RESEARCH MANUSCRIPT NOVEMBER 2026

Higher-Categorical Semantics
of Machine Learning
and Artificial Intelligence

Parametric composition, descent of trained models, and stochastic
agents

Anonymous manuscript

Prepared for Higher Categorical Semantics

Abstract

We give a categorical semantics for trainable programs that separates parametric
composition, reverse differentiation, gauge equivalence, and stochastic execution. In a
smooth oco-topos, an architecture with parameter symmetries defines a quotient stack of
predictors. A symmetry-invariant risk defines a relative stationary stack by a homotopy
pullback. We identify its families and stabilizers, prove descent, and compute a family
of globally defined optimal predictors that admits local weights but no global choice of
weights, and a separate gerbe obstruction for an ineffective symmetry. We compare
this smooth stack with a derived critical locus, computing the Koszul homology and
tangent obstruction of a degenerate loss. We also give precise comparison results
for coordinate changes, permutation-equivariant attention, compositional stochastic
agents, and federated updates. Six Rust scenes render the loss, decision, covering,
and optimization geometries used in the proofs. Notes relate the construction to prior
work on learners, reverse differential categories, Markov categories, higher toposes, and
derived geometry.

Keywords. Machine learning, reverse differentiation, smooth stacks, derived critical loci,

Markov categories, agent semantics.

Preparation. Al assistance was used in research synthesis, mathematical exposition, and the

companion software. Anonymous review copy.



HIGHER-CATEGORICAL LEARNING RESEARCH MANUSCRIPT

Contents
1 What a higher-categorical semantics of learning should preserve 4
1.1 From a program to a family of trained models . . . . . . . ... ... ...... 4
1.2 Prior work and the comparative claim . . . . . . ... ... ... ........ 4
1.3 The five equivalences . . . . . . . ... 5
1.4 Conventions and structure . . . . . . . .. Lo Lo 6
2 Parametric programs and compositional architecture 7
2.1 Parameterizing a Cartesian category . . . . . .. . ... ... .. 7
2.2 The semantics of a wiring diagram . . . . . . . ... .. Lo 7
2.3 A compositional representation of symmetries . . . . .. .. ..o 8
2.4 Interpreting changes of architecture . . . . . . .. . . ... ... 0. 9
3 Reverse differentiation and the semantics of learners 10
3.1 The reverse derivative with its types . . . . . . . . . . ... L oL 10
3.2 Reverse composition of parameterized maps . . . . . .. ... 10
3.3 Losses, update maps, and requests . . . . . . .. ... 11
3.4 Differentiation of an objective assembled from samples . . . . . .. .. ... .. 11
4 The geometry required by an optimizer 13
4.1 A covector isintrinsic . . . . . ... L. oL e 13
4.2 A change of coordinates that changes Euclidean descent . . . . .. .. .. ... 13
4.3 Fisher information and singular parametrizations . . . . . .. ... ... ... 14
4.4 When updates descend . . . . . . ... Lo 14
4.5 Hessian comparisons at a stationary point . . . . . .. ... ... L. 15
5 Smooth higher toposes and the moduli of predictors 16
51 Thesite of tests . . . . . . . o o o 16
5.2 A symmetry quotient and its points . . . .. .. ... Lo 16
5.3 Evaluation through the quotient . . . . ... .. ... ... ... .. ... .. 17
5.4  Coherent comparison across architectures . . . . . ... .. ... ... ..., 17
5.5 Paths of parameters and isomorphisms of presentations . . ... .. ... ... 18
6 The stationary stack as a homotopy pullback 19
6.1 A vertical equation over data . . . . ... ... Lo 19
6.2 Naturality and its failure for inclusions . . . . . . . . .. ... ... ... .. .. 20
6.3 Dataset quotients and symmetry . . . .. ... L oL L oL 20
6.4 Selecting global minima when the risk permitsit . . . ... .. ... ... ... 21
7 Descent and an obstruction to global weights 22
7.1 Lifts through a free presentation . . . . ... ... ... .. ... ... ... 22
7.2 A squared one-neuron model . . . ... .. L e 22
7.3 What changes at the fixed point . . . . ... ... ... o 0oL, 23
7.4 The overlap signs explicitly . . . . . . . .. Lo oL 24
8 A degree-two obstruction from ineffective symmetry 25
8.1 From observable families to lifts of their gauge data . . . . . .. ... .. ... 25



HIGHER-CATEGORICAL LEARNING RESEARCH MANUSCRIPT

8.2 The obstruction calculation . . . . ... ... ... ... ... .....
8.3 A projective family of exact fits . . . . . ... oL oL

9 Derived critical loci and singular losses

9.1 Two interpretations of a zero locus . . . . ... ... ... ... ...
9.2 Koszul model and the tangent complex . . . . . . ... ... ... ...
9.3 A quartic loss with nontrivial negative cohomology . . . . . .. .. ..
9.4  Gauge equivalence and derived equations . . . ... ... ... ...

10 Stochastic learning in Markov categories

10.1 Kernels and tensor composition . . . . . .. ... .00
10.2 Conditioning and Bayesian inversion . . . . . ... ... ... ... ..
10.3 Expectation and differentiation . . . . . .. ... ... ... ... ..
10.4 Stochastic optimizers and latent state . . . . . ... .. ... ... ..
10.5 Couplings and shared evaluation . . . ... ... ... ... .. .....

11 Attention, sequence models, and causal sampling

11.1 Attention as a parameterized layer . . . . . . ... ... ... ... ...
11.2 Permutation equivariance . . . . . . . .. ... .o
11.3 The differentiation of an attention kernel . . . . . . . . . ... ... ...
11.4 An autoregressive model and a sampling policy . . . . . ... ... ...

12 Open stochastic agents and temporal composition

12.1 A finite-step agent interface . . . . . . . ... ..
12.2 Delayed feedback . . . . . . ... Lo
12.3 Simulations preserve finite observations . . . . ... ... ... ... ..
12.4 Path laws and feedback from learning . . . . . ... .. ... ... ...

13 Federated learning, descent, and the arithmetic of updates

13.1 Data descent and finite sums . . . . . . .. ... oL oL
13.2 Onme synchronized step . . . . . . . . . . . ...
13.3 An exact two-step discrepancy . . . . . ... oL
13.4 Why averaging and quotienting can disagree . . . . . .. . ... ... ..

14 Observation, expressivity, and composition across levels

14.1 The observable image of a model stack . . . . . ... ... ... .....
14.2 Evaluation on a dataset . . . . . ... ... ... L oo
14.3 Real semantics and implemented finite maps. . . . . . . ... ... ...
14.4 Approximation and architectural semantics . . . .. .. ... ... ...
14.5 Limits for coherent training constraints . . . . . . ... ... ... ...

15 A stack of optimizer histories

15.1 The graph of a training step . . . . . . . . . . ... ... ... ...
15.2 Terminal conditions and preserving presentation data . . . . . . .. . ..
15.3 Histories, limits, and observable transition laws . . . . . . .. .. .. ..
15.4 Transporting optimizer histories . . . . . . . . .. ... L.

16 Six exact geometries rendered in Rust

27
27
27
28
28

30
30
30
31
31
32

33
33
33
34
34

35
35
36
36
37

38
38
38
39
39

40
40
40
41
41
41

43
43
44
44
45

46



HIGHER-CATEGORICAL LEARNING RESEARCH MANUSCRIPT

16.1 Two metrics on one loss bowl . . . . .. . ... Lo oo 46
16.2 A smooth exact XOR surface . . . . .. ... ... o 46
16.3 The double cover of optimal predictors . . . . . . .. ... ... ... ... 48
16.4 Federated quadratic trajectories . . . . . . . . . ... Lo Lo oL 48
16.5 The flat bottom of a quarticloss . . . . . . . ... ... L L. 49
16.6 Antipodal monodromy and the projective plane . . . . . . . .. ... ... ... 50
16.7 Running and reproducing the figures . . . . . . ... ... oo 50
17 Notes on the literature and on the scope of the results 52
17.1 Composition, learning, and differentiation . . . . . . . . . ... ... ... ... 52
17.2 Geometry, stacks, and obstruction theory . . . . . . ... ... ... .. ... 53
17.3 Probability, sequence modeling, and agency . . . . . .. ... .. .. ... ... 55
17.4 Distributed training and empirical scope . . . . . . . . ... 56
17.5 How to read a claim of equivalence . . . . . . ... ... ... ... . ...... 57
References 58



HIGHER-CATEGORICAL LEARNING RESEARCH MANUSCRIPT

1 What a higher-categorical semantics of learning should

preserve

1.1 From a program to a family of trained models

A predictor with a specified weight vector is a map from inputs to outputs. A trainable
program adds the parameter space, the dependency of the predictor on the parameters,
the objective, and the operation that selects or updates parameters. A deployed agent
may also carry state, sample actions, and use observations to decide whether to update.
There is no single equivalence relation that preserves all of these aspects. Two weight
assignments can give the same predictor, have different optimizer state, and interact
differently with the same environment after training resumes. A useful semantics makes
the chosen level of equivalence explicit.

We start with a smooth parameterized map
f:PxX—Y.

Here X and Y are input and output types and P is the parameter type. A task
adds observations and a loss. The reverse derivative of the loss with respect to P is
a covector. An optimizer requires additional data for turning that covector into a
displacement or a probabilistic update. An action of a group G can identify parameter
settings that express the same predictor. If one studies a family of such models over a
test manifold, the compatible changes of local weights can carry topology. The higher
topos is the category in which these families and their gluing isomorphisms are objects,
and the stationary equation can be imposed by a limit.

This approach addresses two uses of higher structure. The ordinary smooth quotient
stack remembers isomorphisms, stabilizers, and descent in smooth families. Its values
are groupoids for the ordinary Lie-group actions used here. Separately, the derived
critical locus retains relations in the equation and an obstruction space for infinitesimal
deformations. It is defined in a derived category of test objects. The two refinements
can be combined with hypotheses on the action and the derived site. Neither refinement
is obtained simply by replacing a real parameter vector by an abstract space of models.

1.2 Prior work and the comparative claim

The parameterized map and its compositional treatment have direct predecessors.
Fong, Spivak, and Tuyéras show how backpropagation and supervised learning can
be organized as a functor of parameterized maps [1]. Fong and Johnson compare
learners to lenses [2]. Cruttwell, Gavranovié¢, Ghani, Wilson, and Zanasi organize
gradient-based learning through reverse differential structure, parameterization, and
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lenses [3]. Reverse differential categories axiomatize the reverse chain rule [4], and
Gavranovié’s thesis gives a broader categorical account of parameterization and deep
learning [5]. These are the principal antecedents for Sections 2-4. The surveys by
Shiebler, Gavranovié¢, and Wilson and by Jia and coauthors place this literature beside
categorical probability, invariance, and topos-based approaches [9, 10].

The geometric part combines this input with standard construction principles from
higher topos theory, stack descent, and derived geometry [33, 34, 36, 41, 42]. The
contribution is a precise comparison in one learning model. The same invariant objective
yields a stationary quotient stack, a derived critical refinement on polynomial charts,
and a coordinate-independent vector field after a metric is chosen. These structures
have different tests for equality and descent. We prove these comparisons and calculate
examples that separate them. In particular, an entire family of globally optimal
predictors can be well defined even though no continuous global choice of the given
weights realizes it. The proof uses a concrete square-cover obstruction and a loss whose
global minimizers can be identified exactly.

The stochastic and operational parts use Markov categories, probability kernels, and
coalgebraic systems [47, 46, 61]. They distinguish state transitions, externally observable
histories, and coherence of architectural comparison. Attention, reinforcement learning,
and federated optimization enter as typed constructions and examples. Claims about a
category of agents depend on the interface, time convention, and chosen observation
criterion. Claims about performance or generalization require statistical assumptions

in addition to a compositional semantics.

1.3 The five equivalences

The manuscript uses several comparison relations. They are summarized here to specify
what a later theorem actually identifies.

Level Data preserved by the comparison

Parametric program The forward map after an explicit parameter change.

Differentiated program The forward map and transport of input and parameter
covectors.

Smooth model stack Families, their symmetry arrows, stabilizers, and effec-

tive descent.

Derived stationary locus Infinitesimal solutions and relations among equation
residuals on derived tests.

Stochastic agent behavior  Output laws at the selected interfaces under the stated
input or environment protocol.
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An optimizer comparison additionally requires compatibility of metric, state, and
discretization. Invariance of the objective under a reparametrization determines the
cotangent transformation rule. It does not determine a coordinate update. Conversely
a change in the selected observations can identify agents that differ internally even
when no equivalence of their parameter types exists.

1.4 Conventions and structure

All main differentiation results use finite-dimensional smooth Euclidean spaces or
ordinary smooth manifolds. Smooth test spaces and measured state spaces are intro-
duced separately. ReLLU, floating point, and discrete code appear only with their own
semantics. A polynomial example is used when an exact derived-algebraic computation
is needed. In the stochastic sections, kernels on standard Borel spaces are the concrete

models. Finite horizons are used for the main operational composition claims.

Sections 2-4 establish parameterized composition, reverse differentiation, and optimizer
geometry. Sections 5-9 give the higher-topos and derived constructions, including the
global obstruction. Sections 10-14 extend the account to stochastic models, attention,
agents, and distributed training. Section 16 gives exact geometric examples and their
Rust viewer. The final notes relate each construction to its closest published precedents
and state its hypotheses.
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2 Parametric programs and compositional architecture

2.1 Parameterizing a Cartesian category

Let C be a category with finite products. For a first model take finite-dimensional real
vector spaces as objects and smooth maps as arrows. A parameterized arrow X ~» Y
is a pair (P, f) with f: P x X — Y. A reparametrization (P, f) = (Q,g) is a map
h: P — @ satisfying

f=go(hxidy). (2.1)

The direction of the arrow records how a parameter for the source program is interpreted
as a parameter for the target program. An inclusion of a constrained parameter subspace
is a legitimate arrow even if it has no inverse. For a symmetry of a presentation one
instead uses an invertible reparametrization. This distinction affects the groupoid of
model families.

For (P, f): X ~Y and (Q,g) : Y ~ Z, take parameter P x @) and forward map

((p,q),z) — g(q, f(p, x)). (2.2)

The identity uses the terminal parameter and the identity of the interface. Horizontal
composition of reparametrizations is their product. Equation (2.1) for the composite
follows by applying the two reparametrization equations in turn. The product associator
and unitors furnish the coherent comparisons for repeated composition. This gives the
usual bicategorical Para construction in this Cartesian case [3, 5]. One can strictify
the bookkeeping by using lists of parameter blocks.

Parallel composition uses a product of interfaces and a product of parameter spaces.
Symmetries of those products exchange independent components. When a component
is reused, care is needed about the meaning of the product. Using the same parameter
twice means precomposing with the diagonal on the parameter space. It is a change of
parameterization. Using two independent copies of a parameterized arrow allows two
different parameters. Their joint space agrees with the first model only after restriction
to the diagonal.

2.2 The semantics of a wiring diagram

An acyclic circuit of composable smooth boxes can be interpreted by products, projec-
tions, and composition. Copying an ordinary value is the diagonal X — X x X and
discarding it is the unique map to a terminal object. An input used twice is copied
explicitly at the level of the diagram. The free Cartesian category on a signature
of typed boxes presents this wiring. Specifying an interpretation for each generator
determines the interpretation of each circuit modulo the Cartesian equations [12].
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A layer may be linear, smooth nonlinear, or itself parameterized. Consider f((W,b),z) =
Wax 4+ b. A smooth activation o applied coordinatewise is a parameter-free arrow. A
depth-two circuit then has parameter space (W7, by, Wa, by) with the expected composite
forward map. A change of width is a change of the type of the intermediate interface.
The external predictor may remain the same under an explicit embedding of the
parameters, as when an added hidden unit has zero outgoing weight. Such a comparison
need not be invertible and does not give a symmetry of a fixed architecture.

A residual block x +— x + f(p, x) can be built from copying, the block f, and addition.
A shared-weight recurrent program on a fixed time horizon is built by composing step
maps and then using a diagonal that identifies the weight blocks. This distinguishes
the finite unrolling of a recurrent system from a feedforward program with unrelated
weights at each step. Parameter tying will also determine where the reverse pass adds
cotangents.

2.3 A compositional representation of symmetries

Take a hidden layer
z — Wo O'(Wlx + bl) + bo.

For any permutation matrix S of the hidden width, coordinatewise activation satisfies
0(Sz) = So(z). Thus the parameter transformation

(Wl,bl,WQ,bg) — (SWl,Sbl,WQS_l,bQ) (2.3)

leaves the forward map invariant. Such matrices form a finite group acting on the
parameters. In more general architectures an activation may commute with a subgroup
of scalings or linear coordinate changes, but this must be checked at the level of its
forward operation. Parameter symmetries arise from an equation in the program, not
merely from an informal similarity between the weights. Work on neural network
symmetries and weight alignment studies their operational consequences [27, 31, 28].

The reverse implication from functional equality to membership in a particular orbit
generally fails. For example in a network with zero output weights, many changes
of hidden weights have no effect on the output. The subgroup generated by hidden
permutations does not relate all such parameter settings. We will therefore keep a map
from the symmetry quotient to the predictor sheaf, with no general identification of the
two. The chosen symmetry encodes intended changes of presentation. The predictor
semantics encodes all functional equalities under the given observation of inputs and
outputs.
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2.4 Interpreting changes of architecture

Suppose i : P — @ embeds a narrow model in a wider model without changing its
predictor. Equation (2.1) expresses preservation of evaluation. It does not imply that
optimization in @) preserves i(P). The new parameter directions can have nonzero
gradients, or optimizer noise can move out of the embedded subspace. For transfer of
a training result one can compare the restriction of risk and its derivative along . For
transfer of training dynamics one needs tangency and a compatible update operation.
This is an instance of a general rule used below: every layer of the semantics needs its

own naturality condition.

A family of architectures can be indexed by a small category or higher category K.
A morphism can be a permitted inclusion, an interface translation, or a documented
equivalence of presentations. We use only coherent comparisons that are supplied as
data. For example, preserving the evaluation arrow on a chain of architecture changes
supplies commuting triangles. If different chains represent equivalent comparisons,
their chosen coherences determine how a diagram of families acts. The higher diagram
environment in Section 5 describes which gluing statement follows from this input.
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3 Reverse differentiation and the semantics of learners

3.1 The reverse derivative with its types

For a smooth map f: X — Y between Euclidean spaces, write

The star is the linear dual, with the Euclidean transpose as its matrix in standard
coordinates. The chain rule gives

Rlg o f](z,¢) = R[f](x, Rlg](f(x),())- (3.1)

On manifolds the base point in each cotangent fiber is part of the type. A pullback
of a cotangent vector is intrinsic even though an expression for its components uses
a local chart. On Euclidean spaces one can suppress the cotangent bundle notation
because the bundles trivialize.

A lens from (X, X’) to (Y,Y”) is a forward map X — Y and a backward map X x Y’ —
X'. In this concrete setting a reverse differentiable map gives the lens (f, R[f]) with
the primed spaces dual to the corresponding tangent types. Equation (3.1) is exactly
the composition rule for these lenses. In a manifold setting a dependent version is
needed, since the backward input belongs to a fiber over the forward output. Reverse
differential categories give axioms and a generalized formulation [4, 3]. Functional
presentations of automatic differentiation give related ways to derive the reverse rule

from compositionality [16, 17, 18].

3.2 Reverse composition of parameterized maps

For the composite (2.2), let ¢ be an output covector. Reverse through g(q,y) first with
y = f(p,x):
(/BQ7ny) = Dgqu,y)C'

Then reverse through f:
(O[P’éx) = Df{p,x)n’y'

The resulting backward map on the whole circuit returns (o, 84, {;) under the canonical
cotangent splitting for the product. This is exactly the dual of the derivative of the
composite. The parameter cotangent for each block is obtained without requiring its
full Jacobian as an explicitly stored matrix.

If a parameter p is used in two blocks, the forward parameterization includes a diagonal
A : P — P x P. Its differential is v — (v, v), and its dual is (o, 8) — a + . Thus
the two parameter cotangents add. The same argument gives addition at a branch of

10
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the forward data-flow graph when both outputs contribute to the loss. Fan-out in the
forward direction becomes summation in the backward direction. Discarding a forward
output gives the zero covector in the backward direction. These identities explain the
familiar accounting rules for gradients at reused variables.

Proposition 3.1 (Compatibility with reparametrization). Let f(p,z) = g(h(p),x) as
n (2.1). For an output covector n, the parameter and input cotangents satisfy

Rp[f](p,x,n) = DhyRqlgl(h(p),z,m),  Rx[fl(p,=,n) = Rx[g](h(p),z,n).

Proof. Differentiate (p,x) — (h(p),z). The tangent map is the block sum of Dh,, and
the identity on 7, X. Apply the dual chain rule and project to the two summands. [J

The proposition does not require h to be invertible. If h is an immersion, it says the
parameter cotangent on the smaller model is the restriction of the larger one along the
tangent image. If Dh, fails to be injective, components in its kernel are invisible to
the forward differential. Neither case specifies a preferred Euclidean gradient vector on
the smaller model.

3.3 Losses, update maps, and requests

For a target y and smooth loss £ : Y X Y — R, the cotangent supplied at prediction
y= f(p,x) is 014(y,y). Applying the reverse derivative gives d,(¢ o f) and d (¢ o f),
where the target is held fixed. Gradient descent uses the first after choosing a metric and
a step rule. The second can be used to compose a learning interface with an upstream
block. The distinction between a propagated covector and a requested replacement
value matters: converting a covector to a request in the original type requires structure
supplied by the choice of loss or update convention.

Fong, Spivak, and Tuyéras construct a functor to a category of learners with implemen-
tation, update, and request components, under their hypotheses on error functions and
gradient descent [1]. A learner of that kind contains more operations than the reverse
lens alone. Cruttwell and coauthors make the separate loss, optimizer, and parameter
structure explicit [3]. Here the reverse map is a compositional calculus for covectors.
The optimizer is a different arrow, possibly stateful or stochastic. To claim it descends

under symmetries one checks its own equivariance.

3.4 Differentiation of an objective assembled from samples

For a finite ordered dataset D = ((x;,y;))r; and fixed coefficients a;, set

L(p, D) = Zai E(f(pvxl)vyl)

n
=1

11
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By linearity of the differential,

dpL = Z ai Rp[f](p, i, 01L(f (p, i), yi))-

This is a finite algebraic equality. It applies before taking expectations or limits. If
all weights are equal, permuting the records and preserving multiplicity leaves the
risk invariant. If records are weighted, symmetry acts on data and weights together.
Repeated records contribute with their multiplicity, which is why passing to a set of

examples can change the objective.

A penalty R(p) adds its cotangent to d,L. It can break parameter symmetry even
when the sample risk is invariant. To define a stationary stack for a regularized learner,
one uses the full invariant risk or reduces the group to the symmetries of that risk.
This condition is independent of any optimizer state.

12
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4 The geometry required by an optimizer

4.1 A covector is intrinsic

Let L : P — R be a smooth risk and A : P — @ a diffeomorphism with L = Loh. Then
dL, = Dh;(df/h(p)). A metric g on P identifies cotangents with tangents by the musical
isomorphism gf) : T, P — T,P. This gives VL = g*dL. The construction depends on
a metric, but it is natural when the metric is transported along the coordinate change.

Theorem 4.1 (Metric equivariance). Suppose h: (P,g) = (Q,g) is an isometry and
L=Loh. Then
Dhy Vo L(p) = V5L(h(p)).

Consequently gradient flows are intertwined on their common interval of existence.
Discrete updates are intertwined whenever their retractions or other displacement rules
are intertwined by h as well.

Proof. For v € Ty, @ the isometry identity gives
§(DhV,L,v) = g(V,L, Dh~'v) = dL(Dh™'v) = dL(v).

Nondegeneracy proves the formula. The flow comparison follows by uniqueness for
the corresponding vector field, and the discrete comparison follows by applying the
displacement rule to the intertwined tangent vectors. O

A Riemannian exponential is an example of an isometry-compatible displacement rule
on its domain of definition. Coordinate addition z — z — nv in two charts need not be
intertwined by a nonlinear coordinate change. Indeed Taylor’s theorem adds a term of
order 7% when the chart has nonzero second derivative. Natural-gradient vector fields
can therefore be invariant under a larger class of reparametrizations than a particular
finite step using coordinate addition [22, 23, 24, 25].

4.2 A change of coordinates that changes Euclidean descent

On P = R? put L(x,y) = (22 + 4y?)/2. Use a second chart (u,v) = (2z,y/2). The
same objective expressed in that chart is L(u,v) = (u2/44 16v2?)/2. Buclidean gradient
descent in physical coordinates multiplies the two coordinates at each step by 1 —n and
1 — 4n. Euclidean descent in the second chart, mapped back into physical coordinates,
multiplies them by 1 —7/4 and 1 — 16n. For 0 < n < 1/8 both iterations are stable and
generally distinct. The derivative comparison remains exactly true. The optimization
difference is that the two Euclidean metrics describe different geometries under the
identification.

13
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Push the original metric into the second chart. Its matrix is diag(1/4,4), so its inverse
applied to (u/4,16v) gives (u,4v). Since the chart change is linear, coordinate addition
now intertwines the discrete updates. The viewer in Section 16 draws the trajectories
on the same bowl to make the comparison in a common parameter space.

4.3 Fisher information and singular parametrizations

For a regular statistical family p +— g¢p,, the Fisher form can be written in local
coordinates as

Ip(v,w) = By, [(Dy10g gp)(Du log gp)]

when a common dominated representation and the required differentiability hold. This
is a covariant bilinear form. If the family is regular and identifiable at the differential
level, the form is positive definite and its inverse turns the risk differential into a natural
gradient [22, 23]. A redundant parameterization can give null directions. For example,
if a model depends only on s = p; + po, the direction (1, —1) is invisible to the Fisher
form.

On a chart of constant rank with a smooth quotient ¢ : P — @ and [ = q*:f for a
positive metric on @, a risk of the form L = Lo q determines a natural-gradient vector
downstairs. Upstairs the equation I(v,—) = dL determines a class of vectors modulo
the kernel. Choosing a horizontal distribution chooses a representative of the class.
A matrix pseudoinverse computed using a fixed coordinate Euclidean inner product
encodes such an additional choice. Its representative should not be called canonical
under arbitrary chart changes. At rank-changing points the existence of a smooth
quotient chart is a separate issue.

4.4 When updates descend

Suppose G acts on a parameter manifold and preserves the risk. If the action also
preserves g, Theorem 4.1 makes the gradient vector field equivariant. If a discrete
optimizer carries auxiliary state S, give S the required G-action and use a map
U:PxS§— PxS§. An equivariant U induces a map of quotient stacks by applying
U to the equivariant map carried by a principal bundle. This includes algorithms
that transform momentum as a tangent or cotangent vector under a symmetry. For
a gradient using a product of coordinatewise running moments, one must check the
transformation of those moments under the particular group. Permutations act on
diagonal statistics by permuting coordinates. General rotations do not preserve the
class of diagonal matrices.

Continuous gradient flow, a particular finite-step update, and an update with optimizer
memory can thus descend for different groups even with the same risk. At a fixed point

14
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of the group action equivariance imposes additional constraints. For instance under
p — —p, any deterministic equivariant update of p alone sends 0 to 0. A randomized
update can send 0 to a sign-symmetric law. These are distinct notions of equivariance
because their codomains are different.

4.5 Hessian comparisons at a stationary point

At a critical point the Hessian transforms by congruence. If p is critical for L, then
Hess, L = Dk}, Hessy,,) L Dh,,.

The usual second derivative of a composite also contains a term with the second
derivative of h. That term is multiplied by the first derivative of L and vanishes at a
critical point. Rank and signature of the symmetric bilinear form are therefore invariant
under invertible change of coordinates. Its eigenvalues with respect to Euclidean metrics
assigned independently in both coordinate systems can differ. In the quadratic bowl
above the matrices are diag(1,4) and diag(1/4,16) in the two charts. Their ratios of
eigenvalues are four and sixty-four. With the metric transported, the corresponding
metric-raised Hessians are conjugate and have identical spectra.

This comparison explains which geometric statements about the same critical point
survive parameter symmetry. An invertible change of coordinates preserves whether
the critical point is a nondegenerate minimum, while the rate predicted for a coordinate
Euclidean iteration can change. A derived tangent calculation uses the bilinear form
as a map to the cotangent space. A convergence-rate calculation usually also selects
a metric and step. The distinction between rank and condition number is useful in
interpreting geometric analyses of flatness and learning dynamics [27, 23].
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5 Smooth higher toposes and the moduli of predictors

5.1 The site of tests

Let Mfd be a small representative in a fixed universe of smooth Hausdorff second-
countable manifolds, with the open-cover topology. Set H = Sh,(Mfd), the co-category
of sheaves of spaces. A manifold represents a sheaf, and evaluation at a test T is
mapping out of its representable. The subcategory of set-valued sheaves embeds as
the O-truncated objects. Groupoid-valued stacks embed as 1-truncated objects. For
these truncated objects ordinary stack descent also gives hyperdescent [33, 34, 35]. The
general co-topos supports higher limits and genuinely higher-valued objects when those
are part of the chosen model.

A parameter family over T is a smoothly varying parameter assignment, possibly with
local presentations and transition symmetries. The parameter T is external to the
predictor input X. A function in the internal object F = Y X has at T the space

Map(T,F) ~ Map(T x X,Y).

When X,Y are ordinary manifolds, this is the set of jointly smooth maps. It need
not be represented by a finite-dimensional manifold. The internal exponential gives a
model of smooth predictor families without choosing a topology on a vector space of

all functions.

5.2 A symmetry quotient and its points

Fix a smooth parameter manifold P, a Lie group G acting smoothly on the left, and
an invariant evaluation f: P x X — Y. Form the quotient stack

MZ[P/G]:colim(PtGXPEGQXP---) (5.1)

in H, where the diagram is the action groupoid’s simplicial nerve. The colimit may be
constructed by stackifying the action groupoid presheaf. The stage T of the result is the
groupoid of smooth right principal G-bundles £ — T with a smooth map ¢ : E — P
satisfying ¥ (eg) = g~ '4(e). Arrows are equivariant bundle isomorphisms preserving 1.

One can derive this description by choosing local sections s; of a bundle over a cover.
They give parameter maps p; = ¥(s;). On overlaps s; = s;g;5, hence p; = glglpi,
and the transition maps satisfy g;;g;x = gir- Conversely these data glue a principal
bundle and its equivariant map. Changes of local sections give the expected gauge
isomorphisms. This is the same descent mechanism as the classification of ordinary
principal bundles, with the additional map to P. General principal co-bundles give an
appropriate extension of the classifying language [36, 37].
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At the test point the bundle is trivial, so the groupoid is the usual action groupoid of
points. Its components are orbits, and the automorphism group at p is the stabilizer
Gyp. For general T a choice of a global weight map 7" — P presents the objects whose
underlying bundle has been trivialized. Quotient stack points can exist with no such
presentation.

5.3 Evaluation through the quotient

By currying, f gives a map P — F. Invariance makes it a map constant on the arrows
of the action groupoid, hence it factors through M. At a stage T the evaluation
of (E,4) is defined on T' x X by choosing any e over the test point and evaluating
f((e),z). The result is independent of e. Local smooth sections of F show that the
descended map is smooth.

If k: T — F is a prescribed predictor family, the fiber of M — F over k is the groupoid
of realizations of that family in the chosen symmetry presentation. It can be empty.
It can have multiple components even when nonempty, since functional equality can
identify parameters outside the chosen orbits. It can also have automorphisms because
F is O-truncated. Consequently evaluation can lose both object and arrow information.

5.4 Coherent comparison across architectures

Let K be a small co-category of architecture indices. The category Fun(K,H) is an
oo-topos. To see this, write H as a left exact accessible localization of a presheaf
category. Applying Fun(K, —) gives the corresponding objectwise localization of the
presheaf category on the product of the presenting category with K°P. Limits and
equivalences of diagrams are computed objectwise. A coherent diagram of architecture
stacks together with evaluations to a compatible diagram of interfaces can therefore be
studied internally.

For example, with fixed external interface and evaluation sheaf F, a diagram may take
values in the slice over the constant diagram of F. A morphism in K then carries a
comparison over the predictor semantics, with any prescribed higher coherences. If one
also has a diagram of loss covector objects and natural sections, stationarity can be
imposed by an objectwise homotopy limit. The existence of such a natural diagram is
a hypothesis. The counterexample for embeddings in Section 6 shows that a forward
architectural comparison does not automatically induce a map on stationary loci.

There are two index directions in this account. Passing to an open of T’ changes the
locality of a family. Moving along an arrow of K changes its architectural presentation.
Descent in the former does not assert any surjectivity in the latter. The coherent
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functor category keeps these directions available without assuming they are the same
operation.

5.5 Paths of parameters and isomorphisms of presentations

A smooth path in P is a smooth family over an interval, or over an open interval
extended at the endpoints when working on manifolds without boundary. Such a family
may connect parameters that implement different predictors. At the test point the
arrows in [P/G](x) are the specified gauge isomorphisms. They relate a parameter only
to its G-orbit. A path through the parameter manifold need not give such an arrow.
Conversely a discrete permutation can give an arrow at the test point without having
a continuous path in the symmetry group. A topology or shape functor applied to
the smooth stack can record additional paths, but this is an operation on the ambient
model, with its own comparison maps.

One can keep the time direction as a smooth test and keep the symmetry direction as
arrows. For instance a parameterized curve of predictors has jointly smooth evaluation
on the time interval and the input manifold. Descent along an open cover of the
time interval matches local curves by symmetry isomorphisms on overlaps. Closing
that interval into a circle can introduce a nontrivial principal bundle, even though all
local data have smooth representatives. This distinction is the geometric input for the
obstructions in Sections 7 and 8.
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6 The stationary stack as a homotopy pullback

6.1 A vertical equation over data

Let D be a finite-dimensional smooth dataset manifold, for instance D,, = (X x Y)™.
Let L : P x D — R be a smooth risk invariant under the G-action on P, with G acting
trivially on D. Write B = [P/G] x D. The parameter-covector stack over B is

V =[(T*P x D)/G] — B

using the cotangent lift of the action. In particular the base of a covector and the data
remain part of its type. There are sections s,0 of V' — B, respectively dpL and the
zero covector. Invariance gives the required equivariance:

dpL(gp,d) = (D(g9™")gp)" dpL(p,d).

The derivative is taken only in P. A moving dataset parameter can therefore be held
fixed during the learning equation even though the family varies smoothly in D.

Define the stationary stack as the equalizer of these sections in the slice over B, or
equivalently as the homotopy pullback

S.—BxB (6.1)
1%

with the two arrows s,0. In the slice the two copies of B are terminal objects over
B. Because V — B has relatively discrete fibers, the witness of equality of covectors
over a fixed base object is unique when it exists. Over varying base objects all of their
compatible symmetry isomorphisms remain. Taking the pullback in the ambient topos
gives the same object over B, with equivalence between the two projected base objects
supplied by the pullback comparison.

Theorem 6.1 (Stationary families). Let Zj, be the sheaf of pairs (p,d): T — P x D
whose vertical covector dpL vanishes. Then Sp ~ [Z1,/G]. At a test T it classifies
principal G-bundles equipped with an equivariant family of stationary parameters and
a smooth dataset family on T. It satisfies descent on the test site. Fixzing or changing

the dataset by pullback commutes with this construction.

Proof. Apply Map(T,—) to (6.1). An object of the pullback includes an isomorphism
from the value of the derivative section to a zero covector. Transport its second base
object along the induced base isomorphism. The derivative covector over the first
object must then be zero. Conversely a stationary object together with the identity
gives a pullback object. The arrows are exactly the arrows of the quotient that preserve
the stationary data. Equivalently, on each local trivialization of the principal bundle
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the parameter map lands in the zero-locus sheaf. Such maps glue precisely with the
usual bundle transitions. This identifies Sy, with [Z},/G]. The sheaf and stack claims
also follow from closure of H under limits, and the assertion on datasets follows from
associativity of pullbacks. O

The sheaf Z; can have a singular underlying subset. The theorem does not require
it to be a smooth submanifold. It is defined by maps into the parameter and dataset
manifolds satisfying a smooth equation. At the test point the objects are stationary
parameter assignments. Distinguishing local minima, saddles, and maxima requires
further information about the risk. A pullback by the zero section imposes stationarity
without optimizing globally.

6.2 Naturality and its failure for inclusions

If h: P — @ is a diffeomorphism and Lp = Lgo(h xidp), then Dh* is an isomorphism
and identifies the respective stationary conditions. With a compatible group action
this is an equivalence of the stationary stacks. An inclusion of parameter spaces does
not have this property. Consider the risk Lg(q1,q2) = ¢4 + ¢2 and h(p) = (p,0). The
restricted risk is stationary at p = 0. At (0,0) the derivative of the larger risk is
dga # 0. An architecture can therefore have a stationary fit when compared with its
own allowed variations and fail stationarity in a larger architecture. The example uses
an ordinary smooth loss. Adding a constant or using a nonnegative variant, such as
@? + (g2 + 1), gives the same conclusion.

For an embedding, a comparison in the opposite direction can sometimes be stated. If
a stationary point of the larger risk lies in the image, its pullback is stationary in the
smaller problem by the chain rule. More generally one can form the larger covector
restricted to the embedding and then take the fiber of its image under Dh*. This
expresses the smaller stationarity test on the larger cotangent data. It is the correct
categorical operation when normal variations remain unconstrained.

6.3 Dataset quotients and symmetry

The ordered dataset manifold has an action by the permutation group of its record
slots. A permutation-invariant empirical risk can therefore be defined over the quotient
stack of datasets as well. The construction then works over [D,,/S,] and keeps the
automorphisms of a dataset with repeated records. These automorphisms are not
model symmetries, but they may appear in the same total family over data. Fixing a
dataset as a specific object removes its external variation. In contrast, passing to a

space of empirical measures can identify ordered datasets with different multiplicities
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or sample sizes after normalization. Whether this is appropriate depends on the risk
and the intended statistical interpretation.

6.4 Selecting global minima when the risk permits it

For an ordinary smooth family over a test T, one can define the minimizing subsheaf
by requiring each p(t) to minimize L(—,d(t)) over the whole parameter manifold. The
global comparison is over candidate weights in that fiber of the training problem. It
is local in the test variable ¢: if the property holds for all ¢ on a cover, it holds over
the union. Hence this condition defines a subsheaf of the parameter-and-data sheaf
and passes to the same symmetry quotient. It can be empty even when the stationary
sheaf is nonempty. It can also have no smooth local section near a data value where

the preferred minimum jumps.

For a fixed dataset, if the loss has a known lower bound m that is attained, minimizing
is equivalent to the single equality L = m. For a family with a smooth known optimal-
value function one can impose the analogous equality over the dataset base. These are
useful special cases because the equality is between morphisms of smooth sheaves. In
the squared-neuron examples below the lower bound is zero and every pointwise task
attains it. The minimum family is therefore described by vanishing of all residuals. This
identification makes it possible to prove the lift obstructions without any assumption
about convergence of a training algorithm.
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7 Descent and an obstruction to global weights

7.1 Lifts through a free presentation

Suppose a Lie group acts freely and properly on a manifold P, and let @ = P/G with
its usual smooth quotient structure. The quotient map is a principal bundle, with a
right-action convention chosen as needed. Then the quotient stack [P/G] is represented
by Q. In fact a map ¢ : T — @Q determines the pullback of the quotient bundle and
its tautological equivariant map to P. Conversely any object of [P/G|(T') gives such
a map, and its own bundle identifies with that pullback. The identification follows
locally by choosing sections and using freeness and transitivity on each orbit.

The representability of the quotient does not imply that every family admits a global
map into the atlas P. A global lift p : T' — P is a section of the pullback principal
bundle. Local lifts exist by local triviality. If local lifts p; are chosen, their transitions
define a Cech cocycle with values in the sheaf of smooth G-valued functions. The
bundle is trivial precisely when this cocycle is a coboundary. Thus a globally defined
quotient model can lack global weights in the chosen presentation. This is a failure of
global lifting through an atlas, not a failure of descent for the quotient object [34, 36].

7.2 A squared one-neuron model

Take input = € R?, weight w € R?, and predictor
ful(z) = (w'x)?.

The sign group {1} acts by w +— —w and preserves evaluation. The corresponding
observable is the positive semidefinite matrix Q = ww'. It is determined by its three

quadratic evaluations at
1= (1,0), a2=(0,1), x3=(1,1)/V2

Indeed the first two give Q11 and Q92, and the last gives their half-sum plus @12. Two
nonzero weights give the same matrix exactly when they differ by sign. The zero weight

is fixed by the full sign group.

For 6 € R/27Z define
1(1+cost sin 6
I . 1
Qg 2 ( sin 0 1—cos€> (7.1)

This is a smooth rank-one projector with trace one. A local lift is
wy = (cos(0/2),sin(0/2)).

The formula for @y is periodic, even though the displayed lift reverses sign after one
circuit. The associated observational family is (6, z) — 2T Qpz.
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Theorem 7.1 (Optimal predictor without a global weight). Let the task at 0 have the
three fized inputs above and labels y;(0) = :UZ»Tan:Z-. For the loss

Lg(w) =

N | =

3
> ((wTwi)? = yi(0))°

the family of global minimizers defines an object in the quotient stationary stack over
the parameter circle. Its predictor family is smooth. There is no continuous global
weight w : ST — R? minimizing all these risks.

Proof. Local half-angle weights make every residual zero, so the minimum is zero.
Conversely zero risk implies the equality of the three quadratic evaluations and hence
ww' = Qg. Taking traces gives ||w| = 1. With w = (cos ¢, sin ¢) the equation becomes
2¢ = 6 modulo 27. The family of local solutions is the degree-two cover of the circle,
with the sign action. It defines a principal sign bundle together with the equivariant
map to the weight sphere. All local minimizers are stationary, so this is an object of
the stationary stack. A global continuous lift would be a section of the doubling map
St — S'. On fundamental groups its composition with the doubling map would give
2 deg(w) = 1, impossible for an integer degree. The predictor family is the smooth
expression in )y given above. O

The loss family uses a fixed architecture and three examples. The obstruction is not
caused by a change in the data type or insufficient model capacity. Each task is solved
exactly, and any contractible subinterval admits smooth weights. One can use a finite
open cover by arcs and read the sign transitions as a nonzero class in H'(S';Z/2). The
two-sheeted cover is the orientation cover of the associated line of principal directions.
A display can draw both lifts and show the interchange after one circuit, which is the
geometry of the third Rust scene.

7.3 What changes at the fixed point

Adjoin the origin and keep the same sign action. Over the zero predictor there is one
weight orbit, but the fiber groupoid at the test point is the classifying groupoid of Z/2.
Over a general test and the constant zero predictor, its objects include all principal sign
bundles with the constant equivariant map to zero. In particular the zero predictor
family need not specify the associated torsor. Smooth evaluation takes it to the same
zero function regardless of that choice.

Stationarity has a different fiber structure from optimality here. The gradient of every
squared-neuron prediction vanishes at w = 0, so w = 0 is stationary even for the
nonzero label family in Theorem 7.1. It has positive risk for those tasks. The quotient
stationary stack includes it and its stabilizer, while the selected global-minimum
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subfamily excludes it. Thus taking a stationary fiber and taking a set of optimizers are
distinct operations even before one passes to higher test objects.

7.4 The overlap signs explicitly

Take two open arcs of the base circle, one using angles in (—m, ) and one using angles
in (0,27). Their overlap has two components. On the component with angles in (0, )
the half-angle formulas agree. On the other component the two chosen angles differ by
2w, so the local weight vectors differ by a sign. The transition function is therefore +1
on one overlap component and —1 on the other. A change of local section on either
connected arc can only multiply both overlap signs by the same factor. The two values
cannot both be made +1. This recovers the nontrivial bundle directly from descent
data.

The quotient object is obtained by gluing using those two transition values. Its existence
does not require a global choice of gauge, and all local risk and evaluation formulas
agree across the two changes of chart. Passing to the observable matrix replaces both
weights by the same matrix pointwise. The overlap computation shows precisely which
information is forgotten by that replacement.

24



HIGHER-CATEGORICAL LEARNING RESEARCH MANUSCRIPT

8 A degree-two obstruction from ineffective symmetry

8.1 From observable families to lifts of their gauge data

An effective symmetry describes actual changes of weights. A presentation can retain a
larger group of allowed changes of internal labels whose action on weights has a kernel.
This adds automorphisms even where the effective action is free. The following result
shows that lifting a predictor family to the larger presentation can have an obstruction
in degree two. The construction is a standard central-extension lifting problem applied
to the training family, with the distinction between effective and ineffective quotients
kept explicit [38, 39, 36].

Let
1 —-A—G5HaG—1 (8.1)

be a central extension of discrete groups. Assume that GG acts freely and properly on a
smooth parameter manifold P, and that G acts through 7. Put Q@ = P/G. With the
usual right principal convention let Ep — () be the quotient bundle. For a smooth
map ¢ : T — Q write E; = ¢*Ep. A point of [P/C:‘] (T') lying over ¢ is equivalently a
principal G-bundle E — T with an identification E JA ~ E,. Indeed the equivariant
map to P factors through E /A and identifies the latter with the pullback bundle.
Conversely such a quotient identification recovers the required map to P.

In the smooth oco-topos the same comparison is the homotopy pullback
[P/G] ~ Q xss BG. (8.2)

Here Q — BG classifies Ep. The classifying map of the extension BG — B?A makes
BG@ its homotopy fiber over the trivial class. For discrete groups these are deloopings
of the corresponding locally constant group sheaves. Thus the lift is a trivialization
of an A-gerbe on the test object. The appearance of B?>A has a concrete purpose: it
distinguishes different ways local presentations can fail to compose on triple overlaps.

8.2 The obstruction calculation

Theorem 8.1 (Coherent lift of a predictor family). The object q : T — Q lifts to the
ineffective quotient in (8.2) if and only if a canonical class in H*(T; A) vanishes. In
the nonempty case, the components of the groupoid of lifts are a torsor for H'(T; A)
and the automorphism group of each lift is H°(T; A).

Proof. Use a good cover on which Fj is trivial. Write its transition functions g;; and
choose lifts g;;. The product

~ ~ o~
Qijk = 9ij95k9;k
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belongs to A. Associativity on a quadruple intersection, together with centrality of
A, is exactly the Cech two-cocycle law. Changing the lifts multiplies this cocycle by
a coboundary. Changing the local trivializations of F, conjugates by chosen lifts of
the gauge transformations at the relevant endpoints and leaves the class unchanged.
If the class vanishes, a one-cochain in A corrects the lifts so they obey the ordinary
transition law. Conversely an existing bundle supplies lifts with trivial defect. After
one lift has been chosen, any other with the fixed quotient identification differs locally
by an A-valued one-cocycle. Isomorphisms differ by A-valued zero-cochains. This gives
the torsor and automorphism statements. O

In contrast to the weight-lifting problem in Section 7, we can keep a nontrivial effective
principal bundle throughout. What fails here is the existence of a lift of that bundle to
the extended group. Locally the ineffective quotient has objects and their automor-
phisms are copies of A. The obstruction arises from their compatibility around the
cover.

8.3 A projective family of exact fits

Use unit weights P = S? ¢ R? and predictor f,(z) = (w'z)2. The effective sign group
is Z/2. Its quotient is Q = RP?, and the predictor associated to [w] is determined by
Qu = ww'. For each projective point choose the target labels given by its quadratic
values at the three coordinate vectors and the three normalized pairwise sums. These
six values determine the symmetric matrix. The least-squares risk is zero exactly at
the two unit weights over that point. This gives the effective quotient an entire family
of optimal predictors over T' = RP?, represented by the identity 7 — Q.

Now take G = Z/4 with action through reduction modulo two, so A = Z/2. The
pulled-back effective principal bundle is the antipodal cover S* — RP?. A Z/4 lift of it
would give a monodromy homomorphism 7 (RP?) = Z/2 — Z/4 whose reduction is the
nontrivial map to Z/2. Every such homomorphism has image in the elements of order
at most two, which reduce to zero. Hence the lift does not exist [40]. Equivalently
the Bockstein for (8.1) takes the class of the antipodal cover to the nonzero class in
H?(RP?;Z/2). The degree-two obstruction is therefore nontrivial even though the

predictor and its optimal effective quotient model exist globally.

The larger symmetry in this example is a specified additional presentation. The
predictions and loss do not force that extension to be used. Its effect is on the
coherence of lifts, which is why it cannot be detected by the loss values alone. The
Rust scene shows the antipodal paths in the weight sphere and the twice-traversed
projective loop whose lift is contractible. The order-two relation of the base loop is the
relation tested by monodromy into the larger group.
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9 Derived critical loci and singular losses

9.1 Two interpretations of a zero locus

The zero locus in Section 6 is formed in sheaves on ordinary smooth test manifolds. At
each test, vanishing is an ordinary equality of covectors on the given family. Gauge
isomorphisms can survive this operation. Relations between equation residuals are not
separate infinitesimal directions in that site. A derived test category provides a second

construction.

For a precise algebraic model work over k£ = R and use connective commutative derived
k-algebras, presented in characteristic zero by commutative differential graded algebras
in nonpositive cohomological degrees. For a polynomial loss L € k[p1,...,pn] write
A=k[p1,...,pm) and B = Aluy,...,uy]. The two maps B = A send u; to 9;L and 0,
respectively. The derived critical locus is the derived affine with algebra

ARE A (9.1)

It is the derived intersection of the differential graph and zero section inside the
cotangent bundle. One can sheafify derived affines in a chosen derived topology and
use their mapping spaces. The local algebra calculation here uses no choice of global
compactification or derived smooth enhancement [41, 42, 43].

9.2 Koszul model and the tangent complex

The variables u; form a regular sequence in B. Resolve the zero section by the free
Koszul algebra, then base change along the other map. This represents (9.1) by

K = (A@A(El,...,em), |€2| = -1, dei:&-L).

In degree zero its cohomology is the usual Jacobian algebra A/(91L, ..., 0, L). Negative
degrees can record relations between the residuals. This construction is coordinate-
independent under algebraic changes of coordinates by the cotangent bundle description,
which also specifies the transition of the generators. The displayed coordinates provide

one convenient free model.

At an ordinary critical point p, the tangent complex is represented in degrees zero and
one by
Hessp L %
T,p —— T, P. (9.2)

This can be seen directly by taking the linearization of the two-section intersection,
or by dualizing the cotangent complex of the free Koszul model at p. The differential
is the derivative of dL at its zero. Thus H? is the kernel of the Hessian and H' its
cokernel. The Hessian at a critical point is an intrinsic symmetric map even though
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second derivatives at a general point require a connection to be viewed in this way. If
the Hessian is invertible, both groups vanish. The full derived model still depends on
the equation beyond its first linearization.

9.3 A quartic loss with nontrivial negative cohomology

Take

1
L(z,y) = 1(462 +y%)?,  g=a2"+y*

Its only real critical point is the origin. The two residuals are zq and yq. Its Koszul

complex is
K%=A, K™ = Ae, @ Aey, K™% = Aege,.

A degree —1 cycle has coefficients (a, b) satisfying g(ax + by) = 0. Since A is a domain,
this reduces to ax + by = 0. The variables z,y are coprime, so every such pair is
a multiple of (y,—z). The image of the differential from degree —2 is generated
by g(—y,z). The same domain argument shows that this differential is injective.
Consequently

H™Y(Kr)~ A/(q), HY(Kp)=~A/(zqyq), H*(Kr)=0. (9:3)

The generator of H~! is the class of ye, — xey. At the real origin the Hessian is zero and
both tangent cohomology groups in (9.2) are two-dimensional. The ordinary critical
set contains one real point. The derived equation records a nontrivial syzygy and
infinitesimal directions there. Algebraically the zero locus over other fields or general
rings is different from the real set. In particular one should not infer that the Jacobian
algebra is a field from the uniqueness of a real critical point.

For comparison a positive definite quadratic loss in two variables has an invertible
Hessian and a Koszul resolution of the single critical point. Its negative cohomology
vanishes. The difference between these models is invisible if one records only the set of
real critical points. The quartic scene draws the flatness of the loss near the origin.
The syzygy itself is established by (9.3), independently of the displayed surface.

9.4 Gauge equivalence and derived equations

If a finite group acts algebraically on the affine parameter space and preserves a
polynomial loss, its cotangent action preserves the differential and zero sections. It
therefore acts on the derived critical locus by functoriality of the pullback. One can
form the quotient in derived stacks. This combines two kinds of information: ordinary
gauge arrows from the group action and derived infinitesimal data from the equation.
For a continuous group a derived quotient also requires specifying the site and the
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group object used there. The smooth quotient theorem in Section 6 does not by itself
provide that derived enhancement.

Evaluating the derived affine on an ordinary test algebra through H° recovers the
ordinary equations: maps from a connective derived algebra into a discrete algebra factor
through its degree-zero truncation. A smooth test T' can be used in this comparison
by evaluating polynomial coordinates in C°°(7"). This checks the polynomial residuals
on smooth families but does not retain the higher directions carried by derived tests.
The usual smooth site and the derived site therefore answer different questions. The
former is enough for the topological weight-lifting obstruction, and the latter is needed
for (9.3) as a derived zero-locus statement.
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10 Stochastic learning in Markov categories

10.1 Kernels and tensor composition

For standard Borel spaces X, Y, a Markov kernel K : X ~» Y assigns a probability law
K (z,—) to each x, measurably in x. Composition with L :Y ~ Z is

(Lo K)(z, A) = /YL(y,A)K(:c,dy).

The identity is a Dirac kernel. Products of spaces and independent products of kernels
give a symmetric monoidal category. Deterministic maps embed by Dirac kernels and
preserve ordinary Cartesian copying and discarding. The resulting framework is a
concrete Markov category [47, 46, 45].

Copying a sampled variable and sampling twice are different operations. For a fair
bit, copying one draw gives mass one-half on each of (0,0) and (1,1). Sampling twice
gives mass one-quarter on all four pairs. In a wiring diagram the two readings differ
by whether copying occurs before or after the stochastic arrow. Deterministic maps
preserve copying. A general kernel does not. This distinction matters for shared
dropout masks, correlated evaluation experiments, and ensembles reusing a source of

randomness.

The smooth topos of Section 5 is not being identified with the category of standard
Borel kernels. A smooth deterministic map is measurable and hence gives a kernel,
but the internal smooth function space and a measured function type require different
constructions. Quasi-Borel spaces offer a model for higher-order probabilistic functions
[51]. We use ordinary kernels wherever the underlying measurable space is explicit.

10.2 Conditioning and Bayesian inversion

Given a prior p on X and a kernel K : X ~» Y, their composite defines a joint law on
X x Y. Under the standard Borel hypotheses, a regular conditional law Kl Y X
can be chosen so that

p(da) K (x, dy) = (uK)(dy) K (y, dx)

as joint measures. It is unique up to (uK)-almost sure equality. It depends on the prior
and is not generally an inverse under composition of kernels. Composition of Bayesian
inverses uses the intermediate marginals and keeps the almost-sure convention. Cho
and Jacobs and Fritz develop the categorical structures for these operations [49, 47].

A reverse differential map is different from a Bayesian inverse. A reverse derivative pulls
back a covector at a given evaluation point. Bayesian inversion sends an observation

30



HIGHER-CATEGORICAL LEARNING RESEARCH MANUSCRIPT

to a law of latent variables given a prior and a joint distribution. These operations
can both appear in a learning pipeline. One needs further hypotheses to compare a
differential update to an inference update, even if both are depicted with backwards
arrows.

10.3 Expectation and differentiation

Let a random sample Z have law p independent of p, and let L(p, z) be differentiable
in p. Suppose on a neighborhood the coordinate derivatives are dominated by an
integrable function and the risk is finite at the point of interest. Along a sufficiently
short coordinate segment, the difference quotients are bounded by the same function.

Dominated convergence gives
B, L(p. Z) = B dyL(p, Z). (10.1)

The sample reverse derivative is then an unbiased estimator of the risk covector.
Sampling strategies that depend on p require care. If the law has a differentiable
positive density g, relative to a fixed dominating measure and the required domination
holds, the derivative has the additional score contribution

dEq,L =Eg, [d,L + Ld,loggp).

The equality follows by differentiating Lg,. Policy-gradient and score-function estima-
tors are among the applications of this identity [58, 59]. Parameter-dependent supports
or nondifferentiable densities need separate analysis.

If the random state is supplied by a smooth reparametrization Z = ¢(p, £) of fixed base
noise, the derivative may instead pass through ¢ under the corresponding domination.
The score and pathwise formulas have different inputs and variance behavior. A Markov
category identifies the resulting kernel or law. Choosing one representation of sampling
noise and a differentiable evaluator supplies additional computational structure.

10.4 Stochastic optimizers and latent state

A stochastic update is a kernel from a state space to itself, possibly indexed by data.
One can include optimizer moments, counters, or cached randomness as part of its
state. Composition of steps is kernel composition. If the kernels commute with a group
action, the corresponding orbit observation is consistent under representative changes
when the measured quotient has the required properties. For example a finite group
acting measurably on a standard Borel space has a well-behaved Borel orbit space.
Smooth quotient-stack descent and measured orbit semantics still retain different data.
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Diffusion models provide a related typed example. A finite denoising schedule is a
composite of learned reverse-time transition kernels acting on a noise prior. Its training
objectives and the particular approximation to time reversal are separate from the
Markov composition law [57]. Finite compositions require no assertion that a chosen
continuous-time limit exists. This pattern will reappear when separating a language
model’s token kernel from the surrounding agent loop.

10.5 Couplings and shared evaluation

A comparison of two stochastic predictors on the same input can require a coupling
of their randomness. For example a variance estimate for a difference of predictions
depends on the joint distribution of the two outputs. The marginal kernels determine
the expectations of the separate predictions. They do not determine the covariance
term in that variance. A shared random seed supplies a coupling by sampling the
seed once and applying both prediction maps. Two independent seeds instead use the
tensor product of the sampling kernels. Both are compatible with the same marginal
behavior.

The same issue appears in comparing repeated policy rollouts or multiple calls to a
stochastic tool. An agent state can carry a common latent random value that influences
each call. Treating the calls as independent after forgetting that state changes the
history law. The serial composition in Section 12 keeps the joint output and state
kernel, which is enough to retain such dependence.
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11 Attention, sequence models, and causal sampling

11.1 Attention as a parameterized layer

Take query, key, and value matrices @), K,V with row counts m,n,n. For fixed scaling
c> 0 put
S =cQKT", A=softmax,ow(S), Att(Q,K,V)=AV.

In the usual Transformer the three matrices are obtained by learned linear maps applied
to input token representations, and c¢ incorporates the key dimension [53]. The layer
is a smooth map of finite real arrays. A row of A can be viewed as a probability
distribution over key indices. Multiplying by V computes its expected value. This
yields a precise relationship to a finite Markov kernel. The kernel itself depends on the
query and key arrays. Attention is therefore a data-dependent parameterized operation,
even when the value aggregation is linear in V for fixed @, K.

11.2 Permutation equivariance

Let P,, permute query rows and P, permute the common key and value rows. If a
mask M is added to scores, allow entries —oo for forbidden pairs with at least one
allowed entry in each row. The mask must transform along with the row and column
labels.

Proposition 11.1 (Equivariance with an explicit mask). Under the simultaneous

substitutions
(Q,K,V,M) — (PyQ, P,K, P,V, P, MP,),

masked attention transforms by left multiplication by P,,. The unmasked case follows
by taking M = 0.

Proof. The score matrix with its mask transforms by S 4+ M + P,,,(S + M)P[]. Row
softmax commutes with the row reordering, and each row softmax commutes with a

permutation of its entries. The new stochastic matrix is PmAP;Lr . Its product with
P,V is P, AV. O

For self-attention without position information, the simultaneous permutation is the
same on query, key, and value rows. Shared rowwise maps preserve the same equiv-
ariance. Sum or mean pooling can convert it to invariance of an output over all rows.
This is related to the design of set architectures [54, 55, 56]. A fixed causal mask breaks
the unrestricted permutation symmetry because it records a specific order. Absolute
position embeddings have a similar effect when position labels are held fixed. The
equivariance statement for arbitrary permutations then requires transforming those
labels or using the subgroup that preserves the added data.
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11.3 The differentiation of an attention kernel

For an allowed row of scores s with probability vector a, the Jacobian is diag(a) — aa’

on the allowed entries. Holding the mask fixed,
S(AV) = (SA)V + ABV), S =c((0Q)KT +Q(sK)T).

The derivative of the weights depends on both query and key variations. Treating
attention as a fixed kernel in the value pass is valid only when these inputs are fixed.
Reverse mode routes three different cotangent contributions through the layer. The
row Jacobian Kkills constant shifts in the allowed scores. That observation concerns
a local redundancy in score coordinates. It does not assert that every such shift is
realizable by an invertible weight transformation of the original architecture.

11.4 An autoregressive model and a sampling policy

For a finite token alphabet V), a language model can be evaluated on a prefix to give
a probability distribution of the next token. Writing that kernel as Ky(v | h), the
law of a finite continuation is the product of the conditional probabilities evaluated
at successive prefixes. The same weight 0 is used at each evaluation, even if the state
representation caches intermediate data. A sampling policy can use temperature, select
a maximum, truncate candidates, or call a constrained decoder. Those operations
modify the transition kernel. Greedy decoding is deterministic after a tie-breaking rule
and can be discontinuous in the scores.

The training graph and the deployed state machine may therefore have different in-
terfaces and regularity. For example token-level cross-entropy differentiates through
a predictive distribution given a fixed prefix. Differentiating a loss of sampled future
trajectories requires either a stochastic estimator or an additional differentiable repre-
sentation. The algebra of parameterized layers provides the single-evaluation semantics.
The operational semantics of agent loops will make the environment and the history of

observations explicit.
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12 Open stochastic agents and temporal composition

12.1 A finite-step agent interface

An agent with input X and output Y is described by a standard Borel state .S, initial
law p on S, and a transition kernel

K:SxX~8xY. (12.1)

State can contain a context, a tool transcript, a working policy, or a learned parameter
vector. An output might be a token, a control action, or a typed request to an external
system. On this interface a single step returns both an updated state and an output.
In a closed environment the input comes from an environment transition or from an
external input protocol. The typing records which data flow between those components.

Suppose K is followed in the same time step by L : T X Y ~» T x Z. Use joint state
S x T, sample (s',y) using K and then (', z) using L with that same y. The composite
kernel on a test set AC S x T x Z is

/ / La(s' ¢, 2) Lty d(t', 2)) K (s, 2, d(s', y)).
SXY JTxZ

If initial states are chosen independently the initial law is the product. A correlated
initial law can also be supplied explicitly at the composite interface. It encodes
additional information that is absent from the independent composition of the two
pointed agents.

Proposition 12.1 (Serial composition). For standard Borel interfaces and states,
the preceding operation is associative up to the canonical product associator on joint
state. A deterministic wire with singleton state is an identity. Independent parallel

composition uses products of kernels.

Proof. Three serial agents give the same nested integral over the three successive
sampled pairs for both bracketings, after relabeling the product state. The equality
follows from composition of kernels and Tonelli’s theorem on nonnegative tests. A
Dirac kernel on an unchanged input inserts no sampling choice and leaves the composite
kernel unchanged. The product of independent kernels implements parallel steps by
definition. O

There is a corresponding deterministic construction by replacing each kernel by a
map. It belongs to the broader study of coalgebras, open dynamical systems, and
compositional games [61, 63, 62, 65]. A finite agent can be unrolled into a causal
diagram. The same transition and state are used at every step, so the unrolling
preserves dependence between successive outputs.
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12.2 Delayed feedback

Suppose a step consumes (z,a) and outputs (y,a’) in addition to a new state. Store a
in a register and use a’ as the register value for the next step. With a specified initial
value or law for the register, this defines a transition on S x A. At every finite horizon
the register makes the diagram causal and each kernel composition well defined. Wiring
the output directly back into the same step can instead require solving an implicit
equation or specifying a fixed-point selection. The delayed model supplies an explicit
operational meaning and does not require a trace operator for arbitrary instant cycles.

For instance a tool response can be placed in the register and consumed at the next
model call. The tool may itself have state and a failure distribution. A tool invocation
and its reply then have different types and occur in a specified temporal order. Changing
the order can change the distribution even if the same stateless components appear in
the program.

12.3 Simulations preserve finite observations

Let h : S — T be a measurable map between two agents on the same interfaces.
Suppose h,u = v and

(h xidy)«K(s,z) = L(h(s), z) (12.2)
for every s,x. This is a deterministic state simulation with equality of the resulting
kernels.

Theorem 12.2 (Finite-trace preservation). Under (12.2), the output-history laws agree
at every finite horizon under any common causal input protocol that uses only past
external inputs and outputs.

Proof. At time zero pushforward of the initial state law gives the claimed identification.
Suppose the joint law of state and external history of the second agent is the pushforward
of the corresponding joint law of the first. The common protocol samples the same
input law conditional on that history. Equation (12.2) identifies the new joint laws
after applying each transition and pushing the first state forward along h. Induction
gives the statement. Marginalizing state leaves the equal output-history laws. O

Trace agreement alone does not determine an isomorphism of state machines. A hidden
bit can alternate or stay fixed while the output is always zero. These two deterministic
transition systems have the same external trace laws for any input protocol, but a
state bijection cannot conjugate the transposition to the identity. If one allows a
quotient that forgets the bit, both admit a simulation to a singleton-state constant
agent. The observation criterion should be fixed before drawing conclusions about
internal mechanisms.
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12.4 Path laws and feedback from learning

Consistent finite histories on standard Borel interfaces have the familiar extension to
a law of infinite histories when the required sequence of kernels and initial law are
specified. This is a measure-theoretic statement about countable products. A formal
limit of smooth predictor stacks does not supply it. Categorical treatments of infinite
stochastic products give a separate account of this extension principle [52].

Learning in the loop can be included by carrying weights and optimizer state in .S and
applying an update based on the received observation. Freezing the learned weights
gives a different agent, even if the two agree for their first outputs. Reinforcement
learning compares policies by rewards and transitions, not just supervised prediction
error. Partially observable models distinguish environmental state from what the policy
can access [59, 60]. The interface (12.1) can express both cases by an appropriate state
and kernel. A correctness claim about a particular agent still depends on its concrete

policy, environment, and stopping convention.
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13 Federated learning, descent, and the arithmetic of
updates

13.1 Data descent and finite sums

Represent a dataset by a finite set of record identifiers, each with a sample and label.
A cover by subsets with agreed values on overlaps glues to a unique dataset on their
union. This is a sheaf condition for assignments on a fixed underlying set of record
identifiers. If the identifiers or their matching are part of the problem, the cover must
also supply the identifications. Identical feature values alone do not distinguish a
duplicated transmission from two distinct observations.

For a fixed p define the unnormalized risk on a finite subset U by Ry (p) = > icry 4i(p).
On disjoint subsets these risks add. For two overlapping subsets,

Ryuv = Ry + Ry — Rynv,

and the same identity holds for their differentials. This follows from the corresponding
inclusion-exclusion identity for sample multiplicities. The normalized risk also requires
knowing the relevant counts. It does not generally glue by unweighted averaging of
the normalized local risks. Losing record identifiers or their overlap information can
change the resulting global objective.

13.2 One synchronized step

For a disjoint partition with client counts n; and N = >, n;, let \; = n;/N and L; be
the mean client risk. Then the global mean is L = >~; \;L;. At a common parameter p,

dL(p) = >_AidLi(p). (13.1)

On a Euclidean parameter space a weighted average of one client step p; = p —nV L;(p)
is exactly p — nVL(p). This uses equal step sizes, a common starting parameter,
common metric, and one full client gradient in the objective as defined. It does not
use similarity of the client risks. One can state the cotangent averaging identity on a
manifold because all covectors are at the same point. Averaging displaced parameters
on a manifold requires a separate geometric operation.

FedAvg and related methods use several local steps to reduce communication [67, 68].
Once clients move away from the common point, their next gradients are evaluated at
different locations. This is the source of a simple exact comparison for quadratic losses.
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13.3 An exact two-step discrepancy

Let L; be smooth quadratic functions on a common Euclidean space, with constant
Hessians H;. Set g; = VLi(p), § = >; N\igi, and H = Y, \;H;. The second client
gradient is g; — nH;g;. The average of two-step local updates is therefore

p—2n3+n0" Y NiHgi.
i
Two synchronized centralized steps give p — 2ng 4+ n>Hg. Their difference is
n? (Z NiHig; — H§> ~ (13.2)
i

For two equally weighted clients the parentheses equal %(Hl — Hs)(g1 — g2). The
condition for equality is thus a vanishing mixed term. Different local gradients can
give the same result when the Hessians agree, and different Hessians can give the same

result when the gradients agree at the starting point.

For the scalar risks

Li(p)=3(p—1)%  Lo(p)=3(p+ 1)

start at p = 0 and use n = 1/4. The first averaged and centralized step is —1/4.
After two local steps the client parameters are 7/16 and —15/16, with average —1/4.
The centralized second step reaches —3/8. The difference is 1/8, as (13.2) also gives.
The fourth comparison of the viewer draws the risks and the competing iterates in a

common spatial parameter chart.

13.4 Why averaging and quotienting can disagree

If the same predictor has several parameter representatives, client endpoints cannot
generally be averaged independently of their representatives. In the squared-neuron
model let two clients return w and —w for a fixed nonzero w. Both give the same
predictor. Their average is the zero vector, which gives the zero predictor. Choosing a
common representative would instead give a nonzero average. The failure occurs even

before any stochastic gradient noise.

This shows that addition of weight vectors is not a function of independent parameter
orbits. One can first align representatives using additional information, compare
predictions directly, or operate on an explicit quotient representation. Each choice gives
its own aggregation rule. Permutation-based model alignment is studied in [31, 32].
The higher-topos formulation separates three operations: gluing local presentations
with overlap symmetries, adding contributions to a risk at a common parameter, and
averaging displaced points in a chosen coordinate system. The first is descent, the second
is additive, and the third depends on the geometry of the parameter representation.
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14 Observation, expressivity, and composition across lev-
els

14.1 The observable image of a model stack

For an architecture quotient M and evaluation e : M — F, factor e into its effective
epimorphism onto the image followed by a monomorphism into F. In the smooth topos
the image is the subobject of predictor families that are locally realized by objects
of M. Because an atlas is itself locally surjective, it is also the sheaf image of the
atlas evaluation P — F. At each point one can instead take the ordinary set image of
P(T) — F(T). The two notions can differ: the image subsheaf retains families that
become realizable after a cover, even if no global atlas parameter exists. Section 7 gives
an explicit family for which the ordinary set image of global weights is smaller.

Evaluation may also forget symmetries in the fiber. At a point, an automorphism of a
model with fixed predictor becomes the identity on that predictor. Even passing to
a sheaf of components can leave distinctions between different orbits that happen to
implement the same function. Taking an observable image, passing to components,
and choosing a gauge are therefore different categorical operations. They can coincide
under additional free-presentation and identifiability hypotheses, which the preceding
results state where needed.

14.2 Evaluation on a dataset

For a fixed finite set of inputs x1,...,x,, evaluation on those inputs gives a map
F — Y™ Two functions with the same image can differ on other inputs. If the
objective depends on the parameters only through these evaluations, they receive
the same empirical loss. The differential can still differ between their parameter
representatives. Equality of loss values at a point does not identify tangent behavior of
the programs or their optimizer trajectories.

A separate statistical argument is needed to compare empirical risk and population
risk. For example take a finite class G of predictors and a loss valued in [0, 1] on i.i.d.
samples. Hoeffding’s inequality and a union bound imply

Prfsup|Ln(g) — L(g)| > ¢] < 2G>,
geg
Here L, is the empirical mean and L the population expectation [71]. This bound can
use the number of distinct functions even if many parameters realize each function.
The identification is appropriate for this observable bound. It says nothing about gauge
stabilizers, parameter conditioning, or runtime cost. For infinite classes one needs

another capacity or stability argument.
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14.3 Real semantics and implemented finite maps

A fixed finite-precision implementation with fixed input and output encodings and a
total bounded computation defines a function between finite bit strings. Any such
function is extensionally implementable by a Boolean circuit. For example a disjunction
of minterms for the inputs yielding one gives a circuit for each output bit. This
argument gives existence and can be exponentially expensive. It does not transport
smooth derivatives, state representations, or a uniform resource bound. For a fixed
stochastic runtime the selected random input bits can be included in the input to
the deterministic implementation, with the induced output law determined by their
distribution.

Conversely the smooth model used to differentiate a network describes its intended real
operations. Replacing them by an implementation can introduce rounding, overflow,
and branching. One can seek a compiler correctness theorem that relates real and
machine semantics under stated error hypotheses [21, 19]. The categorical reverse
rule in Section 3 is an exact identity in the smooth model. Testing it on selected
floating-point runs checks a different property.

14.4 Approximation and architectural semantics

Universal approximation theorems concern density of a function class under specified
hypotheses on activation, compact domain, norm, and architecture [69, 70]. They do
not construct a given trained model, identify its gauge representatives, or bound the
cost of finding it. A compositional description of architecture instead organizes how
the maps are assembled. The claim that category theory offers an algebraic theory of
architectures is developed explicitly by Gavranovi¢ and coauthors [8]. Their structural
program and the analytic approximation theorems address different comparisons.

The XOR surface below is an exact low-dimensional example: the polynomial u+v—2uwv
realizes all four Boolean labels and is smooth on the whole real plane. A real affine score
with a threshold cannot strictly separate the two labels at the four corners, because the
averages of its scores on the two diagonals are equal. A polynomial feature solves the
task, and many other programs solve the same four-point task. Evaluation on those

four inputs provides no canonical parameterization or extension outside the square.

14.5 Limits for coherent training constraints

Let a finite diagram of learning components be given in an oco-topos. Each component
has a space of local representations and maps that expose its interface data. A
compatibility problem can be defined as the limit of the diagram that matches these
interfaces. Its points contain components and coherent identifications. If the stationary
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conditions are natural in the same diagram, the limit of componentwise stationary
stacks agrees with imposing the assembled equations after the matching. This follows
because limits commute with limits. The naturality of the equations is the substantive
hypothesis. It may fail for an objective that uses interactions across components, or
for a change of architecture that creates additional variation directions.

For example, a shared parameter imposes the diagonal restriction in Section 2. The
constrained stationary equation is the sum of the cotangents of its uses. Requiring
each use to be stationary separately imposes a stronger condition. Two blocks can
have nonzero opposite covectors at a shared parameter. The sum then vanishes. This
illustrates why one must specify the differential equation after the interface constraint,
and why commutation of limits does not establish naturality of a differential operator.
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15 A stack of optimizer histories

15.1 The graph of a training step

Let S be a smooth state manifold carrying weights and any optimizer memory, and let
G act on S by changes of presentation. Use a dataset sheaf D and a total equivariant
step U : S x D — S, with trivial action on D. Put X = [S/G]. The step descends to
U: X x D — X and defines a span

x& xyxp Yy

The left leg exposes the state before the step and the right leg exposes the state after
the step. Finite histories are formed by iterated homotopy pullback of these spans. A
history keeps the sequence of data and the identifications of intermediate states. This
is the span of a deterministic operation. A more general span may describe a relation
with several possible successors.

Theorem 15.1 (History descent for a total equivariant update). For each finite n, the
stack of n-step histories is equivalent over its initial state and data to X x D™. Under
that equivalence its final-state map is the iterate of U with those n data. A history over
a test T can be represented by a single principal G-bundle on T with an equivariant
initial-state map. Successive equivariant maps on that same bundle give all later states.

Proof. For one step the graph description gives the equivalence. For the inductive
step let the right leg of the history span be its final-state map F;,. Pulling the next
left leg X x D — X back along Fj, is canonically product with D. The new right
leg is the composition of Fj, and the next data with U. Induction gives the asserted
equivalence and iterate. In terms of principal bundles, U applies U to the equivariant
state map without changing the bundle. If a different bundle is used in a presentation
at an intermediate stage, the pullback comparison identifies it with the previous output
bundle. These identifications transport the entire history to the initial bundle. The
construction is natural in 7" and hence satisfies descent. O

This result uses a total deterministic step and records enough state for it to be
Markovian in the operational sense. If the optimizer has momentum, forgetting it
can make the next weights depend on an earlier step not recoverable from the current
predictor. One can change the state type or use a relation on predictors. The latter
will generally have more than one candidate successor and no canonical probability
law for choosing one. The measured agent construction of Section 12 supplies such a

law when a kernel is given.
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15.2 Terminal conditions and preserving presentation data

A subset or stack of acceptable final states can be imposed by base change along the
final-state map. For example a stopping condition can be the zero-covector equation
for a prescribed evaluation dataset. The resulting history object classifies initial states
and data whose iterates satisfy that condition. It does not assert that all trajectories
reach it or that the condition is equivalent to dynamical convergence. A stationarity
test for the weight risk can hold while optimizer memory still leads to a nonzero next
update.

Because the bundle is preserved in Theorem 15.1, a sequence of total equivariant
updates cannot trivialize the underlying principal bundle carried by an input family.
Its evaluations may lose evidence of that bundle. For example an equivariant map to a
group-fixed parameter can make the predictor constant while retaining the original
bundle in the quotient stack. A rule that chooses a global weight chart for the family
would have to address the lifting obstruction independently of the optimization step.

There is a pointwise restriction on stabilizers as well. If ¢ € G fixes a state s,
equivariance gives gU(s,d) = U(gs,d) = U(s,d). Thus the stabilizer of a state is
contained in the stabilizer of its image, for the same data. An invertible equivariant
map has equality. A deterministic step on a complete state cannot break a symmetry
that fixes that state. In actual training, auxiliary state, data, or noise can transform
too. Then the symmetry test has to be made on the joint input.

15.3 Histories, limits, and observable transition laws

Taking the inverse limit of finite history stacks classifies compatible finite deterministic
histories. If a total update and an infinite data stream are supplied, its sections
are described by the initial-state family and the successive data under the same
canonical comparison as in Theorem 15.1. The limit in sheaves imposes componentwise
smoothness of all finite restrictions. It does not impose a norm topology or uniform
bounds on the sequence of states. Those properties can be imposed only by adding a
compatible state condition.

In a stochastic model, a support relation can have the same possible finite paths for two
different transition laws. For example two Bernoulli kernels with different probabilities
strictly between zero and one both allow every finite bit string. Their probabilities for
those strings differ. Thus a limit of support relations records possible histories, whereas
composing kernels records observable distributions. This distinction also explains
why adding probability to the smooth quotient requires a comparison of measurable
structures, beyond taking an ordinary homotopy limit in the smooth topos.
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The treatment of open learners in categorical cybernetics and recent compositional
dynamics work gives broader constructions of adaptive state machines from interfaces
and potentials [66, 64]. The result here is a fixed-state-space comparison for a specified
update, designed to expose how optimizer histories inherit the descent and bundle
information of the model.

15.4 Transporting optimizer histories

Suppose two deterministic training systems have state stacks X', ) and share the dataset
sheaf D. Let h : X — ) intertwine their steps as morphisms over the data. Then h
induces a comparison of the spans defining histories. The map on n-step histories is
identified by Theorem 15.1 with A x idp». The two final-state maps commute with
this comparison. The proof is either induction on the iterate or functoriality of the
iterated pullbacks.

An equivalence of state stacks gives equivalence of the histories if the intertwining
condition holds. By contrast an equivalence of predictors can fail to produce an
intertwining map, as the metric example in Section 4 demonstrates. Adding a terminal
condition preserves the comparison when the same condition is pulled back along
the final-state map. Thus the history construction specifies exactly what must be
transported to compare a training workflow rather than just its outputs.
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16 Six exact geometries rendered in Rust

The companion uses Rust and Macroquad’s three-dimensional camera, lines, and mesh
primitives [72]. The scenes are generated from the formulas below. They display finite
samples of smooth surfaces or exact iterations. The mathematical statements use
the formulas and proofs, while the viewer makes the geometry of each comparison
inspectable. Each scene can be orbited and zoomed independently.

16.1 Two metrics on one loss bowl

The bowl is L(z,y) = (22 + 43?)/2. Set n = 0.08 and start at (zg,y0) = (1.34,1.05).
The physical Euclidean updates and the updates after transporting that metric through
the scaled chart both give

(@, k) = ((L = n)* o, (1 — 4n)*yo).

If the second chart instead uses its own Fuclidean metric, the physical coordinates are

(T, Ur) = ((1—n/4)*x0, (1 — 16n)*yo).

At the selected step size the second factor in the latter trajectory is negative, so its y
coordinate changes sign while decaying. Both paths are shown on the same physical
loss surface. The display rescales the vertical direction and lifts points slightly off the
mesh so they remain visible. Changing the step count reveals the two update rules from
the common start. These exact trajectories implement the comparison of Section 4.

16.2 A smooth exact XOR surface

On the square [0,1]2 put f(u,v) = u + v — 2uv. At the two corners with different
input bits the value is one. At the other two corners it is zero. The threshold f = 1/2
consists of the two lines u = 1/2 and v = 1/2, because

Fluw) = = —2u— (v - b).

The surface is a saddle. Its geometry explains why a single affine threshold fails on this
task and why the product term suffices. A parameter-free Cartesian circuit can build
the map from copying, multiplication, and addition. One could also use the polynomial
as a member of a three-parameter linear family over features (u,v,uv). The figure
shows the exact learned function, not a claim about a particular optimizer finding
those coefficients. The corner glyphs encode labels, and the gold crossing traces the
half-height threshold.
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GEOMETRY OF LEARMNING / SIX EXACT MODELS

two Euclidean metrics

orted metric | Violet

Figure 1: One quadratic risk with two Euclidean descent paths in common coordinates.
The cyan path is also obtained with the transported metric.

GEOMETRY OF LEARNING / SIX EXACT MODELS

The exact polynomial XOR surface

label 1 Violet label B

bik

Figure 2: The polynomial XOR surface on the unit square. The two gold curves are
the level set of the classification threshold.
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16.3 The double cover of optimal predictors

In Theorem 7.1 the unit weight angle ¢ maps to the predictor angle 6 = 2¢. The viewer

embeds the total circle in three dimensions using
((R+ acos¢)cos2¢, asing, —(R + acos @) sin2¢), 0<a<R.

Projection to the gold base ring keeps the angle 2¢. The two lifted points over that
angle lie on opposite sides of a cross-section. The two colored beads move along this
closed curve. After one base circuit they exchange, and after two they return. The
short connecting line illustrates the fiber rather than a path within the space of optimal
weights. A global continuous weight would select one bead consistently over the entire
base. The displayed cover and the degree argument show why the local choices cannot

do so.

GEOMETRY OF LEARMNING / SIX EXACT MODELS

Optimal predick and their double cover

Figure 3: The degree-two cover of the predictor circle. Two lifted weights lie over the
highlighted base predictor.

16.4 Federated quadratic trajectories

The fourth scene uses the scalar losses from Section 13. The two client risks and their
mean occupy three separate lanes, with the same parameter axis in all lanes. At step
two the independent local endpoint average equals —1/4 and the centralized endpoint
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equals —3/8. The viewer places both on the global-risk curve so their parameter
values can be compared directly. Moving from zero to one step shows the initial exact
agreement. Moving to two steps exposes the mixed Hessian—gradient term in (13.2).
At other selected step counts the display compares one round with that many local
steps against the same number of centralized steps. It does not insert intermediate

client synchronizations.

GEOMETRY OF LEARMNING / SIX EXACT MODELS

Federated two-step discrepancy

white endpo

/- step or radius

Figure 4: The two client risks and the centralized mean in separate lanes. White and
gold mark the competing endpoints on the mean-risk curve.

16.5 The flat bottom of a quartic loss

The fifth scene draws L(z,y) = (22 + 4?)?/4. At radius r the height is /4, so halving
the radius reduces the height by a factor of sixteen. The two level circles represent
this radial scaling. A quadratic bowl would reduce height by a factor of four. The
central glyph represents the single real critical point. The tangent and obstruction
spaces and the syzygy in (9.3) are algebraic features of the derived critical locus. The
viewer renders the ordinary surface that supplies the residuals for that calculation.
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&n 1solated, degenerakte quarkic minimum

Figure 5: The quartic loss and the two concentric test radii around its unique real

critical point.

16.6 Antipodal monodromy and the projective plane

In Section 8 the unit weight sphere maps to projective predictors by antipodal identifi-
cation. A generator of the quotient fundamental group is represented by traversing
half of the weight equator. The displayed colored semicircles are the two halves of that
equator. The two moving beads are opposite weights of the same predictor. After one
projective turn the first bead arrives at the initial position of the second. Two turns
give a full circle upstairs. That circle contracts in the weight sphere, so its projected
loop also contracts in the projective plane. This is the order-two relation tested by
the attempted lift of monodromy. Any odd element of Z/4 maps to the required sign
change, but its square is nonidentity. The display renders the geometry of that relation.
The central-extension calculation identifies the cohomological obstruction.

16.7 Running and reproducing the figures

The package contains the Rust source and a locked dependency graph. From the viewer
directory run cargo run -locked. Keys 1 through 6 select the scene. Drag or use the
arrow keys to orbit. Scroll to zoom. The equals and minus keys adjust step count,
radius, or the cover position according to the scene. Space animates the cover and the
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fAntipodal monodromy on the weight sphere

half equator | Turns 0.23
play lifts R reset

Figure 6: Antipodal weights over one projective predictor. A half equator represents
the generator of projective monodromy.

antipodal lift and R resets the camera and numerical inputs. To export all six figures
run cargo run -locked - -capture DIR. The capture path still requires a graphics
context. The figures used in this paper were generated by this mode.
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17 Notes on the literature and on the scope of the results

17.1 Composition, learning, and differentiation

1. Backpropagation as a functor. Fong, Spivak, and Tuyéras attach a learner
to a parameterized function using an error function and a gradient update [1]. The
learner contains an implementation, parameter update, and a request passed upstream.
Their theorem is stronger than simply saying that derivatives satisfy a chain rule: it
identifies composition of the selected learning interfaces. Our basic reverse lens keeps
the output cotangent as its backward input. A particular request operation can be
added when the error model supplies it. These distinctions matter when optimizers
carry state or when the objective is not a per-example scalar loss.

2. Lenses and learners. Fong and Johnson compare the categorical forms of lenses
and learners [2]. Asymmetric lenses expose a forward observation and a backward
response. More general optics let a residual context survive between those stages. Riley
gives an account of optics in monoidal categories [13]. In the concrete smooth example
here, the residual information is the forward point needed to evaluate a dual derivative.
The groupoid quotient construction concerns parameter symmetries, independently of
whether the differentiation layer is expressed with lenses or with a more general optic.

3. Parameterization and architectures. Cruttwell, Gavranovi¢, Ghani, Wilson,
and Zanasi combine parameterization, lenses, and reverse differential categories [3].
The categorical deep-learning thesis [5] and the position paper [8] develop architectural
and optimization structure in broader settings. Gavranovié¢’s early compositional work
and the later exposition of parametric lenses give other entry points [6, 7]. Our use
of a product of parameter spaces is one concrete actegory situation. We then impose
a stationary equation on the moduli of presentations. Architecture changes that are
allowed in the parameterized category can fail to preserve that equation because the
allowed variation directions have changed.

4. The differential calculus. Cartesian differential categories abstract forward
differentiation [14]. Cockett and coauthors give the reverse analogue with a reverse
chain rule [4]. The differential lambda calculus studies differential structure at the level
of typed program terms [15]. Elliott and Pearlmutter and Siskind give compositional
or functional accounts of AD [16, 17]. Abadi and Plotkin specify a differentiable
programming language [18]. This manuscript uses the ordinary dual derivative on
smooth finite-dimensional maps as its concrete interpretation. A higher-order language
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would additionally need a model of function types and its chosen differentiation
constructs.

5. Implementation and correctness. The survey of Baydin and coauthors locates
forward and reverse AD among the techniques used in machine learning [19]. Huot,
Staton, and Vékar study semantic correctness of AD with diffeological tools [20]. Lee
and coauthors address machine-representable parameters [21]. Our finite-dimensional
calculations describe the mathematical real model. A floating-point implementation
has a separate operational semantics. The viewer samples simple formulas and is repro-
ducible from its locked dependency graph. Its output is evidence for the reproducibility
of the scenes and is independent of the proofs of the structural theorems.

17.2 Geometry, stacks, and obstruction theory

6. Optimization as a geometric operation. Amari formulates the natural
gradient using information geometry [22]. Martens gives a detailed analysis of the
method and its relation to practical optimization [23]. Absil, Mahony, and Sepulchre
give the general manifold optimization framework [25], and Bonnabel studies stochastic
gradient descent on manifolds [26]. Song, Song, and Ermon examine the effect of
higher-order discretizations on invariance [24]. The key comparison here is between
covector naturality, metric transport, and a displacement rule. All three can be stated
on the same parameterized model.

7. Parameter symmetries and flatness. Dinh and coauthors analyze how function-
preserving reparametrizations can change parameter-space sharpness [27]. Godfrey
and coauthors study symmetries of internal representations [28]. Theiss and coauthors
analyze degeneracy of representational geometry at fixed function in overparameterized
networks [29]. Kunin and coauthors connect symmetries to constraints on learning
dynamics [30]. The stationary stack uses a specified action. It does not assert that
this group classifies all equal predictors or that a chosen optimizer preserves the
action. Finite permutations and continuous rescalings can have different effects on an
optimization method.

8. Weight alignment. Ainsworth, Hayase, and Srinivasa study merging models after
finding appropriate permutation alignments [31]. Entezari and coauthors investigate
permutation symmetry and mode connectivity [32]. The sign example in Section 13 is a
minimal algebraic reason alignment can matter: averaging independent representatives
of the same orbit can give different predictor functions. Alignment can be useful
without providing a global section of every parameter-presentation bundle.
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9. Higher-topos input. Lurie’s higher topos theory supplies sheaves of spaces,
objectwise limits in presheaves, and effective epimorphism images [33]. Hollander gives
a homotopy theory of groupoid stacks [34], and Dugger, Hollander, and Isaksen develop
hypercover descent [35]. We need only a small part of that general machinery for
the ordinary stationary stack. The local model groupoid is already enough to keep
gauge arrows and principal bundle gluing. The ambient topos also supplies the higher
classifier used in the lifting problem.

10. Principal bundles and symmetry quotients. Nikolaus, Schreiber, and
Stevenson study principal co-bundles and their concrete presentations [36, 37]. A
smooth principal G-bundle with an equivariant map to a weight space is the ordinary
instance of this picture. The nontrivial principal sign bundle in Theorem 7.1 is a family
of training solutions because its local maps minimize the same smoothly varying risks.
The geometric theorem does not require a numerical training algorithm to choose those
weights.

11. Gerbes and central extensions. Giraud develops nonabelian cohomology and
gerbes [38]. Brylinski treats gerbes and related classifiers in geometric settings [39].
Our explicit lifting calculation uses the triple-overlap defect of a central extension, so
the coefficient group is abelian. The two examples separate a degree-one obstruction to
selecting effective weights from a degree-two obstruction to lifting the effective bundle.
In the projective example, the monodromy calculation also gives a direct topological
test for the nontrivial class [40].

12. Derived zero loci. Vezzosi studies derived critical loci and their basic structure
[41]. Pantev, Toén, Vaquié, and Vezzosi place derived intersections in shifted symplectic
geometry [42]. Toén’s survey gives the broader derived algebraic context [43]. Our
computation uses the affine Koszul presentation of a polynomial risk. It identifies
negative cohomology explicitly. The paper does not need a general claim about shifted
symplectic forms on all models of learning.

13. Smooth and derived smooth models. Spivak’s derived smooth manifolds
provide a setting in which smooth intersections can be refined [44]. We keep the
ordinary smooth site for the global family theorems and the polynomial derived site
for the explicit Koszul result. A derived smooth extension would need its own choice
of test category and a comparison of critical intersections. The two chosen settings
suffice to exhibit the different kinds of information.
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17.3 Probability, sequence modeling, and agency

14. Probability as a categorical operation. Lawvere’s early account of prob-
abilistic mappings and Giry’s probability monad are important antecedents [45, 46].
Fritz develops Markov categories and their synthetic probability theory [47]. Fong
gives a categorical account of causal theories and Bayesian networks [48]. The tensor
separates independent product from copying. This distinction is needed even for simple
learning pipelines that reuse a random value.

15. Conditioning and higher-order probability. Cho and Jacobs formulate disin-
tegration and Bayesian inversion diagrammatically [49]. The existence of a conditional
kernel and its almost-sure uniqueness are part of the concrete measured model. Fritz
and Perrone study probability measures through colimits of finite samples [50]. Heunen
and coauthors give quasi-Borel spaces for higher-order probability [51]. These theories
explain why a smooth function type cannot automatically be used as a measurable
function type for arbitrary stochastic programs.

16. From attention to sets and sequences. Vaswani and coauthors introduce the
Transformer [53]. Zaheer and coauthors and Lee and coauthors develop architectures
for sets [54, 55]. Bloem-Reddy and Teh relate invariant and equivariant networks to
probabilistic symmetries [56]. The mask calculation here uses independent permutations
of queries and key—value rows. It includes causal order by treating the mask as part of
the data. An autoregressive policy additionally needs a rule for sampling and advancing
the state.

17. Stochastic training and generation. Williams gives the REINFORCE
gradient estimators [58]. Sutton and Barto give a systematic treatment of policy
learning, prediction, and reinforcement learning [59]. Ho, Jain, and Abbeel give
denoising diffusion probabilistic models [57]. Our discussion uses these as different
sources of kernels or risk gradients. The differentiation and composition statements
specify exactly which assumptions are needed to move an expectation past a derivative

or to combine successive transitions.

18. Coalgebras and open systems. Rutten develops the general coalgebraic
account of systems [61]. Vagner, Spivak, and Lerman study the operad of wiring
diagrams for open dynamics [62]. Spivak relates polynomial functors to dynamical
systems [63]. Open games supply one account of strategic composition [65]. Capucci
and coauthors develop categorical cybernetics [66]. The stochastic agent in this paper
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is specified by a kernel with an explicit state and a time step. The delayed feedback
rule chooses an operational interpretation for cycles.

19. Observational equivalence. Finite-trace preservation is proved by induction
on the joint state and history law. The external protocol can be adaptive as long as it
uses only the specified external observations. This is related to the distinction between
observed history and environmental state in partially observable decision processes [60].
Fritz and Rischel discuss infinite products in categorical probability [52]. The finite
proof does not need an infinite path extension.

17.4 Distributed training and empirical scope

20. Federated local steps. McMahan and coauthors introduce FedAvg as a
communication-efficient approach [67]. Karimireddy and coauthors analyze client
drift and develop SCAFFOLD [68]. The two-step formula here is an exact quadratic
calculation. It isolates one difference between synchronized central updates and averaged
client trajectories. Descent of local models and statistical or algorithmic analysis of
federated training are separate constructions.

21. Approximation and estimation. Cybenko and Hornik and coauthors give
classical universal approximation results [69, 70]. Hoeffding’s inequality gives the
simple finite-class deviation bound quoted in Section 14 [71]. Both concern observable
functions and specified analytic or statistical conditions. They do not identify the full
model stack or the chosen optimizer. The distinction is useful when one wants to claim
that two trainable programs are equivalent.

22. Other uses of sheaves and toposes in learning. Shiebler, Gavranovi¢, and
Wilson survey categorical approaches to learning [9]. Jia and coauthors provide a survey
that explicitly includes topos-theoretic work [10]. The choice of site determines what
locality means. For example neural sheaf diffusion uses vector spaces and restriction
maps on a graph to define learned diffusion operations [11]. There the graph encodes
the locality of data and features. Here the covers are covers of smooth test manifolds,
and the local objects are weight assignments and their comparison maps. A graph
architecture can be used as the predictor inside our moduli construction, but the graph
sheaf and the model stack serve different purposes.

23. Comparison with the Maxwell construction. A preceding Maxwell for-
mulation uses a homotopy fiber of an equation map on a stack of connections. The
analogous operation here is the fiber of the risk differential over the zero covector. Both
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account for local presentations and their isomorphisms. The variables and physical
interpretations are different. A neural parameter symmetry need not be a gauge
symmetry of a field theory, and a stationary equation need not determine an evolution
law. The comparison is the categorical operation and the resulting distinction between
local and global lifts.

17.5 How to read a claim of equivalence

The results give several concrete tests for a proposed identification. For a forward
program, verify the parameter-change identity in (2.1). For a coordinate-independent
update, verify the transported covectors, metric, and displacement rule. For a smooth
family, check the overlap arrows and their cocycle. For a higher lift, check the
obstruction class and specify the automorphisms retained by the presentation. For a
derived critical calculation, specify the test category and the residuals whose Koszul
complex is taken. For agents, identify the interface, environment protocol, initial law,
and horizon before comparing history laws. These tests involve different data even
when applied to one training pipeline.

The squared-neuron families exhibit a sharp distinction among the tests. Pointwise
every target is exactly realized. Over a parameter circle the realizations glue in
the effective quotient even though the corresponding bundle has no section. Over
a projective plane the effective quotient still has an exact-fit family, but a specified
ineffective extension has a nonzero class in degree two. These calculations connect
predictive equivalence to the topology of training presentations and explain the role of
the higher classifier.
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