26.1 (Local existence and a section). Let & =
Sh(S!;S) and let P be the sheaf of local lifts into the twofold
covering S — S*. Its map to 1 has full image because the cover-
ing admits local lifts. A global section would give a continuous
section of the covering by the germ-space correspondence. On
fundamental groups this would right-invert multiplication by
2 : Z — 7, which is impossible. Thus the quantified proposition
of existence holds locally over all the base, while the section test
fails. The classifying map of Chapter 25 records the obstruction.

The diagonal of a family encodes equality in the internal lan-
guage. For two sections z,y over T, pulling the relative diagonal
back along (z,y) gives the family of paths between them. Its
sections are the homotopies between z,y over T'. Iterated diag-
onals similarly encode higher equality. This is the categorical
form of identity types in homotopy type theory [39]. For a (—1)-
truncated family equality of inhabitants is contractible when
they exist. For a locally constant family K (A, 1), the equality
of a section with itself has a nontrivial local loop group A. The
distinction is already present before global sections are taken.

26.2 What constant coefficients see

Let p : X — S be the terminal geometric morphism, with
constant object functor p* and global sections p,. The shape of
X is the pro-space that represents the functor

K+— p.p'K.

Here pro-representation means a cofiltered diagram of spaces
S; with p.p*K =~ colim; Map(S;, K), with the colimit over the
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26 Internal quantification and the shape of a topos

opposite of the diagram index. The general theory and existence
are developed in [18, §7.1.6]. When this functor is represented
by one space S, the shape can be taken to be S. The section
functor for arbitrary coefficients still depends on the coefficient
object. Shape gives the calculation on constant coefficients and
on the corresponding constant Eilenberg—Mac Lane objects.
For X = P(C), the inverse image is the constant presheaf
because it preserves colimits and finite limits pointwise, and its
right adjoint is limit over C°P. The constant diagram test gives

pep K ~ Map3(|C'°p|, K) = Map5(|C|, K)~

The opposite has the same groupoid completion up to the canon-
ical inversion equivalence in spaces. Thus the shape of a finite
poset topos is its order complex, including the sphere examples
of Chapter 20. The 0-truncated version of the calculation sees
only its connected components, while constant K (A, n) probes
higher cohomology.

26.3 A shape that requires finite quo-
tients

Let X = {0, 1} with the product topology. Its clopen cylinders
form a basis, and every clopen subset is compact. Let P range
over finite clopen partitions of X, ordered by refinement. Write
Qp for the finite set of parts, with a map Qr — @Qp for each
refinement. Then for a space K the constant-object section
functor is

(X, p'K) ~ Co7ljim Map(Qp, K). (26.1)

To verify it, work on the basis of compact clopens and define
the same formula for each such clopen U. Partitions of U refine
every open cover of U: first extract a finite clopen subcover by
compactness, then take all nonempty intersections of its members
and complements. For a finite disjoint cover, partitions subor-
dinate to that cover form a final subset of the refinement poset.
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26 Internal quantification and the shape of a topos

The formula then turns the cover into a product, because filtered
colimits of spaces commute with finite products. Consequently
it satisfies the sheaf condition on the basis. The map from the
constant presheaf K to this sheaf exhibits sheafification: a com-
patible family of maps from the presheaf into any sheaf extends
to each partition by the sheaf’s product identification on its parts,
and restriction along refinements gives the same map. This gives
the adjunction on transformation spaces and proves (26.1).

The functor of K in (26.1) is not representable by a single
space. To prove this, take a countable family of discrete spaces
K, = {0,1}. A section of p*K; is a locally constant function
X — {0,1}. The coordinate projections x — z; give a family of
such sections. It does not arise from a section of p*(I]; K;): the
target []; K; as a product of O-truncated spaces is a discrete space,
and the function determined by the coordinates is the identity
on the underlying set of X. It is not locally constant on any
nonempty cylinder. Thus the comparison to the product of the
separate section spaces fails surjectivity on components. Every
represented functor Map(S, —) preserves products, which proves
the assertion. The cofiltered system of finite partitions does
represent the functor in the pro-sense, by the explicit formula.

26.4 Two truncation operations

A finite quotient Qp in the preceding calculation approximates
the shape by changing the indexing space. A Postnikov trunca-
tion 7<, K changes the coefficient space. The resulting section
formulas have different limits. For example on the Cantor space
the product failure uses a sequence of discrete coefficients, so
it is present even when every coefficient is already O-truncated.
On the face poset of the boundary of a simplex, replacing the
coefficient by its component set can remove the top cohomology
even though the shape itself is represented by a finite complex.
Keeping the variables separate makes these two computations
compatible with the same Yoneda principle.
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26 Internal quantification and the shape of a topos

Exercise 26.2. Compute 37 and V; on subsets for the projection
f:{0,1}xT — T, where T is a set. Then compute the dependent
product of a family of spaces E over {0,1} x T

Solution. Writing a subset as a pair (A, A;) of subsets of T', the
existential quantification is Ag U A; and the universal quantifi-
cation is Ag N A;. Over a point ¢, the dependent product of
spaces is E ) X E4). For subobjects the product is inhabited
precisely when both factors are inhabited, recovering the inter-
section formula. This is the discrete-base test of the general slice
adjunction. O
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Chapter 27

Products and an
unbounded sheaf example

27.1 A product of local epimorphisms

Let X =R, U, = (—1/n,1/n),and V. = R—{0} for n > 1. With
integer coefficients, write Zy for the constant sheaf on an open
U. Put

F, = ju. 2y, ® jvily and g, : F, — Zx

where ¢, is the sum of the two extension-by-zero counits. It is
an epimorphism. Indeed, U,, and V cover X, and at a point in
either open the corresponding summand maps isomorphically on
the stalk. Let ¢ = [],, g. be the product in ordinary sheaves. We
compute its cokernel.

For a connected open interval W containing 0, the V-summand
of F, (W) has image zero in Zx(W): its image is zero at 0, and
every section of the constant sheaf is constant on W. If W
contains a point outside U,, the same reasoning at that point
shows that the U,-summand has image zero. If W C U, every
integer lifts through the U,-summand. Consequently the image
of ¢q(W) in ZN consists of the sequences supported on the finitely
many n with W C U,. Passing to the stalk at 0 allows every
finite support and no infinite support. The target stalk is [],,>; Z,
because products of ordinary sheaves are computed on sections
and the restriction maps on the indicated connected intervals are
identities. Thus

(coker q)o = (H Z) / (@ Z) . (27.1)
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27 Products and an unbounded sheaf example

At each x # 0 choose a neighborhood inside V; all coordinates
lift at once using the V-summand. So the cokernel has zero
restriction to V' and is the skyscraper at 0 with the group (27.1).

This calculation gives failure of exactness of countable products
even on R. If K,, = ker ¢,, the long exact sequence for the right
derived functor of product, taken on the category of countable
families of sheaves, has an injection coker ¢ — R!'[],, K,,. The
relevant part of the sequence follows by taking the ordinary
product on the category of complexes of injective families, or from
the cofiber sequence of the derived product. Thus the difference
has a derived group. There is no contradiction with exactness
of products in ordinary modules: the individual coordinate lifts
have neighborhoods that shrink with n.

27.2 A sufficient bounded-product cri-
terion

The following separates exactness of products from the complete-
ness it is often used to prove.

Proposition 27.1. Let C be stable with a left separated t-
structure and countable products. Suppose that for some e > 0 a
countable product of objects in Cs, is in C>,_. for every a. Then

the canonical map X — lim, 7<, X is an equivalence for every
X.

Proof. By exactness of limits and the truncation sequences, the
fiber of the comparison is lim,, 75,41 X. For any m, its limit is
the same on the tail n > m by initiality of the tail inclusion
for limits. Both products in the shift-difference fiber formula
for that tail belong to Cs,,11-. The fiber of a map between
two objects in C>, lies in C>,_1, using the cofiber sequence and
extension closure of the connective half. Therefore the limit
belongs to Cs,,_. for every m. Left separatedness forces it to
vanish, proving the comparison. O
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For D(R) one can take e = 0 by exactness of ordinary module
products. If ordinary products have higher derived functors, this
does not settle whether a finite uniform e exists. The proposi-
tion uses only that bound on the entire connective halves. In
particular the cokernel example above alone does not decide left
completeness of the whole derived category on R.

27.3 A tower with a nontrivial limit
at an accumulation point

Let k& be a nonzero field. Form X as the one-point compactifica-
tion of the topological disjoint union of S™ for n > 1, writing co
for the added point. Every S™ is open and closed. The opens

n>N

form a neighborhood basis of co: a compact subset of the disjoint
union is contained in a finite union of its components, since those
components are an open cover. Let A,, be the extension by zero of
the constant k-sheaf on S™. In the derived category of k-sheaves

on X set
K =P A.[n].
n>1
The coproduct can be computed termwise on these complexes,
because coproducts of ordinary sheaves are exact as filtered
colimits of finite sums. Consequently 7, K = A, for n > 1, and
all other homotopy sheaves vanish. Its coconnective truncation
in degree m > 1 is the finite sum of the terms with 1 < n < m.
The inverse limit of this tower of finite sums with projections is
the product
lim <, K ~ P := 1T 4.ln] (27.2)
n>1
in the derived category. This follows by mapping from a test
object and comparing the product of all mapping spaces with
the limit of its finite subproducts.
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27 Products and an unbounded sheaf example

The stalk of K at oo is zero, because all summands have zero
stalk there and stalks preserve coproducts. For the right side of
(27.2), evaluate derived sections on Wy. The section functor is a
right adjoint and hence preserves the product. For n < N the
restricted coefficient is zero. For n > N it is extended from a
clopen S™, so its derived sections are RI'(S™, k)[n]. That object
has mp = k from H"(S™, k). Therefore

WQRF WN, H k‘

n>N

and restriction from Wy to Wy, deletes the Nth factor. To
identify this with a homotopy-sheaf stalk, let G be any object of
D(Sh(X;Mody)) and choose a K-injective complex I of sheaves
representing G. By Theorem 17.1, RiG is represented by <1, its
value on U computes RI'(U, G), and the counit is represented by
a(il) = I. Exactness of a therefore gives

G = HO(I) = a(U = H(I(U)))
=~ a(U - mRI(U,G)).

Sheafification preserves stalks, so the stalk of myG is the filtered
colimit of these section groups over neighborhoods. Applying
this to G = P shows that at oo its degree-zero homotopy-sheaf

stalk is
cohm I == (] &)/ (@ k).
n>N n>1 n>1
The quotient is nonzero, for instance by the constant sequence of
ones. The map K — P fails to be an equivalence, as detected by
this stalk. Every bounded piece is in the hyperdescent model of
Proposition 17.2, and so is its limit.

The truncations 7<,, in (27.2) are those of the sheaf ¢-structure.
They are not the objectwise Postnikov truncations of the section
spectra U — RI'(U, K). In particular, each factor A,[n] has
zero degree-zero homotopy sheaf, whereas the categorical product
P has the nonzero stalk just computed. Infinite products in
the hyperdescent category thus need not commute with taking
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27 Products and an unbounded sheaf example

homotopy sheaves. For H = fib(K — P), the long exact sequence

gives
(mo1H)oo = (moP)oo = ([] k) /(P k),
n>1 n>1

since MoK = m_1K = 0. Consequently this fiber does not sat-
isfy the vanishing hypothesis of hypercomplete Whitehead in
Proposition 17.2. Hyperdescent and reconstruction by this sheaf
Postnikov tower impose distinct conditions, compatible with the
general distinctions in [22, 7].

27.4 Where the amplitude estimate
fails

At the added point there can be no uniform finite bound on the
degrees of derived sections on the chosen neighborhood basis. For
any N and any proposed bound d, select n > N with n > d. The
ordinary coefficient A,, restricted to Wy has nonzero H"(Wy, A,,)
from its sphere. Consequently a uniform application of Theo-
rem 14.1 to these neighborhood section functors is unavailable.
In the product example (27.2), the shifts bring cohomology in
arbitrarily high neighborhood degrees down to degree zero. Each
summand vanishes on sufficiently small neighborhoods, but the
product has no common neighborhood of vanishing. This ac-
counts for the difference between taking the stalk before and
after the product.

If the dimensions of the clopen spheres are bounded, the same
family of shifted constant coefficients with shifts tending to +oo
cannot give this particular discrepancy in degree zero: for all
but finitely many summands the corresponding group on every
Wy is zero. After shrinking past the finitely many exceptions
the product group in degree zero vanishes. This observation is
about the displayed family of coefficients; a general completeness
assertion requires an estimate on all relevant coefficient objects.

Exercise 27.2. For a sequence B, of abelian groups, identify
colimy [[,,>y B, with a quotient of [[,, B,,. Compare the result
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27 Products and an unbounded sheaf example

with lim' in calculation 13.1.

Solution. The map from the full product is surjective, since a tail
sequence can be extended by zeros in the omitted coordinates. Its
kernel consists of sequences vanishing on a tail, namely the direct
sum. In calculation 13.1 the quotient is instead the cokernel of
a shift-difference map in a derived inverse limit. Both groups
use an infinite product, but the present quotient comes from
the ordinary filtered colimit of stalk neighborhoods after taking
derived sections. O
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Chapter 28

A finite-site differential
from an extension class

28.1 Constructing a coefficient with
two layers

Fix a field k£ and d > 2. Let P; be the poset of nonempty proper
subsets of a set of d 4+ 2 elements, with the upper topology of
Chapter 20. Write C' = Fun(F,;, D(k)). For finite-dimensional
k-vector spaces A, B, let A, B be the constant diagrams. The
projective resolution of the constant module applied with free
generators in A gives

Homy, (A, B[d]) = Hom(A, B) @, H*(S% k) = Homy (A, B)
(28.1)
after choosing the generator of H%(S%; k) from an orientation of
the order complex. Indeed the cochain complex of maps out of
the projective resolution is the simplicial cochain complex of the
order complex with coefficient Homy (A, B), since the target is
constant. The direct sum of finitely many copies of the resolution
for k is a projective resolution for A. The isomorphism in (28.1) is
independent of a basis of A, B, by the naturality of the coefficient
cochain complex.
For a map u : A — B choose its corresponding point 4 : A —
Bld] in C and set K,, = fib(u). Since d > 2, the cofiber sequence

Bld—1] — K, — A% Bld] (28.2)

has two nonzero homotopy layers, 7oK, = A and my_1K, = B.
These are independent of u. At every vertex of Py, the map u is
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28 A finite-site differential from an extension class

homotopic to zero because Homy, () (A, B[d]) = 0. Hence each
stalk coefficient splits as A® B[d—1]. The class in (28.1) belongs
to the diagram and records coherent comparison over the whole
site.

28.2 The value of derived sections
Write F' = limp, : C'— D(k). With the chosen orientation,
F(A)~A@ Al-d],  F(B[d])~Bld&B.

These formulas are the constant diagram calculation for the
sphere. Since k is a field, there are no degree-zero maps in D(k)
between the displayed shifted summands of different homotopy
degrees. Thus the only potentially nonzero matrix entry of F'(u)
is A — B in degree zero. To compute it, use the description

moF'(B[d]) = Homy, ¢ (k, B[d]).

For a vector a € A, the corresponding element of moF(A) is
the constant map £k — A with value a. Composing with @
corresponds under (28.1) to u(a) times the orientation generator.
This identifies the matrix entry with w itself.

Theorem 28.1 (Sections of the two-layer coefficient). The sec-
tion spectrum of K,, viewed in D(k), is

F(K,) ~ Al—d| @ B[d— 1] ®fib(u: A — B). (28.3)

Its only possibly nonzero homotopy groups, in degrees d —
1,0, —1, —d, are respectively

B, keru, cokeru, A.

Proof. Apply the exact right adjoint F' to (28.2). In the displayed
decompositions F'(u) is the block A — B and zero on all other
components, as just proved. The fiber of this block diagonal map
is the sum of the fiber of u, the unused source A[—d|, and B|d—1],
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28 A finite-site differential from an extension class

the desuspension of the unused target B[d]. This proves (28.3).
The long exact sequence of the fiber of a map of degree-zero
modules gives its two groups, ker u in degree zero and coker u in
degree —1. All four degrees in the statement are distinct since
d> 2. O

In particular for A = B = k, u = 0 gives four one-dimensional
groups while u = 1 leaves only those in degrees d—1 and —d. This
proves directly that identical cohomology sheaves and identical
stalkwise complexes can give different section groups. The relative
degree of the two layers and the dimension of the site place the
discrepancy in the same two groups for every d.

28.3 Identifying the page of the differ-
ential

The Postnikov spectral sequence of Chapter 19 has two rows,
at ¢ =0 and ¢ = 1 — d in cochain grading. Both have nonzero
columns only at p = 0,d. The entries are

¢ |p=0 p=d
0 | A 4
1-d| B B

with the second entry in each row identified using the orientation.
A differential of bidegree (1,1 — ) can connect these entries only
if r = d, with source (0,0) and target (d,1 — d). The exact
couple identifies this transgression with the connecting map for
the two-layer triangle. The map from the bottom truncation to
the shift of the top layer is @, and the section comparison on the
selected groups is u. Thus dg is v up to the sign of the orientation
of the exact couple. One can check the identification by splicing
the successive truncation triangles: in the intervening degrees
the layers vanish, so their maps are equivalences, and the only
boundary is the boundary of (28.2). Its kernel and cokernel on
that page agree with the corresponding groups of Theorem 28.1.
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For d = 2 this is the first possible differential, ds, in hyperco-
homology. For larger d, all earlier pages keep the four entries.
The example realizes a prescribed matrix as that later differential
by choosing the extension class 4. It uses an ordinary finite
site, so the effect does not require an unbounded convergence
phenomenon. In particular the amplitude bound in Theorem 20.1
gives a finite input interval for each group and (28.2) specifies
the extension information to retain.

28.4 A direct description of a repre-
sentative

Choose an oriented top cochain w on the order complex repre-
senting the generator, and choose a chain of length d + 1 with
its orientation. For instance, a cochain taking value 1 on one
oriented top simplex and 0 on the other oriented top simplices
evaluates to 1 on an oriented fundamental chain after the ap-
propriate sign choice. There are no (d 4 1)-simplices, so it is
closed. Sending the P, -summand of the degree-d resolution of
A to B by the coefficient w(py, ..., ps)u gives a representative of
u on that projective resolution. Changing w by a coboundary
changes the representative by a chain homotopy. One can take its
mapping fiber as an ordinary complex of diagrams and compute
sections from Theorem 20.1. This recovers the derived object of
(28.3) by a finite cochain calculation. The geometric description
by the order complex fixes the generator without a choice of
cochain model, while the resolution gives an explicit model for
computation.

Exercise 28.2. For d = 3, let A =k* B = k®, and let u have
rank 2. List the nonzero groups of the section object and their
cohomological degrees.

Solution. The homotopy groups are k° in degree 2, k% in degree
0, k* in degree —1, and k* in degree —3. Changing sign to
cohomological degree gives —2,0, 1, 3, respectively. The ranks at
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0,1 use the kernel and cokernel of the d3 differential. The two
outer groups are the terms untouched by that differential.  [J
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Chapter 29

Descent for extension
spaces

29.1 Gluing the coefficient categories

Let X = U UV with U,V open and W = U N V. Denote by
D(Y) the derived oo-category of modules on an open Y, using
either a fixed ordinary coefficient ring or the restriction of a fixed
sheaf of rings on X. All restrictions here are exact and t-exact.
There is an equivalence

D(X) ~ D(U) x pw D(V). (29.1)

On the right, an object consists of Ay, Ay and a specified equiv-
alence between their restrictions to W. The pullback is taken in
Caty. This means that the comparison is also part of the data
of a map between two such objects.

Given gluing data with common overlap value Ay, form in
D(X) the pullback

(0 )+ Av X ). aw (v)<Av-. (29.2)

Here the direct images are derived and the maps are the restriction
adjunctions with the given comparison. Restricting (29.2) to U
commutes with the pullback. By open base change, the third
term becomes the direct image of Ay along W C U, which
identifies with the middle term after restriction. The first term
becomes Ay. The pullback therefore restricts to Ay, and similarly
to Ay, with the specified overlap comparison. Conversely, for
A € D(X) the canonical map to (29.2) for its restrictions is an
equivalence on U and V' by this computation. Those restrictions
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29 Descent for extension spaces

detect equivalences since every stalk is in one of the two opens.
Both constructions are functorial and exhibit (29.1).

In particular if A, B € D(X), the mapping space from B to A
is the pullback of the two mapping spaces on U,V over the one
on W. This can also be obtained directly by mapping out of B
into the pullback (29.2) and using the adjunctions for the three
open inclusions. Applying this argument after shifting A proves
the pullback of mapping spectra.

29.2 Local extension data and com-
parison paths

Theorem 29.1. For fired A, B € D(X) and n > 0, the space
E%(B, A) = Mappx(B, A[n]) is the homotopy pullback

Ej(Bu, Av) X gg, (B, aw) BV (Bv, Ay ).

For n = 1 it is the space of short stable extensions with the
designated outer terms. For ordinary heart objects, its components
for all n are the Yoneda extension classes in the corresponding
sheaf categories.

Proof. Suspension commutes with the restrictions. Apply the
mapping-space calculation following (29.2) to A[n]|. For n = 1,
Theorem 10.1 identifies the mapping spaces with extension spaces
naturally in the restrictions. For heart objects, Proposition 8.2
and the bounded derived comparison of Chapter 10 identify the
components. The morphisms from a heart object to a finite shift
of another can be computed in the bounded subcategory of the
derived category by the usual injective or Yoneda comparison. [

Two specified local extension points glue exactly when the two
points they induce on W can be joined by a path. The fiber over
those local points is the space of such paths. After choosing one
path, this fiber is equivalent to QEj}, (Bw, Aw). For n > 1 the
latter is Ej ' (Bw, Aw) based at zero after translating. If one
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specifies only the components on U, V', automorphisms of the
two local points can act on the components of the gluing path
space. That effect is computed by the long exact sequence of the
mapping spectra.

In fact the pullback of mapping spectra is the fiber of a differ-
ence, so for ordinary A, B it gives the exact sequence

Eth_l(BU, AU) D EXt?/_l(Bv, Av)
— Ext}y ' (Bw, Aw) — BExt’y(B, A)
— EXtZ(BU, AU) D EXtT‘;(Bv, Av) — EthV(Bw, Aw)

The middle boundary takes an overlap comparison to an extension
class with locally zero restrictions. Its ambiguity is the image
from the two local groups, by exactness. In the case n = 1,
this says a globally nonsplit short extension may be assembled
from two split ones, with their difference on the overlap a map

Calculation 29.2 (The gluing of a split extension). Use the
projective line and its two affine opens, with B = O and A =
O(—2). A map B — A is a section of A, and B is locally free
of rank one. On either affine the group Extl(B , A) is zero, since
the derived Hom is the derived sections of A and the latter is
acyclic there. The global Ext! group is therefore the cokernel of
the difference of the two Hom groups into the overlap Hom group.
In the first frame, the latter is Apage[t, t7!], where Ap,s. denotes
the base ring. The cokernel is free of rank one on ¢! by (23.1).
Gluing the local split extensions by the triangular automorphism
with off-diagonal entry ¢t~! gives that generator. The Euler
sequence of (23.4) has the same local splittings with off-diagonal
difference £¢7!, as in its boundary calculation. This realizes the
long exact sequence by an explicit change of comparison between
split local objects.
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29.3 Reconstructing a global map
from local finite windows

Suppose X has an open cover by U,V such that the derived
categories on U, V are left complete in their standard t-structures.
Then D(X) is left complete. Indeed restriction along each open
has both adjoints, so preserves limits. It is t-exact, so it sends the
canonical map K — lim,, 7<, K to the corresponding comparison
for its restriction. The two maps are equivalences by the local
hypotheses. The restrictions jointly detect equivalences, either
by (29.1) or by testing stalks. This proves the claim. The same
proof works for right completeness using colimits and connective
truncations. In the present derived sheaf case right completeness
also follows from exactness of filtered colimits.

Under these two local completeness assumptions the finite-
window mapping formula of Theorem 13.2 can be applied on
U,V, and on W. For the last assertion, completeness restricts
to an open: extend an object by j, to the larger open, apply its
canonical reconstruction, and restrict back, using 7*7 ~ id and
preservation of the required limits, colimits, and truncations by
j*. Since the gluing uses a limit of mapping spaces, the limits
in the window indices commute with it. Consequently global
maps can be computed by gluing the local finite-window mapping
spaces in each window and taking the resulting inverse limit. This
reproduces the global formula but uses only the indicated local
completeness checks.

For the space of Chapter 27, no open neighborhood of the
accumulation point can satisfy the analogous left completeness
test. It contains some Wy, and the same direct sum and product
argument on that tail exhibits failure of reconstruction there.
Completeness on such a larger neighborhood would pass to Wy
by the preceding restriction argument. Thus the local criterion
also explains why a cover avoiding the problem cannot be chosen
in that example.

Exercise 29.3. Suppose E}; and E, each have one component,
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29 Descent for extension spaces

and Homy (By, Ay) and Homy (By, Ay) both vanish. Identify
the set of components of E%, using a chosen pair of split local
extensions.

Solution. The two local components are represented by the
split extensions. Their overlap points are equivalent, so the
path fiber is nonempty and its components form a torsor for
Homy (Bw, Aw). The two vanishing local Hom groups mean
there are no component identifications coming from local au-
tomorphisms. Choosing the identity comparison of the split
restrictions fixes the origin, giving the group Homy (Bw, Aw ) as
the set of global extension classes. This is also the n = 1 case of
the exact sequence above. O
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Chapter 30

Local-to-global Ext and
classical recovery

30.1 A sheaf of derived mapping ob-
jects

Let O be a sheaf of commutative rings on a topological space
X and let A, B be ordinary O-modules. Choose an injective
resolution A — I* in O-modules. For an open U define the
complex

J.<U) = HOmo|U(B|U,I.|U).

The terms form sheaves, since maps of sheaves glue uniquely
on open covers. Restrictions of injectives are injective because
extension by zero is an exact left adjoint. Thus J*(U) calculates
the derived Hom on U, naturally in U. The sheaf cohomology
objects H1(J*) are written Extd (B, A). They are sheafifications
of the presheaves of local Ext groups. In degree zero this is the
ordinary sheaf Home(B, A).

Each term J? is flabby. To extend a map B|y — [y to
V' D U, view it by adjunction as a map from ji(B|y) into Iy,
where j : U — V. The natural map ji(B|y) — Bly is monic on
stalks. Injectivity of /9]y gives an extension across it. This proves
the restriction surjection. Consequently J*® is a bounded-below
complex of section-acyclics. Such a complex computes RI" by its
ordinary section complex [42, Lemma 13.16.7]. One can verify
the comparison with a bounded-below Cartan—Eilenberg injective
double resolution: the column cohomology after sections vanishes
in positive resolution degrees, and the first-quadrant totalization
has only finitely many terms in each total degree. The resulting
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comparison is therefore a quasi-isomorphism. That complex is
also the injective-resolution model for RHome (B, A). Thus the
stable object J*® supplies local derived maps, with global derived
Hom as its section object. On an overlap this construction yields
exactly the derived mapping diagram of Chapter 29.

Theorem 30.1 (Local-to-global Ext). For ordinary O-modules
A, B there is a first-quadrant spectral sequence

EYT = HP(X,Exth(B, A)) = Ext} (B, A). (30.1)
It is induced by the cohomological truncations of J°.

Proof. The gth layer is Ext!(B, A)[—¢|, and applying the exact
derived section functor to the tower gives the exact couple in
Chapter 19. The cohomology of the layers on X gives the dis-
played page. The groups vanish for ¢ < 0 since the resolution
starts in degree zero, and for p < 0 by the cohomological grading
of derived sections of a sheaf. For total degree r the layers of
cohomological degree > r have sections with no cohomology in
degrees < r. One can see this directly from bounded-below injec-
tive models of the cohomological lower truncation. Thus finitely
many layers suffice for each total degree, and the exact couple
converges to the cohomology of RI'(X, J*®), identified above with
global Ext. O

When B is finite locally free, Hom(B, —) ~ BY ® — is exact on
sheaves by its local description. Thus all rows ¢ > 0 vanish and
(30.1) identifies Extf, (B, A) with H?(X, BY ® A). More generally
the local derived Hom can be computed from a bounded locally
free resolution of B when it exists. On an open U where a term
is finite free, the internal sheaf functor Home,, (OF", —) ~ (—)®"
is exact on all sheaves of modules. Exactness is local, so a finite
locally free term has the same property. For a bounded locally
free resolution, the finite filtration of its internal Hom complex
then shows that Hom into any acyclic sheaf complex is acyclic.
The subsequent operation of taking sections is derived separately.
This gives the same derived object as resolving the target. The
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ordinary Ext functor from the source text is recovered from its
global groups, while the sheaf model records the local calculation
and its restriction maps.

Calculation 30.2 (An Ext group supported on a divisor). Let
X =P, and D C X be the divisor z; = 0, with A any nonzero
commutative ring. The exact sequence

0—0(-1)%0—0p—0

is locally the resolution by the nonzero divisor ¢ on U, and by
a unit on U;. The derived internal Hom from Op to O is the
complex O % O(1) in degrees 0, 1. Its only cohomology sheaf
is Op(1) in degree one. The divisor is Spec A and zg trivializes
its twist; its pushforward is supported on D and has sections A
with no higher cohomology. Thus (30.1) gives Ext},(Op, O) = A,
with all other groups zero. Independently apply RI' to the
two-term internal Hom complex. The cohomology here is sheaf
cohomology in the category of all Ox-modules on the Zariski site.
Affine acyclicity of quasi-coherent modules in that category [35]
identifies it with the two-open Cech calculation of Chapter 23.
In particular O and O(1) have no positive cohomology, so their
bounded two-term complex computes derived sections termwise
by the same acyclic-complex argument. The section arrow is
A — A? taking 1 to the coordinate x;, whose cokernel is the x
coordinate. The two computations identify the same extension
group through its local support.

30.2 Concordance with the source

The table locates the principal classical constructions in Strooker’s
text [38] and the corresponding higher calculations. Section
numbers in the left column refer to the source. The right column
points to the proofs and examples in this manuscript.
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Strooker Higher formulation and recovery

§§1.1-1.3 Quasicategories, cores, and coherent

Categories and transformations. The nerve recovers

functors ordinary composition and discrete
hom-sets (Chapter 1).

§§1.4-1.6 The Yoneda equivalence, density by right

Representability, fibrations, and cones tested by mapping

products, limits spaces (Chapters 2 and 3).

§§1.7-1.9 Adjoint representability, mates, and

Adjoints, order, cofinality. Restriction to posets recovers

preservation joins, meets, and Galois connections
(Chapters 3 and 4).

§§2.1-2.5 Relative images, stable fibers and cofibers,

Monos, zeros,
additivity, exactness

§§2.6-2.9
Exact sequences,
generators

§3.1
Yoneda extensions

§§3.2-3.4
Satellites and
derivation

§§4.1-4.5
Concrete sheaves and
sheafification

§§4.6-4.9
Base space and
module sheaves

and admissible sequences. Truncation
gives the kernels and cokernels in the heart
(Chapters 5 to 8).

Functorial cofiber sequences, exact
functors, Grothendieck categories, and
compact spectral generators (Chapters 6, 7
and 9).

Extensions with fixed endpoints form
spaces, and their homotopy groups recover
shifted Ext groups (Chapter 10).

Weighted enriched Kan extensions,
K-injective models, and the comparisons
with long exact sequences (Chapters 11
and 12).

Germ spaces for discrete sheaves,
covering-sieve localization, and hypercover
descent (Chapters 15 and 17).

Geometric adjunctions, open base change,
supports, and exact localization of derived
module presheaves (Chapters 16 and 17).
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Strooker Higher formulation and recovery
§§4.10-4.12 Stable sections, flabby resolutions, fine and
Cohomology and soft coefficients, and totalization
acyclicity (Chapters 18 and 19).

30.3 Three points of contact between
the constructions

First, the graded Kan formula is determined by the ability to
move an extension class along a test map. The tensor relation
in (11.1) enforces exactly this action. An injective effacement
turns the extension weight into a cokernel of two represented
functors, so the comparison with the resolution applies without
choosing generators of an Ext group. For local-to-global Ext the
coefficient sheaves £xt? provide a different weighting of the local
calculations, and the exact couple describes the remaining gluing.

Second, cohomological amplitude is a bound on a stable functor,
so it can be used before taking homotopy groups. In the finite-
site example it follows from an explicit projective resolution of
the constant diagram. On the projective line it follows from
a two-open fiber sequence and affine exactness. In both cases
the theorem applies to the coherent input window. The finite-
site differential of Theorem 28.1 shows how a nonzero boundary
within that window changes the sections.

Third, the universal properties require their own limiting op-
erations. A finite-window test for maps uses reconstruction of
the source and target, whereas a hypercover tests a sheaf against
a family of geometric covering diagrams. The accumulation ex-
ample gives a concrete distinction: the section spectra satisfy
hyperdescent and the Postnikov comparison has a nonzero degree-
zero stalk in its target. The left completeness hypothesis in the
mapping theorem and the local equivalence condition in derived
sheafification thus serve separate mathematical roles.
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Exercise 30.3. Let A be an ordinary sheaf of R-modules on
a topological space, with R commutative. Apply Theorem 30.1
with B = Ryx and identify the answer with one of the first
constructions of Chapter 18.

Solution. The rank-one free sheaf has exact internal Hom
Hom(Ryx,—) ~ id, so the only row is HP(X,A) at ¢ = 0. It
follows that Ext?(Rx, A) = HP(X, A). At the level of the derived
object, the internal Hom into the resolution I°® is I*® itself, and
global derived Hom is the derived section object. This is the
representation of sections by the constant rank-one sheaf. O
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